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We derive a system of equations describing a binary mixture with thermal properties and
a phase transition. The system involves the concentration, ¢, the temperature, 7, and phase
or order parameter, ¢, and is the generalization of the phase field model for a pure material.
Transition layers of width ¢ are exhibited by ¢, ¢, and VT - 4. In the limit as ¢ approaches zero,
with all other physical parameters held fixed, one attains a limiting set of sharp interface
equations which generalize the traditional small ¢ systems of equations. The derivation is
accomplished by a systematic use of thermodynamic principles and includes as a special case
the phase field equations for a pure material. The phase diagram is recovered in equi-
librium. € 1995 Academic Press, Inc.

1. INTRODUCTION

The study of the dynamics of phase boundaries can be grouped into two general
categories: (a) models which involve a mathematically sharp interface with explicit
conditions imposed; (b) a diffused interface approach in which the interface is
defined, for example, as the set of points where an order parameter ¢ takes on a
specified intermediate value (e.g., if ¢ =0, 1 in the pure phases, then ¢ =4 may
define the interface). In the mid-1980s, a close relationship was established between
these two types of models [1-2].

For a pure material in a region 2 = R a reasonable sharp interface problem can
be written in terms of the temperature, 7, and interface, I'(¢), as

C.T,=kAT  in Q\I'(t), (1.1)

b= —k[VT-#1*  on I'(t), (12)

T—T, = ———(k+av) on I'(1). (1.3)
[s]eq

Here, C, is the specific heat per unit volume, & is the thermal conductivity, / is the
latent heat per unit volume, o is the surface tension, o is the relaxation scaling, s
is the entropy per unit volume, and [.]., is the equilibrium difference between
liquid and solid, while [ -]* is the jump in the quantity as one crosses the interface
from solid to liquid. The (normal) velocity to the interface /°(¢) at (x, ) is denoted

* Supported by NSF Grant DMS-9301274.

66
0003-4916/95 $9.00

Copyright i 1995 by Academic Press, Inc.
All rights of reproduction in any form reserved.



PHASE FIELD MODEL OF THERMAL ALLOY 67

v(x, t) or v, and the sum of principal curvatures at (x, t) on I'(7) is denoted «(x, ¢)
or k. Subject to suitable initial and boundary conditions, which depend on the par-
ticular physical application, the problem can be stated as finding T'(x, ¢) and I'(1)
which satisfy the surface tension and kinetics model, (1.1)-(1.3).

The oldest of these models, known as the classical Stefan model, is the special
case which is obtained by setting 6 =0 in (1.3), so that T— T,,=0. The difference
between the two models (6 #0 and ¢ =0) is quite profound from both a physical
and a mathematical perspective. Setting ¢ =0 eliminates an important physical
length scale, namely the capillary length, d, :=o/[s].,, which is crucial in the selec-
tion of the velocity of single-needle dendrites [3-5] and the stability properties of
the interface [6-7]. The absence of any length scale in the problem, together with
dimensional analysis, implies that the velocity can be determined at most as a
multiple of curvature. The mathematical issues are equally serious since the sign of
T(x, t) determines the phase if ¢ =0, so that T(x, 1) > 0 defines the liquid state and
T(x,t)=0 is by definition the boundary between liquid and solid (7 <0). When
a #0, the sign of the temperature no longer determines the phase, so that the dual
role of T in determining both temperature and phase becomes particularly awkward
in light of (1.3). Hence, the mathematical formulation based on the single variable
T is considerably less elegant when ¢ #0, particularly since the description clearly
fails when the interface intersects with itself or exhibits other singularities
preventing the existence of the classical curvature or normal to the interface. Thus,
the curvature must then be considered in some weak sense, the precise choice of
which determines the interface behavior. Moreover, if this weak sense of curvature
is not derived from physics, then it is unlikely that the interface will exhibit the
correct motion upon the commencement of self intersections or singularities.
Consequently, even the study of the sharp interface problem leads naturally to an
order parameter approach.

An alternative formulation of phase boundary problems along the lines of (b) is
the phase field model in which an order parameter, Y(x, t)=2¢(x, t)—1, is
employed. In the distinguished limit of the surface tension and kinetics model (i.e.,
as interface thickness approaches zero, while ¢ and o remain fixed at non-zero
values) one can write the system of differential equations for (7, ¢) as

!
C.Ti+5 0, =k 4T (1.4)

oz£2t//,=82Al//+l(l//—l//3)+££f]—eﬂ(T—TM), (1.5)
2 36

where ¢ represents the thickness of the interfacial layer and all other parameters are
the same as previously defined. The interface is now defined as the set of points,
where iy vanishes. Equation (1.5) arises from a free energy of the form

FIT )= dx {%éz(wméwz—l)z—zw}, (16)
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where ¢ is a length scale and a measure of the microscopic bonding and a is a
measure of the depth of the double-well (2 — 1) In terms of macroscopic proper-
ties, ¢ := ¢a''? is the interface thickness (see Section 6 or [1], [2]) and ¢ := $&a '
is the interface tension [8].

The time evolution is governed by the kinetic equation ,= — A &f/oy, where f
is the integrand of (1.6), so that ¢ is restored to equilibrium with a “force” which is
proportional to the extent to which it is out of equilibrium. Coupling this equation
with a simple energy balance equation (1.4) completes the model. The derivation we
present in Sections 2-5 for a mixture will include this pure model as a special case.

The approach has its origins in Landau theory [9], Cahn-Hilliard type equa-
tions [ 10, 117, and the application of mean field theory to critical phenomena [12].
Phase field theories are generally rooted in the idea that each atom, or “spin,”
behaves in reaction to an average “field” created by all other spins. This, of course,
is a vast simplification over evaluating the sum over all possible states to calculate
the partition function and, thereby, the free energy. Thus, the variable (x, t)
represents the mean field description of the phase at each point (x,.7) in space-time.
This approach has been used with moderate success in the subtle area of critical
phenomena, suggesting that this averaging process does not destroy the crucial
aspects of cooperative phenomena. The usual theoretical justification for the use of
an order parameter in critical phenomena involves the fact that the correlation
length is very large. However, the use of these ideas in critical phenomena does not
guarantee a priori that they can provide a successful description of ordinary phase
transitions where the correlation length is typically a few angstroms [13]. Another
difference between the critical region and ordinary phase transitions is that the
study of critical phenomena can rely on universality, since the critical exponents do
not depend on the quantitative details of the system. Hence, the requirement of
quantitative answers in the absence of universality, together with the small correla-
tion length necessitates an independent justification and subsequent examination of
the results of phase field theories in the noncritical region.

Furthermore, in a system of dynamical nonlinear differential equations, such as
the phase field, the bifurcation diagram can be expected to vary between completely
different behaviors as the parameters vary. Consequently, the identification of
specific parameters is crucial to even a qualitative understanding.

Various derivations of the phase field equations have been discussed in recent
years [14-20]. A number of theoretical and computational results have
demonstrated agreement with known experimental and theoretical results. For
example, the existence of single-needle dendrites with constant velocity which is
independent of initial conditions has been shown in computations of these
equations [21]. More recently, similar studies have established key dendritic
relationships [22-24]. Qualitative numerical studies with phase field equations are
presented in [25-27]). Other applications of phase field methods include super-
conductivity [28-29] and chemical reactions [30].

The theoretical link between the phase field model (1.4), (1.5) and sharp interface
models such as (1.1)}-(1.3) has been established using formal matched asymptotic
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analysis [1-2] (see also [31] for an alternate scaling) and also rigorous analysis
[32-35] under various conditions. Specifically, in the limit ¢ — 0, the solutions to
(1.4), (1.5) are governed to leading order by those of {1.1)-(1.3). Other free
boundary problems such as the classical Stefan model, the Hele-Shaw model,
motion by mean curvature can all be derived in appropriate distinguished limits.
While many of the theoretical resuits concern the limit ¢ — 0, an important practical
question for computations involves stretching ¢ beyond its true physical value of
angstroms up to at least one mesh spacing in a reasonable computational grid. The
computations [367] have shown that the phase field equations are close to the
appropriate sharp interface problem even when ¢ is not small. Two preliminary
reports on one form of the phase field equations which do not converge to any
complete sharp interface model were written by Fix [37] and Caginalp [38], the
latter of which was submitted in 1983 with further mathematical analysis in [8].

The computational advantages of the phase field system of equations include the
following. (A) A broad range of phenomena, ranging from stable crystal growth to
dendritic growth to motion by mean curvature, can all be computed with these
equations with a single change of parameters. (B) The system has smooth solutions
and does not involve conditions on the interface so that interface tracking is not
necessary. (C) All of the physical parameters are clearly identified so that the
equations can be used to obtain quantitatively reliable numbers. (D) Computations
involving self-intersections of the interface do not pose difficulties for the phase field
model.

A simple example illustrates this last advantage of the phase field approach as
well as the additional analysis needed for a sharp interface model such as
(1.1)-(1.3). Consider two solid spheres with a small space between them surrounded
by their melt which is slightly undercooled so that the spheres grow slowly. Clearly,
when the spheres touch, the curvature and normal velocity are no longer defined as
classical quantities. Thus, (1.1)-(1.3) is not a sufficient description in this complex
situation since (1.3) is a macroscopic approximation for simple geometries. Hence,
the sharp equations (1.1)}-(1.3) must be supplemented by another set of conditions
describing the evolution under circumstances in which the classical normal and cur-
vature are not defined. On the other hand, the phase field equations are guaranteed
to have a smooth solution (¥, T') if the initial and external boundary conditions are
sufficiently smooth. The phase field equations naturally describe the evolution of
intersecting interfaces, such as this example [22], since they are based on free
energy considerations rather than a macroscopic derivation for a particular
(smooth) geometry. Nevertheless, it is, of course, possible that a more accurate
description of complex geometries could involve new dynamics which are nonlinear.

