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Abstract

Renormalization group and scaling theory have been used to determine the large time growth exponent for the characteristic
length,R(t), of an interface in the fornR(t) ~ t*. The exponeng is different in the two cases: quasi-static, in which the time
derivative in the heat equation is suppressed, and the fully dynamic system. This paper examines the transition between the
two regimes through an examination of the Green’s function for elliptic equations as a limit of the fundamental solution for
parabolic equations. The key interface equation can be written as a sum of two terms: the e#fip)iafd parabolic. Faz=0,
the exponenpg can take on values in a continuous spectrumc fekes on finite values, a unique exponent is selected from this
spectrum.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Renormalization and scaling techniques (RG) have been used successfully to determine the large time behavio
of interfaces (sef5,1,2,8). Throughout this paper, the basic interface equations we consider are given by
C,T, = KAT inQ\I' (1.2)

lvn=—K[VT -a]t onr (1.2)
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[S]eq

T (k +avp) onr (1.3)

whereC, is the specific heat per unit volumi,is the thermal conductivity per unit volumkis the latent heat

per unit volumegy is the surface tensionglk is the entropy difference per unit volume between phasesthe
dynamic undercooling and {-]* is the difference in the limiting values between the two sides of the interface. The
variablesv, andx denote the (normal) velocity and the sum of the principle curvatures at a point on the interface,
respectively. In addition, + and I"(t) denote the phase with higher/lower energy (which we call the liquid and
solid) and the interface, respectively, a2ds assumed to be := R“. A problem of both theoretical and practical
importance involves the nature of the large time behavior of the interface. Jasnow and3/Blalsed a quasi-static
version of this model to study large time growth that is obtained from the difference between the interface position
and a plane wave solution that is imposed through the boundary conditions. In particular, thég.uiyed.3)

with C, = o« = 0, and found that the characteristic lendg&t), of the self-similar system varies assubsequently,
Caginalp[1,2] used the full set of dynamic equatiofis1)—(1.3) with and without reference to a plane wave and
found that the characteristic length varies{ ~ t1/2. An analysis by Merdan and Cagind§j for the quasi-static

case considered the set of models that can be obtained frdi-(1.3)and established the long term behavior for

the characteristic length, finding a spectrum of characteristic length exponents from which a single one is selected
(in the casex = 0) with the imposition of boundary conditions that produce a plane wave (i.e., the Jasnow and Vinals
result).

The characteristic lengti(t), is the time-dependent length scale governing the morphology of late stage pattern
growth. For example, it may be the radius of a circle which contains the pattern evolving self-similarly in time (see
[7]). In many interesting physical situations, e.g. dentritic growth, the interface appears to have a stochastically
self-similar behavior that is approached asymptotically for large time.

In other words, for somg >0, one haf(t) ~ t# for larget. If we choose two large times > t1, then magnifying
the interface at timg by factor €x/t;)P will yield an interface that is stochastically equivalent to the actual interface
at timet,. Of course, since there is some randomness in the sidebranching arising from interface instability, the
self-similarity will not be exact. In order to obtain the scaling relationships, we state the self-similarity in the exact
form in (3.18)and(3.19)

An interesting feature of the quasi-static problem is the existence of a scaling regime in which surface tension
is invariant. Since the fully parabolic problem always has zero surface tension as a fixed point, an examination of
the transition between parabolic and elliptic is key to understand the crossover behavior of the characteristic length.
For many materials (e.g. aluminium and other light metals), the heat diffusion is very rapid, and the quasi-static
approximation is regarded as an accurate one. Consequently, itis of practical importance to understand this crossover
behavior inR(t) in order to gauge the significance of the surface tension for large time.

An important theoretical question remains, however, with this analysis, namely what is the nature of the transition
between the different regimes, quasi-static and fully dynamic? What type of mathematical analysis underlies this
transition, and can it facilitate other RG studies of dynamic situations? We address these questibn2)(foyr (i)
transforming the Eqg1.1)—(1.3)into a single equation for points on the interface using the fundamental solution
for a parabolic equation, (ii) exploring the limit as the specific h€atapproaches zero, i.e., the quasi-static limit,

(iii) performing the RG procedure, and finally, (iv) understanding the transition between the scaling regimes.