The theoretical and computational advantages of the phase field approach
motivate the derivation and study of the analogous system of equations for binary
mixtures or alloys, where similar difficulties and subtleties arise. Although the
concentration and temperature together determine the phase of the material in
equilibrium, one cannot use the concentration as the order parameter since the
phase transitions we consider (e.g., liquid-solid) involve a process which cannot be
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described by concentration alone, unlike some other transitions (e.g., order—
disorder) in which concentration is the only issue. In equilibrium, knowledge of the
temperature and concentration allows one to determine, via the lever rule, the
fractions of total material in liquid and solid, but the use of the order parameter is
necessary for more detailed information such as the phase at a particular point,
which will depend on the geometry in equilibrium and the dynamics in non-
equilibrium situations. Furthermore, in the type of phase transition we consider, the
order parameter for the system is generally not conserved, while the concentration
must be locally conserved.

In discussions at NIST in 1989 [39] a consensus arose that the correct approach
to generalizing the phase field equations should involve a nonconserved order
parameter coupled with a diffusion equation for concentration. This approach has
been implemented in the isothermal ideal case [40,41] to study a number of
properties including solute trapping. In this paper we present a derivation and
analysis of a set of equations for phase boundaries in a binary alloy (ideal or non-
ideal) with thermal properties. In a companion paper [42], these equations and
simplifications are studied asymptotically and are shown to reduce to the tradi-
tional sharp interface models in the limit as the interface thickness vanishes and as
progressively more physics is removed from the equations.

Upon deriving the system of equations, we demonstrate that the limit as interface
width vanishes (¢ — 0} leads to a system of equations with new interface conditions.
The new interface conditions provide a description of the phase diagram so that
the connection between the free energy and the liquidus and solidus lines of the
phase diagram is established.

2. OVERVIEW OF DERIVATION

Throughout the derivation let subscripts denote the material (i=1 and i=2 for
the first and second materials, respectively) and let superscripts denote the phase
(j=0 for solid and j=1 for liquid). We use capital letters for extensive (i.e., total)
thermodynamic quantities and lower case for intensive quantities. Thus G/, S/, U/,
V are the total Gibbs free energy, entropy, internal energy, and total volume of
material i in equilibrium in phase j, and if n is the total number of moles of the
material, then g/ = G//n, s/=S//n, u!=U//n, and the specific volume v = V/n are
the corresponding molar specific densities. A standard form for the total Gibbs free
energy of a mixture composed of two materials in pure phase j is

Glio=ngl+ngi+Gy+G,, (2.1)
where the ideal free energy of mixing G ), and the excess free energy G . account for

nonlinear concentration effects due to the mixing and are described in the following
section. The corresponding intensive variables may not depend in an arbitrary way
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on the extensive quantities n,;, #, but are functions of the local concentrations
c;=n,;/n (this fact is a constraint on the form of G,,, G ). The binary phase diagram
for the mixture is defined by the pair of phase equilibrium conditions,

w=pl,  i=12 (22)

where y is the chemical potential of component / in phase j, defined by

- [(0G’.
ul= (_rma) . (2.3)
Ny ) p. 1 ms,

We will assume throughout that the two materials have the same fixed specific
volume, independent of temperature and phase, so that mechanical effects may be
neglected (see [16] for a treatment of phase field equations with material flow). We
will also assume that the specific heat capacity,

Os) o’g’
C,=T—==-T =,
i eT oT?

(24)

is a constant independent of temperature and is the same for both materials. The
methods are easily generalized to the case of distinct and temperature dependent
specific heat capacities for the two materials. Integrating (2.4) in T gives

gl=—C,TInT+&T+{! (2.5)

as the general form of the free energy density for the single phase pure material. The
eight constants &/, {7 may be related to the properties (entropies, internal energies,
and melting temperatures) of the pure materials in phase equilibrium by evaluating
the free energy densities (2.5), together with the equilibrium conditions (2.2) at the
two melting temperatures 7 =T,. Upon specifying the mixing and excess free
energies G,, G, in (2.1), and dividing by the number of moles #n, the free energy
densities g/, of the mixture in the pure phases are completely determined.

The free energy densities for the mixture were constructed by adding the non-
linear interaction terms G,, G to the linear transitional term n,g/+n,g5. The
Landau-Ginzburg free energy density for a two phase mixture may now be
constructed in an analogous manner, by adding phase interaction terms to a linear
transitional term of the form

80=Lmix T (1= 4) Zrnis- (2.6)

We assume that the only interaction effects that need to be considered are the
Landau potential and phase diffusion, so that the free energy density becomes

e=Z Tiver + 22100 ) v (27)
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Once the free energy is known, the dynamical equations for ¢, T, and ¢ follow
from general thermodynamic principles. The dynamical equation for ¢,

0 d
W_ 4% (2.8)

Gt ¢
is again determined by relaxation dynamics around equilibrium, where the time
rate of change of ¢ is proportional to the variational derivative of the free energy,
which vanishes in equilibrium. The diffusion equation (essentially conservation of
mass) is

dac
==-VI (2.9)
where the diffusion flux
%)
J,= —MvE (2.10)
dc

again follows from the {ree energy. From the entropy density
s= —0dg/oT (2.11)
we may obtain the internal energy density through a Legendre transformation
u=g+ Ts— Pv. (2.12)

Inserting the Fourier heat flux J, (see (3.30)), into the energy balance equation
(2.13)

yields the appropriate generalization of the heat equation.
In the sequel we will supply the remaining details in the derivation of the free
energy and the dynamical equations (see (5.33)-(5.35)).

3. BINARY SOLUTION, PURE PHASE

In this section we derive the free energy and the dynamical equations for a single
phase binary solution. Let G(P, T, n;) be the Gibbs free energy for an equilibrium
binary solution, where P is the pressure, T is the temperature, and », is the number
of moles of the ith constituent (i=1, 2). The total number of moles is n=n, + n,.
The molar concentrations are ¢;=n,/n. Let ¢ =c¢, then ¢, =1—c. We assume that
the constituents have the same density and that the pressure is constant to obviate
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the need for introducing mechanics into the dynamical equations. We have the
fundamental thermodynamic identities,

oG
V: (5>T, n
oG
S:—<ﬁ>P,n, (31)

_ (60)
= on;/p T.nj#,’

where S is the entropy, V' the volume of the system, and ;, is the chemical potential
of the ith constituent. We also define the free energy density g(P, 7, ¢) = G/n, the
entropy density s=S/n, and the molar specific volume v=V/n. An important
difference between g and G is that the number of independent variables defining the
thermodynamic state is one less for g than for G, due to the conservation law
¢, +c,=1. This loss of a degree of freedom is a consequence of the Gibbs-Duhem
equation, which gives a precise form to the physical requirement that the free
energy density must be an intensive quantity, independent of the system size n. This
means that thermodynamic identities involving derivatives of G with respect to the
n, cannot be directly converted to identities for g simply by dividing by n, since
these identities assume that the n, are independent, and consequently that » is not
constant (in particular, it is not true that 8G/dn;= dg/dc;). This simple point is
sometimes overlooked and is the reason that derivations employing such thermo-
dynamic identities are usually carried out with extensive variables (G, S, V') and
only transformed to the corresponding densities (g, s, v) at the end. We will have
to modify this approach in the next section, where the thermodynamic functions are
local, depending explicitly on spatial gradients. In that case we must work with
intensive variables only. The free energy for an equilibrium solution is determined
by the chemical potentials y; and the Gibbs—Duhem identity

G=) nu,. (3.2)

In particular, the chemical potential of a pure material is identical to its Gibbs free
energy density. Let p*, G, be, respectively, the chemical potential and the free
energy for the pure ith constituent in some fixed phase (so G;=#nu*). For an ideal
gas under isothermal conditions we have

dG,=V dP=nRT dP/P=nRTdIn(P/P,) (3.3)
or
uX(T, P)=u)(T)+ RT In(P/Py), (3.4)
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where u?(T) is the chemical potential at the reference pressure Py, and R is the
ideal gas constant. For a condensed phase of mixed composition in equilibrium
with its vapor, we define the acrivity a; implicitly by

wi=uXT, P)+ RTIna,. (3.5)
An ideal solution satisfies

partial pressure in vapor

" vapor pressure of pure i (36)
In our case P is constant and the chemical potential for the ideal solution is
p,=u*+RTInc,. (3.7)
The free energy density pu, ¢, + p,c, for the ideal solution is then a sum
81=8r+8um (3.8)
of a linear transitional term
gr=utei+ple; (3.9)
and the free energy of mixing
gu=RT(c/Inc,+c¢;Inc,). (3.10)

The latter arises from the entropy of mixing s,,= g, /T, which is a consequence of
the fact that a mixture is more disordered than its pure constituents.

The ideal solution is an overly simplistic model for a real solution, although it
becomes exact in the limit ¢ — 0, 1 [43-44]. However, it is a convienient starting
point due to the simple form of the chemical potentials. More realistic models are
generally obtained as perturbations of the ideal solution (though the “perturbation”
terms may not be small). We will fix the temperature dependence of the free energy
by assuming that the heat capacity at constant volume

2
C,,r(n,,n2)=T%=—T% (3.11)
is independent of temperature. This is a reasonable approximation over a moderate
temperature range and can be appropriately generalized for temperature
dependence for a broad range. Then we may integrate (3.11) to obtain

G=—-C,Thh T+ K (n,,n,)+ TK,(n,, n,). (3.12)
The chemical potentials are then

0 oK oK
= — S T T+——+ T2 (3.13)
on; on; on;

1
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Comparing with the previous result (3.7), we get

ac,.

—Y=(C,,=const

on,

JK

p¥=—C, TInT+—+¢T (3.14)
oK

'_Z=Rln C,-+é,’,

on

i

where £, is a constant, and we have used In ¢;=In n,—In n. For simplicity we will
assume that both constituents have the same number of microscopic degrees of
freedom and that, as a consequence, C,,, is the same for both constituents. In fact,
we will assume that the heat capacity is the same in both phases, which would
be strictly true for a material with a monatomic solid state. The first and third
equations in (3.14) integrate to produce

CV: C,,.0+nCV1 (315)
K;=Rn(c;Inc,+elne)+nle &y +e385) + Ky

with constants of integration C ., K5,. Gibbs—Duhem and (3.11) require that
C.o=0, and that the molar-specific heat capacity C,,=C, is constant. Now
substituting the expression for u* into (3.9) we obtain one form of the free energy
density for the ideal solution,

oK K
g,=8u—C.,TInT+(c, & +¢8) THe, —+ ¢y —. (3.16)
on, on,

Another form of the free energy density follows from (3.12) and (3.15),
g1=8u—C.TIn T+ (c & +¢.8)T+K /n+ Ky T/n. (3.17)
Compatibility of (3.16), (3.17) requires K,, =0 and

oK, 0K,
Ki=n — -—
1= on, T on,

(3.18)
Note that the partial differential equation (3.18) is a form of the Gibbs—Duhem
equation and implies that K, is a first-order homogenous function of n,, n,, so that
K (n,,n,)=nK(c,, c,). In addition, (3.8)-(3.9) require that g,, be the only term
that is nonlinear in c;, so we must have

Ki(n, ny)=nllic, +{yc,), (3.19)
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where {; are constants. The final form of the ideal solution free energy is (3.8)-(3.9),
where the free energy densities in the pure materials are

p¥=g,=—C,TInT+ET+,. (3.20)

At intermediate concentrations (c,, ¢, not close to 0 or 1), the free energy of a
real mixture exhibits stronger nonlinear interactions due to mixing than can be
described by the ideal mixing energy G,, = ng,,. The free energy is expressed in the
form G=G,+ G, where G, is the ideal solution free energy derived above, and G,
is the excess free energy. We may relate G, to the general form (3.5) of the chemical
potentials by defining the activity coefficients y;= a,/c,, with the result:

Gy=RT(n Iny,+n,Iny,). (3.21)

Since the mixture becomes ideal in the limit of a pure material, G, must vanish
when either concentration does, or
lim y,= — lim y,=0, (3.22)
cy—1 3= 1
so that a4,z ¢; close to a pure “i” state (¢, 1). In addition, Rault’s law [43]

dictates that the slopes of the activity-concentration curves are the same in the limit
of a pure material, or that

. da[ . da7
—_——= Z=1 .
('lllinl de ('lzl-rfll de ’ (3 23)
which, together with (3.22), implies
1 1
i M Elﬂzzo, (3.24)

cp—1 d('z 31 dCl

The simplest form of the excess free energy that is consistent with (3.22)-(3.24) is
obtained by assuming that Iny, o ¢2, Iny, oc ¢? with the same constant of propor-
tionality (actually, a function of T'). The result is a regular solution and has the form

Gp=nQ(T)c cy, (3.25)

which provides a leading order correction (in powers of ¢;) to the ideal solution and
is valid for real materials over a larger concentration range. Since C, is constant
and the only permissible nonlinearity in the temperature is already incorporated in
G,, Q(T) must be linear in T, or

QT)=0,+ 0, T (3.26)

for constants Q,,, Q,. The free energy density for the regular solution then takes the
form

g=cig 1+ 28+ gut 00, (3.27)
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The chemical potentials are
w=p*+2(1—c)*+RTIn¢, (3.28)
and the entropy density is

s= —%:Cr(l FINT)—Q,cre5— &0, —Escatspy. (3.29)

The non-equilibrium dynamics of the single phase binary system may now be
introduced employing standard theory [45-46]. We assume that the heat flux has
the Fourier form

J,=—kVT (3.30)

(where we neglect the Dufour cross effect, i.e., the transport of heat by mass
diffusion). The total diffusion flux has the form

Ji= —MV(p, — ) (3.31)
The diffusion equation is then
de
.ﬁ—tz =V J,=VM -V(u, — ), (3.32)

where the mobility M is in general a function of the local thermodynamic state. The
simplest form producing the correct behavior in the limit of a pure material is
M = Dc(1 — ), where D is the binary diffusion coefficient D (see discussion by
Hilliard [507). The energy balance equation, or the first law of thermodynamics, 1s
(in the absence of P dV work contributions)

Y v, (3.33)

where the internal energy density
u=C.T+cl;+(1—c) {4+ Q¢c(t —¢)— Py (3.34)
follows from (3.29) and the Legendre transformation
u=g+ Is— Puv.

The energy flux J, is the same as the heat flux J, in this case. In the absence of
work, energy is transported by heat flow alone. Substituting (3.30) and (3.34) into
(3.33), one has the heat equation

oT ; 8
C,.‘T+<c,—c2+iu5(T,c)>TC=V-kVT, (3.35)
a1 de ol
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where {, —(, is the difference in internal energy density between the two pure
materials and

uE=gli—T%—Pv:ro'(l—c)—Pv (3.36)

is the excess internal energy density. Note that if 2,=0 and {, ={, we obtain the
standard form of the heat equation. Define

_0g(T,¢c) _

g (T,
k ¢ o8l o)
de

—c fils

(3.37)

¢

u|—uz=g1—gz+RTln]

Now differentiating the entropy density (3.29) and using (3.32), (3.35) one obtains

ds V-kVT uV-MVy,
a T T ‘

After applying some standard vector identities, this becomes

‘9
S —-V-J,+0 (3.38)
at
where the entropy flux J, is
k My,
J,= —=VI+—=Vyu, .
v = =g VT+—= Vi, (3.39)
and the entropy source 0 is
k Mu, M
=— |VT|? = —=5*Vu, -VT+— 1 .
0=5 VTP = =5 Vi, VT + = Vi | (3.40)

A change dS in the total entropy of a volume ¥ may be decomposed into changes

dS,,, due to fluxes through the boundary of ¥ plus changes dS;, due to local
entropy production. The total entropy rate is then the sum of
dSinl .
T_pmvow (341)
and
dSeq _
—dt——pHJ‘VV-J“. dv = —pHNmJy dA, (3.42)

where p is the molar density of the material. The second law of thermodynamics
requires that the entropy source be positive semi-definite. Since (3.40) is a quadratic
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form in VT, Vu,, we have (along with k>0, M >0) the necessary and sufficient
condition
M
KT -7 w20 (3.43)

for the validity of the second law for all processes. For small ¢, the condition is {to
leading order in c)

D
kT—TC(RTIncF;O (3.44)

and is automatically satisfied for sufficiently small ¢. At intermediate concentra-
tions, (3.43) places a nontrivial constraint on the material parameters.

4. PHASE FIELD EQUATIONS FOR A PURE MATERIAL

In the previous section we observed that a knowledge of the equilibrium
free energy for the binary solution enabled us to construct the non-equilibrium
evolution equations. In this classical approach to non-equilibrium thermodynamics,
spatial inhomogeneity is introduced only through the phenomenological fluxes.
Our purpose in the present section is to demonstrate how phenomenological non-
equilibrium thermodynamics may be generalized in a consistent way to incorporate
spatial inhomogeneity into the free energy. This will enable us to incorporate more
general physics, such as diffusion, into the phase field equations without the
necessity of modeling the microscopic physics and taking the thermodynamic limit.
This has substantial practical significance, since a derivation from first principles
may not be tractable for more general materials. However, as phenomenological
non-equilibrium thermodynamics is not a completely general theory, it is important
in any new application to ensure that the formalism is consistent with microscopic
physics to the extent possible (i.e., mathematical consistency alone is not sufficient).
In our case, we have the derivation of the standard phase field equation as our
connection with first principles [14]. On the other hand, the non-equilibrium ther-
modynamics of a two-component material follows the well-established path of the
previous section. In this section we will obtain a thermodynamically consistent form
of the phase field equations, which will refine the temperature dependence in the
standard equations (1.4), (1.5). In the following section we will combine the results
of Sections 3 and 4 to derive phase field equations for a two-phase binary solution.

In formulating the problem, it is useful to observe the close analogy between the
phase field equation and a reaction rate equation for a single exothermic reaction,
with the order parameter corresponding to a reaction progress variable and the
latent heat corresponding to an exothermic heat release. Typically, a reaction
progress variable may be the mole fraction or concentration of a reactant and con-
trols the release of heat via a linear term in the internal energy. For a solid-liquid
transition in a metal in the non-critical regime, the thickness of the interphase
region is at most on the order of a few tens of atomic spacings, and it is not strictly
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correct to interpret the order parameter as the concentration of one phase, although
this interpretation may be a useful heuristic device.

Landau free energies of the type we are considering have been derived from first
principles and used to calculate quantitative phase diagrams [47]. This can be done,
for example, by expanding the free energy of the solid in powers of the density of
defects. The resulting free energy achieves a second minimum where the defect den-
sity saturates, which defines the liquid phase. We may assume that the order
parameter is linearly related to the density of defects in the solid state. The order
parameter may be normalized so that, in equilibrium and at the melting
temperature, the free energy minima corresponding to the solid or liquid state occur
when the order parameter is O or 1, respectively. In this context, a “defect” means
a hole in the partially formed lattice which may be occupied by molecules possess-
ing the energy of the liquid state (i.e., which are not yet bonded to the lattice). This
leads to a macroscopic interpretation of the order parameter as essentially the (mass
or mole) density of the liquid phase. It is important to note here that, in general,
we can only hope to impose this convienient normalization at the coexistence curve,
and that the pure solid and liquid phases will not always occur at the values 0
and 1. While it may be possible to force the order parameter to always have these
fixed values at the free energy minima by the introduction of additional non-
linearities into the free energy, the additional terms are inconsistent with the
microscopic interpretation of the order parameter (the saturation point for the
defect density is temperature and pressure dependent), and introduce artificial non-
linearity into the equations. From a phenomenological perspective, this additional
nonlinearity contributes to the latent heat deposition term in the internal energy (see
(4.11)). This is very counterintuitive. For an exothermic reaction, the heat deposi-
tion is necessarily linear since a fixed quantity of heat is released by each set of react-
ing molecules. The situation for a first-order phase transition is similar, since each
molecule changing phase is expected to release (or absorb) a fixed amount of the
latent heat. Thus there is no physical basis for expecting latent heat to be deposited
nonlinearly. Furthermore, in any realistic system involving pressure and density
differences, for example, the order parameter will not be fixed in the pure phase. We
must conclude then, that fixing the phases at 0 and 1 is inconsistent with the physics
of first order phase transitions from both a microscopic and a phenomenological
perspective. This point has caused some confusion in the literature and has led some
to claim that these additional nonlinearities are necessary for “thermodynamic
consistency.” This is incorrect. The pure phases are defined by the free energy min-
ima, and not by an ad-hoc imposed value on the order parameter. Nevertheless,
models with the free energy minima fixed in this manner may be convenient for the
purposes of mathematical theorems [32] and numerical computation, as long as
artifacts of the additional nonlinearity are avoided [23, 25, 26].

The most general form of the Gibbs free energy density consistent with constant
specific volume, pressure, and specific heat capacity is

g=—C,TT+f[¢]1+/[4]T, (4.1)
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where f;,, /| are functionals of the order parameter ¢. The entropy density is

‘g
s——a—T—Ct,(1+ln T)—f,. (4.2)

The internal energy density
u=C, T+ f,— Pv (4.3)

is then defined by the Legendre transformation as before. The chemical potential
conjugate to ¢ is defined analogously to (2.3), but with the partial derivative with
respect to ¢ replaced by a variational derivative. The total free energy in a volume
V is given by

$191=p ||| gav. (4.4)
The Frechet derivative

d
(DF[4n] =7 918 +en] (4.5)

e=0

of % with respect to ¢ may, after integration by parts, be expressed in the form

(DSToDIn1=p [[[ mav+p ||

n-J,ndA,
av
where J, represents the change in the free energy due to boundary fluxes. By
allowing n to vanish on @V, the boundary term may be made to vanish. We will
see that the factor u in the remaining volume integral is the difference in the local
chemical potentials of the two phases. In equilibrium, we must have (D%[¢])[n]=0
for all # and all V, which implies that ¢ must vanish identically. Note that if the
material is spatially homogenous, then (using Vp =n) we have ¥ =gn=G. Also,
J,=0, and pu=dg/d¢.

To illustrate the usefulness of the chemical reaction analogy, we show that for a
homogenous material in equilibrium with two coexisting phases, u is the difference
in the local chemical potentials for the two phases if ¢ is interpreted as the mole
fraction of one phase. Let n/, n* be the number of moles of liquid, solid, respectively,
and let ¢'=n'/n, ¢* =n*/n be the corresponding mole fractions, where n=n'+ n".
The chemical potentials for the two phases are

oG [og og
= = _— s
W=~ 8 +<a¢' a¢-">¢

s_?_Q_—_(_‘E_fE)W
K= =8 \ag " a9 )

(4.6)

595:237:1-7
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where
g(¢', ¢*, T)=G(n', n*, T)/n, 4.7)

Then, setting ¢'=¢, ¢ =1 — ¢, we have

g, T)=g(¢,1—-¢,T)
(4.8)

proving the assertion. We see that the equilibrium condition u=0 of the
Landau-Ginzburg theory reduces to the usual condition u’=p* for local
equilibrium in a two-component system. The non-equilibrium dynamics of the
transition is then governed by

o¢

T Y H,

where 1 is the relaxation parameter. To obtain the non-local version of the equi-
librium conditions (with the chemical potentials evaluated in the separate phases,
and equality holding across the interface), one would have to define the pure phase
values of the chemical potentials on either side of the diffuse interface. In a one-
dimensional geometry, the values at + co could be used. This is essentially what is
done in Section 6, where the matching conditions (6.19) are just the non-local
equilibrium conditions defining the ideal phase diagram.

The functionals f,, f; in (4.1) must be chosen to ensure that the first and second
laws of thermodynamics are satisfied. Local energy conservation is expressed by
(3.33) as before. We may satisfy (3.33) while conforming to (1.4)-(1.5) as closely as
possible by choosing

fOZZBTm¢

(4.9)
Fi= 5 162+ 20— 67— 29,

where T, is the equilibrium melting temperature. Inserting f;, f; into the definitions
above yields the entropy density

s=C,(1+In T)—§|V¢f2—§¢2(l—¢)2+2ﬁ¢, (4.10)

the internal energy density,
u=C,T+28T, ¢— P, (4.11)
and the chemical potential,

p=—V-BTV¢+aT(1—¢)(1/2—¢)—-2B(T—T,).
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One of the logical subtleties of phenomenological non-equilibrium thermo-
dynamics is in the manner that the dynamical equations are obtained in boot-strap
fashion from the equilibrium equations. This is not a serious problem when the
equilibrium state is constant in both space and time (thermostatics), since the
dependence of the free energy, internal energy, etc., on the state variables is purely
algebraic. In the present case, the equilibrium (i.e., time-independent) system is
inhomogenous in space, and the free energy depends explicitly on the spatial
gradient V¢. Since we require T =constant in equilibrium, this leads to some
arbitrariness in the placement of the temperature factor in the V¢ term of u. We will
show below that the choice

u=—TV-BVg+ag(l—¢)(1/2—¢)-28(T—T,,) {4.12)

enables us to formally satisfy the second law of thermodynamics. This is along the
lines of the philosophical approach taken in [19]. An alternative approach is to
include the |V@|* term in f, rather than f, as was done in [15, 20]. The difficulty
with the temperature factor in (4.12) then does not arise. This has the effect of
incorporating terms involving V¢ in the internal energy and consequently in the
latent heat deposition (and removing these gradient dependencies from the
entropy). This significantly complicates the physical interpretation of the equations.
It is also counterintuitive, since the dissipative |V¢|? term is evidently entropy
producing. A satisfactory resolution of this question will undoubtetly require a
direct appeal to first principles and is beyond the scope of this paper. The heat
equation

é

T
C, —+2pT,
L51+Bm

o¢
= =V-kVT (4.13)

follows from (3.33) and (4.11). The phase equation is
0¢

rE=TV.BV¢—a¢(1—¢)(1/2_¢)+23(T__Tm)’ (4.14)

where we must have 4 > 0 for the phase equilibria to be stable. As before, we com-
pute the entropy rate ds/dt from (4.10). After applying vector identities, we get

d
S V.40, (4.15)
where the entropy flux is
k B
J,=—VT+-2v4 (4.16)
T T
and the entropy source,
VT 2 #2
O=k|—| +—, 417
l T T ( )

is positive definite.
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5. PHASE FIELD EQUATION FOR A REGULAR BINARY SOLUTION

Consider first a two-phase regular binary solution in phase equilibrium. The free
energy density in each phase is assumed to have the form

g =cigl+ergi+gnt e,

(5.1)
g'=cg) +eagi gy + 800y,
where
guy=RT(c;Inc;+c,lnc,) (5.2)
are the mixing energies;
gl=—-C,TInT+&rTH (5.3)

are the free energies of the pure constituents in each phase. The chemical potentials
are

p*=g"RTIn ¢;+ Q21 —c,)% (5.4)
The entropy densities are
{

s =c s+ a8y sy + 5, (5.5)

where the pure material, mixing, and excess entropies are

sP=C(1+InT)—¢h (5-6)
sy=—R(c,Inc,+c,Inc,) (5.7)
sp=—£,¢,¢5. (5.8)

The internal energy densities are then

u" = c ul + culf +uy, (59)

where
W =C, T+ — Pv (5.10)
Up=2984c,Cs. (5.11)

We have assumed, for simplicity, that C, is independent of material and phase.
This assumption is valid for materials for which both phases have the same number
of microscopic vibrational degrees of freedom and it is expected to be at least
qualitatively reasonable for some more general transitions. Since we are mainly
interested in the small ¢ regime, we have also assumed that Q, and €2, are inde-
pendent of material and phase, consistent with the “perturbative” nature of the
excess free energy.
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The conditions for equilibrium of the two-phase system are T = constant, and the
pair of conditions u!= u. We define

[X)eq=X'(ch, ch)— Xo(c3, ¢3), (5.12)

where c/*, are the mole fractions of each constituent in the liquid and solid phases,
respectively, in a binary system in phase equilibrium. From (5.4) the equilibrium
conditions may be expressed as

!

(b1 )ea= [ Jeq+ RTIn 5+ 2[(1 = ¢)*1eq =0 (5.13a)

1—¢! ,
Ci2lea=1[82]eq + RTIn 7 _Cs+9[c~]eq=0, (5.13b)

where ¢/ =c", =

and must satisfy

1 —c". The jump in the entropy density follows from (5.5)

[s]eq = —Ql[clc2]eq_ [é]cl +€2C2]eq_R[Cl In ¢ t+e; In C2]eq > 0.

Equations (5.13a), (5.13b) are a system of two equations in the three unknowns ¢/,
¢’, T, and thus define a one-dimensional manifold. An important interest is the
behavior of this manifold for small ¢, ¢*. We see immediately from (5.13a) that
>0 as ¢*—- 0. If we eliminate ¢°, we obtain the equation of the liguidus curve
¢/(T). Alternatively, we could eliminate ¢’ to obtain the sofidus curve ¢*(T). These
eliminations can be carried out exactly for the ideal solution (£2=0), with the
result:

e 1—exp(lg:]eg/RT)
exp([81 oo/ RT) —exp([£21.a/RT)

o = (1 _exp([gZJeq/RT)) exp([gl]eq/RT). (5]4b)

exp([gl]eq/RT) —exp([g2]eq/RT)

The ideal solution phase diagram is shown in Fig. 2. Between the liquidus and
solidus curves is the phase coexistence region. This region is one of the principle
distinguishing features of multicomponent phase diagrams.

For the regular solution, the phase diagram is qualitatively similar to the ideal
solution when the concentrations are close to 0 or 1 (Rault’s law), with the liquidus
and solidus curves meeting at the melting temperatures 7, of the pure constituents.
When Q,, Q, are sufficiently large, the liquidus and solidus curves undergo
qualitative changes. Then, the excess contributions in (5.13) dominate the behavior
at intermediate concentrations. This competition between small concentrations of
ideal behavior and the strong mixing interaction at intermediate concentrations
may produce singularities and topological changes in the liquidus and solidus.
These non-linear effects have important implications for existence and uniqueness of
solutions to the dynamical equations derived below.

(5.14a)
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Denote the (constant) pure constituent equilibrium variables by an overbar. Thus
one has

(5.15a)
S"z": "‘I,‘:o (5.15b)

and similarly for u, g. Evaluating (5.15a), (5.15b) in the limit of zero and unity
concentrations, respectively, gives

EF=C(14InT;)—35"" (5.16a)

¢ =l — C, T, + Pv; (5.16b)
then (5.3) yields

g/ =l — 5T, + Pv. (5.17)

We can then eliminate the eight constants &%, {/* in favor of the more physically
transparent parameters 5%, #/*. In partlcular we have from (5.6) and (5.16)

[S ]eq [S ]eq [éi]eq’ (5183)
Lt eq= [ ]eq = [{:]eq- (5.18b)

Using these in (5.17) yields
[g ]eq [é ]eq T + [g ]eq [';i]eq - Ti[ji]eq =0 (519)

which expresses equality of the free energies for the two-phase pure materials.
Expressing (5.3), {(5.6), (5.10) in the barred variables then gives the final form of the
pure material, single phase potentials,

g =g +(C,— 5/)T—T)— C,Tn(T/T)) (5.20)
st =5 4 C, In(T/T)) (5.21)
W =q’ + C(T—T,). (5.22)

We now introduce an order parameter ¢ into the free energy for the binary solu-
tion. We will assume that all non-linear contributions (in ¢, ¢) have been accounted
for in (4.1), (5.1). The material parameters will thus be assumed to undergo a linear
transition (in @) from 5/, #! in the liquid phase to §%, & in the solid phase. The
definition

go=¢dg'+(1-9¢) g’ (5.23)

yields the following free energy for the two phase binary alloy (Fig. 1):

g=g0+ 5 TV +5 TH#(1 - 9" (524)
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FiG. 1. The free energy as a function of concentration and order parameter at a fixed temperature.
There are exactly two local minima corresponding to the two distinct phases. Phase coexistence occurs

when the free energy has the same value at both minima.
Define the transition functions

§7(c)=c 57 + )5

@ (c)=c @’ + ey ay’

[i]eq= u - = e[t Jeq + caltiz]eq
T ()=, T+, T,

T(c)=T{T7.

The entropy density is

- 6_g_ é 2, % 5 2
5= —ohmso— 3 V145 41— 9

where

G
So= 2= gs'+ (1= §) "= 65+ (1= ) 5+ CoIn(T/T,) + 500+ 55

(5.25)
(5.26)
(5.27)

(5.28)

(5.29)

(5.30)
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The internal energy density is

up=go+ Tso—Pr=gu'+ (1 —p) (5.31)
— g+ (1 =) @+ CAT—T,) + up. (5.32)

The phase, heat, and diffusion equations now follow as before,

8
Lo TV BV aTH(1 412 )~ (5~ &) (5.33)
ou__ oT 6¢ 6u06‘c_
2= Cogr e 3t 50 5=V AVT (5:34)
©ov . pet —e)VEL, (5.35)

where

gl_gs= - [‘g]eq T (536)
[§)eq=5—5 (5.37)

6. BASIC ASYMPTOTICS AND THE EQUILIBRIUM DIAGRAM

In this section we present the main ideas of the transition layers involved in the
concentration and phase using the the methods of [42]. We defer a thorough
asymptotic analysis until the next section in order to focus on the basic ideas with
a minimum of technical detail and to derive the phase diagrams from our equations
so that macroscopic and microscopic parameters in the equations are related to
those of the phase diagram.

For convenience, we define the rescaled phase variable, y, the interface thickness,
¢, and the surface tension, o, by

2B\'? 1 Vs T
l//.—?.(p—l, 8.——(7) . 0’.—‘1—2“ T(ZB(X) , q(T} E (61)

Using the notation

liquid SOlld

[9:eq =4 —q: [9:)12=q2—q1,  {di)eq=3(q]" +4°™), (6.2)

we can rewrite Eqs. (5.33)-(5.35) as

(T) ey, =¢ At//+ W=y —c[[5:Jeq (T=T)]1, 2+ [5:]eq (T—T3)}

(6.3)

T)
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C.Ti+ {[s2]eq Ta—c[[5:1eq T:11. 2} %‘*‘ {[C.Ti =801 2= [{5:)eq Ti11.2
-—%[[s,]eq T, )y 2+ Qo(1—20)} ¢, =V -k VT (6.4)
v T
=Dt =) V{4 L)t (T Tz 3 L5
+(QO+QlT)(1—2c)+RT1n-1—%—C:+ Cl,Tln%}. (6.5)

We note that ¢ corresponds to the leading order surface tension with a local
interpretation of the definition
F {with interface } — Z {pure liquid } — 5.# { pure solid }

= ; 6.6
¢ area of interface (6.6)

The derivation of ¢ in the form (6.1) using (6.6) is exactly the same as the pure
case, except for the factor of T which multiplies the gradient and double well terms.
Note that since the surface tension is an equilibrium quantity, T is a constant 7
in the calculation of (6.6).

For the remainder of this section we consider an alloy or mixture in equilibrium
at a fixed temperature T. Initially, we assume an ideal mixture, so that Q,=Q, =0.
In this important special case, some key interfacial relationships can be obtained in
closed form.

Let r be the coordinate which measures the distance from the interface, which is
now represented as the set of points where ¥ = 0. Using the stretched or inner coor-
dinate, z :=r/e, we define

Uiz, 1) :=y(x, 1), &z t)=c(x,t), T=T=const (6.7)
Then the phase equation (6.3) can be written for planar equilibrium as

a 1 - .
0=t 5 (0§ + 5 {— el I (T=TD]i o+ [T T} (68)

We look for an asymptotic solution of the form
Y=y +e) +e+ - (69)

and similarly for the other variables, so that substituting this identity into (6.8) and
formally equating terms with similar powers of ¢ leads to the O(1) equation,

Jo. +1(°— ¥y =0. (6.10)

This has a solution 1f1°(z) =tanh z/2. (We assume boundary conditions of solid on
the left and liquid on the right, so that Yy(+o0)= +1.)
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Next, we consider the concentration equation (6.5). A stationary concentration
profile is described by setting Vég/dc to zero in (5.35) or (6.5). Note that this is
equivalent to setting the diffusion flux to zero (3.31). Although it is also possible to
consider more general solutions, e.g., by simply setting the time derivative equal to
zero in (6.5), seeking stationary solutions of the form dg/dc =0 (i.e., without the
gradient) leads to an over-determined system which implies a particular tem-
perature at the boundary (this point will be discussed in greater detail later in this
section under the subheading “the concentration profile”).

Using the notation

N(T) :=3[[5:eq (T= T 1y 2, (6.11)

one can rewrite the no-flux equilibrium equation Vdg/dc =0 as

- &0 - RT éo
NJ° In—-73) = 0 - TE 1
< v +RT“1—c‘°>Z 0 o =W Ao (6.12)
Integration of (6.12) with respect to z implies that
. A0
Ny°+ RTIn =4 (6.13)
—C

where A is independent of z but may depend on other variables, such as
temperature (discussed in detail later in this section). We subtract (6.13) evaluated
at z= —oo from the same equation at z= +o00. Using the notation [g]* :=
lim,_,, g and the standard asymptotic matching result that lim,, , =

lim, _ o, ¢° we obtain to leading order

[ln ‘ ]+= 2N (6.14)

l—c| ~ RT

Thus, (6.14) is one of the equations which relate the values of concentration on the
liquid and solid sides of the interface, ¢* and ¢, to the temperature T° on the
interface. Upon deriving a second relation using the phase equation (6.3), we will
be able to construct the liquidus and solidus lines of the equilibrium phase diagram.
The basic theory of simple one-phase sharp interface models is discussed in [46].
Subtracting the O(1) equation (6.10) from the full equation (6.8), one has the O(e)
equation:

- - 1
(1=3°)P) y'= g {=2N&"+ [s;U(To—T,)} =: H.

b | —

LY =P+

(6.15)
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Since a/;o is a solution to the homogeneous equation #n =0, the Fredholm alter-
native theorem implies that a necessary condition for the solvability of (6.15) is that
Y2 be orthogonal to H, ie.,

f% GOL —2NE+ [5,]eq (T— Ts)} dz =0, (6.16)

(Note that in this special case, Fredholm’s alternative is obtained simply by
differentiating (6.10) and multiplying by /' and subtracting from it (6.15) multi-
plied by x/;(’ Then (6.16) is obtained upon integration by parts using the boundary
conditions zﬁf(ioo)=0.) Equation (6.16) can be evaluated using (6.12) and
“ Yldz=2as

RT ¢&°
N 1=

2s5,]eq (T— Tz)=2Nj_x dz=2RTIn(1—¢%(z))]~.,.. (6.17)

Using the matching condition lim, é®=lim, 4, c° again, (6.17) has the form

St

T, R 1—¢*
1——== 1 . 6.18
T~ Dl “<l—c> (6.18)

We now have two relations, (6.14) and (6.18) for ¢*, ¢~, and T,. This deter-
mines the phase diagram (Fig.2), since the solidus ¢~ (7) and liquidus ¢*(T)
can be determined as a function of T as a consequence of the following simple
computation.

higuidus

solidus

T2

FiG. 2. The phase diagram for an ideal solution, exhibiting the characteristic phase coexistence
region bounded by the liquidus and solidus curves, in the case where 7, > T7,.
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o

s

FiG. 3. The linear approximation to the ideal solution phase diagram for small concentration. The
liquidus and solidus curves are approximated by line segments of slope m,, m,, respectively. This
approximation is the basis of the simple sharp-interface models for phase interface dynamics in alloys.

The Phase Diagram
The algebraic system of equations

o+ +
i T L (6.192), (6.19b)

1
nl—c

has a unique solution,
¢ =—, ct=—rnr (6.20)

so that ¢*/c™ =e”*® Equations (6.14), (6.18) correspond to (6.19a), (6.19b) with

=_[Sz_]=q<1_fz> p= _2NT)
R T) RT

a:

so that the solidus ¢~ (7) and liquidus ¢*(T') are determined as

—([52]eq/R)¥1 — T2/T) 1 — e'ls2]ea/R)T = T2/T)

_l—e eH(T) =

¢ (T)= [—o NTED

(6.21)

1 — e2N(T)/(RT)
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Hence, the phase diagram is completely determined by (6.21) in terms of the two
melting temperatures 7, T, and the jumps in entropy density [5,].q, [52]eq- In
particular, the behavior for temperatures T near 7, can be approximated easily by
expanding (6.20) in a Taylor sense for small a (but fixed b) with the result:

¢ xm (T—T,), ¢t ~m; (T—T,), [1—-T,/T| <1 (6.22)
RTZ e—r2N/RT2) RTZ

— 1_ [:: —
[S2Z|eq( ' " [SZJeq

This determines the slopes of the solidus and liquidus curves (Fig. 3) as m, and m,,
respectively, with the ratio m,/m, = e*™®™ Due to the symmetry, the solidus slope
near T, is m, while the liquidus slope is m,.

Thus, the melting temperatures T, and T, establish a “baseline” in the phase
diagram (Fig. 2) while 2N/RT determines the magnitude of spreading between the
liquidus and solidus curves through 2N/RT, =log(m,/m,). If we write N(T) in the
form

m, = (1—eRT. (623)

2N(T)=<[Si]eq>l‘2(Tl_T2)+([s2]eq—<[si]eq>l‘2)(T_ TZ)
+([81eq = <[5:deq 21, HNT—T4) (6.24)
with ([s,.]eq>,v2:=§([s1]cq+[s2]eq) then it is clear that the spreading is a

measure of the entropy difference between two phases. In the limit [s;].,/R -0,
one has from (6.21)

+ ~ [SZ]eq _
H(T) >35S (T T) (6.25)

T-T, .
Ci(r):-.]—'———T if [sl]eq: [Sz]eq. (626)

Consequently, ¢ * (7T} and ¢~ (T) both converge to the straight line between 7', and
T,if [5,]. and [s,]., are equal and approach zero. If these jumps in entropy are
not equal then the liquidus and solidus curves converge to a curve which deviates
from this straight line by an amount which is of order ([s;]eq — {[$;]eq )1, 2)

The emergence of [s5;].,/R as the dimensionless constants which determine the
separation between liquidus and solidus curves in the phase diagram can be
examined as follows. The melting temperatures, T,, T,, determine the baseline
slope, while {[s;].,>: »/R determines the unique pair of curves ¢ (7T), ¢*(T)
given by

_ 1 —CXP{ i(<[5i]eq>1,2/RT)(T—‘ Tz)}
1 —cxp{ i(([si]eq>1.2/RT)(Tl - TZ)}

which have a particular symmetry about the baseline (6.26). If [5;]cq= [52]eq=
{[5:eq1.» then the liquidus and solidus are given by ¢z . Otherwise, the

sym*

(6.27)

cam(T)
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difference in the entropy jump ({[$;]eq>1. 2 — [5:]cq) results in a distortion of ¢},
to the curves ¢* given by (6.21).

The origin of the dimensionless parameters [s;]/R can be most easily understood
for the symmetric case [s,].q = [$2]eq = <{[S:]eq) 1 2=[5]eq- The term [s].,/R is
clearly a comparison of two distinct sources of entropy in the equations (6.3)-(6.5).
The term [s],, arises from the entropy contribution to the free energy which results
in the term &([s]./30){T— T c—T,(1 —c)} that is a measure of the free energy
shift due to the change in phase. (Note that the origin of this term in the free energy
is a term in which this is multiplied by the order parameter. The same term is, of
course, in (6.5), this time differentiated with respect to concentration.) The scale R
arises exclusively from the entropy of mixing term RT{cIlnc+ (1 —¢)ln (1 —c)}.
Consequently, the dimensionless number [s].,/R is a measure of the entropy of
phase change compared to the entropy of mixing. The latter is, of course, com-
pletely independent of phase. As [s].,/R is made larger, the jump in concentrations
1s larger since the liquidus and solidus are further apart (Fig. 2).

The Concentration Profile

The transition layer in  is a consequence of the basic equation (6.10). The
transition layer in ¢ occurs as a result of (6.12) and the transition layer in y. The
role of ¥ in (6.12) and, equivalently, in (6.5) is to force a transition layer on ¢
between phases and then to vanish in the pure phases, thereby allowing (6.5) to
describe mixing in pure phases as discussed in the next section.

One of the subtleties in the development of the transition layer is the introduction
of the temperature through an integration constant in the ordinary differential
equation (6.12). In particular, it is clear that if 4 is a fixed constant, independent
of temperature, then the magnitude of the transition in ¢ will depend on tem-
perature only through the RT term and will not vanish as T— T, or T— T,. In
fact, the integration constant A is a boundary condition for the first-order ordinary
differential equation (6.12). Then, a mathematical requirement for a unique solution
is the specification of the value of #° at one point, e.g., + o0 or — . This means
that the solution ¢é° to (6.12) which has the general form

2 eAIRTg - NIRT)O

- ; NIRRT
| 4 Y/ RTg—N/RTY

(6.28)

is completely determined once the boundary value is specified. In terms of the phase
diagram, the specification of the boundary condition at — o0 means {with our con-
vention of taking the solid on the left) that the concentration on the solidus is fixed
for that particular value of T which appears in (6.12). Of course, the value of é° is
then determined by (6.28) so that the two points ¢*(7T) and ¢~ (7') are both deter-
mined by 4. Thus in principle, one could use a phase diagram to evaluate A.
Throughout this part of the analysis, the temperature has been treated as a constant
due to equilibrium conditions. In the next section, we will see that the inner expan-
sion for the temperature in the dynamic situation will be constant to leading order;
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consequently, the temperature can be treated as a constant for interface conditions
even in the dynamics. This is equivalent to the statement that T is continuous
across the interface. These conditions will be supplemented by two other conditions
relating to energy and mass balance at the interface.

The Non-ideal Case

We now consider the non-ideal situation, namely Q=Q,+Q,T#0. The
equilibrium concentration equation is

4

0=V{N¢+erl_c

+wauﬂo} (6.29)

so that the analysis which leads to (6.14) now yields

2N ¢ Q *

The relation (6.18) is generalized to

| T, R 1—c¢” Q

T_[Sz]eq nl—c’+2[s2]eq (c* =c) (6.31)

Equations (6.30) and (6.31) are again a coupled algebraic system for ¢*(7) and
¢ (T), whose solutions are the liquidus and solidus lines in the phase diagram;
however, a closed form solution for ¢*(7T) is no longer possible. In the small ¢
approximation the solution to (6.30) and (6.31) agrees with those of (6.14) and (6.18).

7. COMPLETE ASYMPTOTIC ANALYSIS OF PHASE FIELD ALLOY MODEL

We now construct an asymptotic solution for the complete model in a dynamical
setting. We assume all parameters are fixed except for ¢ which is asymptotically
small, compared to other length scales, e.g., length of domain. As in the pure model,
it is a consequence of the analysis that the interface thickness is of order & The
interface I is defined as the set of points in 2 at which ¥ =0. Letting x :=(x, x;)
we define r(x, f; &) within a sufficiently small neighborhood of 7" as the signed dis-
tance from x to 7, with the convention that + is the direction of positive ¢ and
— is the direction of negative . We suppose that r is a smooth function in a
neighborhood of I'. The interface is described by the equation

r(x, t;e)=0 (7.1)
and r has the properties

IVrl=1 and Ar=x (7.2)

on the interface I', with x as the curvature.
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The second coordinate, s, is defined as the arclength from a fixed point on the
interface (depending smoothly on ¢), so that (r,s) forms a local orthogonal
coordinate system. An inner variable z :=r/e is defined by stretching the normal
coordinate. The outer and inner expansions of the concentration, temperature, and
phase are obtained by writing these terms in a finite power series in ¢, where the
coefficients may depend on the space and time variables, but not on &. One has for
any integer L, the outer expansion

c(r,s, t; ey~ c°r, s, t)+ec'(r,st)+ -« +e"ct(r, 5, 1)
T(r,s, t;e)~T%r s, ) +eT'(r,st)+ -« +e-TH(r, 5, 1) (7.3)

U(r, s, t;ey = y°(r, s, £y + e (r, st)+ - +ebfi(r, s, 1),

where the sum of the first L terms are intended as an approximation of the form
lc—(c®+ec' + --- +ebch)| < Ae**! for some A independent of &. The terms on the
right may be discontinuous, and we use f|,, or f, to denote the limiting values
of f as approached from the side where r >0 or r <0, respectively.

By writing ¢, 7, ¢ in terms of the inner variable, z=r/e, with é(z, 5, 1;¢8)=
c(r, s, t;e), one can write in a similar way

Mz, 5, t58)~é%z, 8, 1) +eé' (2, 5t)+ - +e"¢H(z, 5, 1)

T(z,5t;8)~T%z, s, 1)+eT (2, st)+ -« +e-TH(z, s, 1) (7.4)

Py

Uiz, s t6) =%z s, 1)+ ez, st)+ - + e t(z, s, 1).

Note that 1&(0, s, t; €)=0 by definition.

For the pure phase field model, which involves only { and 7, transition layers
occur in ¢ and VT .n. For the alloy, transition layers will occur in ¢ and ¢, as
indicated by the discussion of equilibrium and again in VT -n if the interface is
moving.

The inner expansion is expected to approximate the behavior of the functions
near the interface while the outer expansion is to be valid far (on a scale of ¢) from
the interface. Since the terms in the outer expansion or their derivatives may be
discontinuous, boundary conditions on the interface must be provided by the
matching conditions of asymptotic analysis which provide a connection between the
two approximations. For our purposes, the two conditions

lim ¢°(r, s, )= lim &%z, s, 1),

r—-0+ z—> +x
. . 7.5
rllrgl+ cr, s, 1) = ) lerOC clir,s, 1) (7.3)

will suffice.
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For convenience we make the following definitions:

E(T’ C) = [SZ]eq (T_ T2)_C[[si]eq (T— Ti)]l.l = El + EZC

[s.]e ¢
H(c) 3=-“2sz—5 [[si]eq T.],,=:H +Hc

M@, ¢) =M (c)+ My(y)
M(c) :=2,(1 —2c)

MaW. )= [C, T )12~ [0y T 5 [l50ea To s

G(T,y, ¢y =GU(T, Y, c}+ G,(T)

97

(7.6)

GJn¢¢y=Nuw¢+RTmT§;+QTmT¢n+guml—k)

T
G2(T)=E [<si>eq]l.2
N(T):zé[[si]eq(T_ Ti)]l.Za lj:RTD
Equations (6.3)-(6.5) can be written as

€

30(7)

C.T,+H)y,+MW,¢c)e,=V-kVT
¢, =V -Dc(1l —c)VG(T, Y, c).

§T) 4, = 20 43 () —9) 4 BT, )

The transformation (x,, x,, t}) — (r, 5, ¢} yields for an arbitrary f

Af > [, +Arf, + Vs> fo+ asf,,  fi=fi+rfo+s. /.

In terms of the new variables, Eqgs. (6.3}-(6.5) have the form

1
q(T)(l//l + ll/rr.v + l/]ssl) = Bz(l/lrr-’_ |VS'2 ‘l’.ss+ Arl/’r-l' Asv/s) +5 (W - ‘#3) +

CAT, +r, T, +s5,T)+ HC)Y,+ M, c)c, =V -kVT

c,+re,+s,c,=DW)c(l1—¢cyAG+V(G(Y) c¢(1 —¢))-VG.

The main result of this section is summarized below:

(7.7)

(7.8)
(7.9)

(7.10)

%EIQ

. (
(7.11)
(7.12)
(7.13)

PROPOSITION 7.1. In the limit ¢ =0 with all other parameters held fixed, there
exists a formal asymptotic solution (Y, T, ¢) of the phase field alloy model (6.3)-(6.5)

595:237/1-8
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which is governed by the following sharp interface model (with + for liquid and —
for solid),
C,T,+([C, T,—gh.—(1+£ %)[[si]eq T.]1.-2Q¢c+ 2) c,
=V.kVT (7.14)

~ D D
c,—V-DVc—2V-ﬁc(1—c)Q(T)VC+V'?c(1—c)

: Q C,
i R =20+ R OT T 00,012} 9T

(7.15)
[T]1*=0 (7.16)

c,+c_

_K[VT-n]* = {[szleq Ty [[5]e T.-L,z( ; [c]*)
+LCT— 2012 [e] " +20([c]* + [cz]i)} v (117

2N ¢ Ty 1°
e _22° 7 .
T ,:ln P T c] (7.18)

—vle]*=[DVe-n]* —20(T) [RETCU —c)vc-n]+

1
+ l:ﬂ C(l _(.) {5 [<si>eq i [Si]cq]l.Z

RT
+R1nlic+9,(1—2c)}VT.n]+ (7.19)
—{q(T)v+x}o(T)=[5,]eq (T—T,)— RTIn i:ZJ’ — T[], (7.20)

where Egs. (7.14) and (7.15) are valid in Q\I'(t) and (7.16)~(7.20) are valid on the
interface I'(t). The parameters g,, Q,, Q,, Q, N, D, q(T), o(T) are defined by
(3.26), (6.11), (7.6), (7.7), and (6.1).

Verification of Proposition7.1. The successive orders in the outer expansion are
obtained by formally equating powers of ¢ in (7.7)-(7.9) or (7.11)~(7.13).

The outer expansion O(1). Equation (7.7) implies that

Yo-y¥=0 or Y= +1. (7.21)
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Note that we do not make use of the solution °=0 which is not stable in the
dynamical systems sense. By utilizing the solution (7.21) one observes that the O(1)
expansions for Egs. (7.7) and (7.8) are

C.T +MO%£1,°) =V .kVT® (7.22)
=V.Dc1 —°)VGATO, +1, c°) (7.23)
which are identical to the pure phase equations (7.14) and (7.15).

The inner expansion. To derive the interface relations, we focus on the inner
expansion, which is obtained by rewriting (7.11)-(7.13) in terms of the inner
variable z :=r/e:

" | “ N " ” "
‘//::+5(¢"$3)+8{?(T,E)—q(T)r,l//:+An//:
[

e —

+&{ Vsl + A, — q(T) - q(T) s, 41, } =0 (7.24)
kT +elk arT.—Cor,T.— H(E) rp. — M({, é) r,é.}

+eX{k|Vs)* T, +k dsT,—C,T,— s, T, — H(&)§,— H(é)s,§,} =0  (7.25)
(D) (1 =¢)G.). +e{ —r,é.+ 4rG.}

46 —é,—5,6,+|Vs|2 G, + A5G, + |Vs|> (D) é(1—¢) G,)} =0.  (7.26)

The inner expansion O(1). The inner expansions are then obtained by formally
equating powers of ¢ in (7.24)-(7.26). The O(1) terms are

YL+ 1Y - (901 =0, (1.27)
72.=0, (7.28)
(D(Y°) (1 = ¢°) G.).=0. (7.29)

With our convention that positive r is liquid, the solution to (7.27) is
¥°=tanh z/2. (7.30)

The general solution to (7.28) is a linear function, however, as we seek to construct
solutions subject to the bound 0 < ¢® < 1, we have the temperature to leading order
as

Tz, s, ty=a,(s, 1), (7.31)

where a, is independent of z, but it may depend on s and ¢. Similarly, the bounded-
ness requirement on ¢ also implies that the constant of the first integration must
vanish, so that

G.=0 or G(T°¢° ) =a,, (7.32)
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where a,(s, 1) is independent of z. Note, however, that @, may depend on 7°=4,,
as discussed in Section 6 for the equilibrium problem.
The interface condition (7.18) can now be obtained as an immediate consequence
of (7.32) which implies that
lim G(TO ¥0, %) — lim (T°4° é°)=0 (7.33)

I oL

or

40 =4
AN(T®) + RT® [m 1 i@o} —2(T)[c]iz+= =0. (7.34)

L= ES

Upon application of the first of the matching conditions (7.5), one obtains

¢

icOT —2Q(°)[c]* =0. (7.35)

AN(T°)+ RT® [m 1

The interface condition (7.16), which expresses the continuity of the temperature,
follows from (7.31) and (7.5). The other interface conditions, namely (7.17), (7.19),
and (7.20) are obtained from the O(¢) analysis.

The inner expansion O(g). Formally equating the first powers of ¢ in (7.24),
(7.25), and (7.26) one has

71 l 1_ o__ 0.70 E(TO)
=ty (= 30§ =a(T) r0g 2 — Ar'? — 307 (7.36)
kT — H(é®) roy0 — M(J°, ¢®) r0é%=0 (7.37)
D°) (1 -é°)Gl).—r0e=0, (7.38)

where (7.32) has been used in the last equation and G ' is defined by G=G®+¢G .
In order to evaluate G, we write

(T, 1, &)= G(T° §° &) +eT'D, G(T°, §°, &°)
+ e ' D,(T0, §° %) + ec' D,G(T°, %, é°), (7.39)
where D, denotes differentiation with respect to the ith entry of G. Then G !, which
is the O(¢) term in (7.39), is given by

G.:=—2_z[[si:|eq( T)]12+l11 [[s]eq]12Tl

£1 40

T, -
+'_b [[Si]eq]],2+ RT; ln

+C, T In(T,/T,)+Q,T! (1—2@0) 20,71¢°

l//l

Jr—[[v]cq —T)),,+RT® (C,Tl——éﬁ—)—m(im) él. (7.40)
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We analyze (7.38) by integrating with respect to z, yielding

D(J°) é°(1 — %) G =108+ ay(s, 1). (7.41)
One has T°=0 (by (7.31)) and lim__, , $°=0 (by (7.30)) so that (7.32),
together with (7.6) implies that lim_ , ,  é2=0.

By subtracting the lim_ , __ of (7.41) from lim, , .., using (7.40), and recovering
the original (outer) variables by means of the matching conditions (7.5}, one
obtains the interface condition (7.19) as the following leading order relation, i.c.,

(4]
[DW) 1= %) {% (L5l + ¥0050eg ] 2+ RIn— s+ 2, (1 —2c°)} T0

1—¢°
+ DY) =2Q(T°) (1 — c°) + RT®} c?} i = —v[c"]*. (7.42)

Note that D(?) is just D(1)if r >0, i.e., the diffusion coefficient in the liquid phase,
and analogously for the solid. This condition, which leads to (7.19), is a generaliza-
tion of the simplest conservation of mass condition which would be given by the
right-hand side of (7.42) and the last term on the left-hand side.

To obtain the next interface condition, namely (7.17), we apply a similar
procedure to (7.37), which we rewrite as

- S ]e 7 = 2
kT.lz *_["'22—3 T2r(,)¢?—([C,‘ T,—g1..— [[Si]eq T:]i.+ Q) r?c?
— 20,6970 — ELS—]“EL]‘— ro(&%°). =0. (7.43)

By writing 2¢°¢% as (&”)., we integrate (7.43) to obtain

kT;‘L%e_q TZr?l/;O_([CvTi_g_i]l.Z_ [[Si]eq Ti]1.2+QO)r?éO

QR 3 T T2 9% = a5, 1) (144)

Taking lim._ _, of (7.44), subtracting it from the lim._ ., and, using the
matching conditions (7.5) one has the generalized latent heat condition

+c°

~hCT2Y = {0523y T = Ll Jua Tl (=4 171

+ICT= 2112 [°12 +Qu([c*]F + [*] W} v (745)



102 CAGINALP AND JONES

Finally, the phase equation (7.36) has |/;° (given by (7.30)) as its homogeneous
solution, i.e.,

LY = (J0).. + 11 =30 Y2 =0, (7.46)

and lﬁo 1s a simple eigenfunction corresponding to the zero eigenvalue of the linear
operator #. The Fredholm alternative theorem then implies that a necessary and
sufficient condition for the solvability of (7.36) is the orthogonality of y° with the
right-hand side of (7.36), i.e.,

E(T° ¢&%

| {(vq(T )+x)a//:+m} dz=0, (7.47)

where we have used (7.2) and —r%=1v. Note that the necessity of (7.47) in this case
is easily obtained by (i) multiplying (7.46) by ¥' and (7.36) by ¢?, (ii) subtracting
one from the other, (iii) integrating from z = — oo to z = o0, and (iv) using integra-
tion by parts along with the boundary values n/;f,’(i oc)=0.

Since v, k, and 7° are all independent of z, the first integral in (7.47) is evaluated
by computing {*_ ($°)? dz=2%. To evaluate the second integral, we first need to

compute |~ _ $°¢° dz. To do this, we use (7.32) which we write as

. RT® ¢° AT
o_ _ : 2 A0, 7.48
L O TI R VR (7.48)

Using this expression we now evaluate the integral as

L - o RTO éo 2Q
040 g = 20 IS -1
J,‘x“/’zc dz J,m ¢ { N &1 N C:}

RT® Q

== [n(1 =17, + 16777 (749)

Substituting (7.49) in (7.47) and using the matching conditions (7.5) for ¢° and T°
to return to the original (outer) variables, we obtain finally the relation

1—c° . B
{—q(T°)v—k} o(T%) =[5,]eq (T—T,)— RTIn 1_20-—9{(6’ Y —(c* )’}

(7.50)

Hence, relation (7.20), which is a generalization of the Gibbs-Thomson relation,
—0K = [5,]eq (T—T,), is thereby derived. ||

Discussion of Proposition 7.1. We have shown that our phase-alloy equations
lead to a system of differential equations with a set of interface conditions, namely
(7.14)-(7.20). Both the phase-alloy system and the sharp interface system thus
incorporate in a consistent way the thermodynamical and kinetic principles
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involved in a moving phase boundary involving a mixture. While the phase-alloy
model can be expected to remain valid for complex geometries of the interface such
as self-intersections, the sharp interface model above is well defined only for smooth
interfaces.

An interesting question is the extent to which the concentration on the two sides
of the interface ¢, and c¢_ differ from their values in equilibrium, i.e., the liquidus
¢, (T) and solidus ¢_(T). Since T is continuous across the interface, a given value
of T determines ¢ (T) and ¢_(7) via (7.18) and (7.20). Since the liquidus and
solidus (in equilibrium) are determined by (7.18) and (7.20) with time derivatives
set at 0, the dynamic values of ¢ (7') and ¢ _(7') differ from the equilibrium only
through the left-hand side of (7.20). Note that for the pure material, 2, the planar
equilibrium “phase diagram” is the trivial 7=7T,, which is modified in non-
equilibrium by adding the surface tension and velocity terms, i.e.,

B o(T)
[52]cq

Although the system (7.18), (7.20) is more complex than (7.51), the result is
analogous in that the equilibrium phase diagram (i.e., (7.20), with the left-hand side
set equal to 0, and (7.18)) is perturbed by adding the same velocity and curvature
terms to the pure melting temperature.

T=T, (x+q(T)). (7.51)

The simpler models. We consider simplifications of both sets of equations (sharp
and diffuse) to illustrate how the traditional (simpler) sharp interface models arise
as we remove progessively the following levels of physics from our models:

(I) Assume the entropy densities s;, are idential for both materials in each
phase so that

[<Si>eqi[si]eq]l.2=0’ [Si]eq?éo’ Tl:#TZ'

(ITa) Assume that the leading correction G to the ideal solution in (3.25)
has constant coefficient, Q(T) =, (ie., 2, :=0).

(Ilb) Assume that the free energy, g, in (3.27) is ideal so that Q(7T)=0Q,=
Q,=0.

(III) (Small ¢ approximation). Linearize in ¢ and its derivatives and in the
derivatives of 7. The use of a small ¢ approximation is compatible with a small
gradient 7 since 7 is near T, in the phase diagram (Fig. 2) when c is small. Hence,
while T will not be small, one can expect that VT-n and 7, will be small.

The physical approximations (I)—(III) lead to the following two results which are
corollaries of Proposition 7.1.

PROPOSITION 7.2. In the limit ¢ — 0 with all other parameters held fixed, the
reduced phase field alloy equations obtained from (6.3}-(6.5) by using (1) andfor (11a)
or (I1Ib) are governed by the sharp interface model (7.14)(7.20) in which the same



104 CAGINALP AND JONES

approximations are made. In particular, the phase field equations under assumptions
(I) and (11b), ie.,

&

30(T)

|
q(T)EZl/’7‘:52VW+§('//_l//3)+ [s)eq {T“ Tz‘*‘C(Tz‘TI)}

C,,T,+[;§2]E{T2+c'(T1— ), + M) e, =V -kVT (7.52)
¢,=V.-De(1 —c)VG(T, y, o),

where M(l//) =[CT—=8]1 2 [s]eg (To=T1) =¥ [s)eq (T2—T,)/2 and G(T, ), )=
[$1e (T) = T5)/24 RT In(c/(1t —))+ C, TIn T/T,, has the limit

C.T,+(LC.T—8) .~ (1 £ 2[5} (T, —T)) C, =V -k VT

V.5 Dut—oylnt S
c,—V~DVc+V~TC(I c){lnl_c+RlnT2}VT
SKOVT 01" = (o) [ Tom (1= T (S5 1) fo
+[C.Ti—g i 2[c]T v (7.53)
[5].q B ¢ 1
—RS?‘(Tz—Tl)—li]nl_C:l
- D ¢
—v[c} =[DVc-n]*+—=c(l—c)In [VT.-n]t
T l—¢
_(q(T)v+K)a(T):[s]eq(T—Tz)—RTln::Z+.

Upon making the additional approximation (I11), one can eliminate the cross terms
involving ¢ VT etc.

The removal of this additional physics makes a major simplification in the con-
centration equation and leads to the traditional types of sharp interface problems
[42]. Discussions of sharp interface alloy models can be found in [48, 49].

PROPOSITION 7.3. In the limit as ¢ =0 with all conditions as in Proposition 7.1,
except that approximations (1)-(111) are utilized, the phase field equations

£
36(T)

A7), =6 43 (0 =)+ e (5T {(T= )+ e(Ty= T}

v

C T,+—[52]ﬂ{T2—C(T2—T1)}Iﬁ,+M(W) (1=VkVT
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~ N c
=V. —
c, DV {RT+ln1—c}

No= [s]eq

5 (I~ To) (7.54)

have an asymptotic solution which is governed to leading order by the sharp interface
problem,

C.T+{[C.T,=£)1,+ (1 £12)[s]eg (Ty = T2)} ¢, =V -k VT

¢,=V.DVe
—Kk[VT-n]* :{[s]eq (Ty— (T, — T,))("—*—;f;+ [c]1>} ;
+[C,T.—g:],,[c]1tv (7.55)
[S]e _ C +
"ﬁﬂ(T2—T‘)—|:lﬂ 1 —C]

—ufc]* =[DVe-n]*
—{q(T)v+x} o(T)=[s]eq (T—T5)+ RT(c, —c ).

Note that the coefficient of ¢, in the first equation can be dropped if we assume
that

|C.T,| <lic,],

and the first term of the third equation can be replaced by the latent heat if the
difference of the latent heats of the materials is not very large. Upon neglecting the
[---],, term in the third equation one then has the simplest heat and concentra-
tion equations. The fourth and sixth equations together determine the phase
diagram. The reduction to the simplest one-phase alloy model in which ¢, and ¢
are proportional (corresponding to the phase diagram of Fig. 3) follows from the
fourth and sixth equations. The details are carried out in [40].

It is worth noting that the limits ¢, and c¢_ in each of the limiting cases is not
necessarily equal to the equilibrium values ¢, and ¢g. The approximation which is
made in the simplest models effectively substitutes the equilibrium values for the
values on the two sides of interface which are in fact partly determined by
dynamics.
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