2. The transition between the parabolic fundamental solution and the elliptic Green’s function

We consider the heat equation with a source term, namely

1
ur — —Au = ! =g (2.1)
c



138 G. Caginalp, H. Merdan / Physica D 198 (2004) 136-147

onR?, wheref is a smooth function of compact support arid a constant. The fundamental solution can be written

as
A, TP (el =y fOn9) 09
u(x, 1) = - (t—ys) exp 20—y c G(x " d“yds

0 Rd 0 Rd
(2.2)

where the Green'’s function is given by

—d/2 B
G 1) = (inr) exp( Z'f'z) . (2.3)

Forf e C3 (RY), we can write

fO.s) = f(y. 1) + (s — ) D2.f (v, 1) + remainder term (2.4)

where we us®>f(y, t) to denote differentiation with respect to the second variable. Using this expression, we can
write (2.2) as

u(x, t) = Fi(x, 1) + Fa(x, 1) (2.5)
where
A = [ 7001~ 3 0. (2.6)
t —d/2 —clx — y|?
Li(x — y, 1) == { [4:(’ - s)} exp( 4'( Sy)' > 2.7)
and
Fatwet) = [ Daf(y.iLax = y. iy, (2.8)
R4
! —d/2 e
Lo(x — y,1) = /(s —1) {A':(t — s)} exp( jl(f Sy)|2) (2.9)
0

The integralL; will be split into two pieces, one of which will lead to the Green’s function for the limiting elliptic
equation. We first transform variables as

c=""% and a:= M (2.10)
c 4
Then we can writd.1 := L1, — L1r With the two parts defined by
o0
Lis i= / (4nz)~92e /7 dy (2.11)

0
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and

oo
Lig = /(471z)7‘7l/ze*“/Z dz.
t/c
Similarly for theLs integral, we writels := —Loo, + Lor With the two parts defined by
)
Lo := (471)_‘1/2c/z_(’l/z)Jrle_“/Z dz
0
and

o0
Lo ‘= (4n)7d/2c/zf(d/2)+lefa/z dz.
t/c

Recalling that the gamma function can be expressed as
0
/x”e*"dx =I'(n+1)
0

we write the main component of thg integrals as

o]

Io(n) i= /z_"e_“/Z dz =a "0 (n —1).
0
Similarly, the remainder part of the integral can be written, for large leading order as

o
1 a a?
i = _ne_a/z d = T_n+l _— _— .
r(1) /Z ¢ n—1 T (112
T
Using these formulae to evaluate thentegrals, we obtain
Lino = (4r)~¥2q~@I241p (%d - 1) ,

Lo = (A7) 2ca 221 ($a - 2),

~ (! —(d/2)+1 { 1 _a }
Lig = (4m) (c> (d/2)—1 dtj2c ]’

_ (amy-dr2. (L R { o 4 }
Lok = (47) (c) d/2)-2 (d/2)=1yfc )

Now using these integrals, we can rewii(g, t) as a sum of four terms as follows:

u(e.r) = / £ )L dly — / £ )Lardly — / Daf(y. f)Laso d'y + / Daf (v )Lag dy
RY

Rd ]Rz!' Rd
= Fioo(x, 1) — F1r(x, 1) — Foso(x, t) + Fog(x, 1).

139

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)



140 G. Caginalp, H. Merdan / Physica D 198 (2004) 136-147

Substitution then implies with ay := (1/4)7~ 921 ((d/2) — 1), a2 :=(2/(d — 2))(4r)~¥? and az:=
(1/2d)(4m) =/

2

) a2t (d/2)+1{ 1 |x—y|2} i
Fee.t) = [ o0 (%) @2-1 2ape | &
Rd

_ y|—d+2
Fiao(x, 1) = / R (d - 1) d'y=a / =y TR dly, (2.29)
R4 R4

(/21 —ds2
—a(t) T [rondy-aa(t) T [-srroondy. (2.24)
R4 R4
2\ @242
Fastro) = [ Dartam 2 (B20) T (G -2) oy

Rd

—d/2 1 a2 d —d+4 d
:(47'[) Z r 5_2 c |X_y| D2f(y7t)d y
R4

_ d _
= qec °T <2 - 2) /Ix—yl D f (v, 1) oy, (2.25)
Rd

_ —d/2,.(t —(d/2)+2{ 1 Ix—Y|2/4} d
For(x, 1) = /sz(y, 1)(4n) C(C) (d/2)—2 (d/2—1)/c d

Rd

—d)2 —(d/2)+2 —d/2 —(d/2)
e B B L e e L L
Rd

d—4 “\¢ 2d—2)\¢
Rd
(2.26)
We have thereby verified the following:

Proposition 2.1. Solutions to the heat equation with source teffm(i.e., (2.1)), can be written to leading order
in large time as the sum

U = F1oo — FIR — F20o + F2r (2.27)
where Fr and Ry, i =1, 2,are defined by2.23)—(2.26)

In the next section, we will appliroposition 2.1o describe the transition between two regimes: quasi-static
and fully dynamic system.

3. Application to interface equations
We write Egs(1.1)and(1.3)as a single equation [s¢@] and[2]]

1 i
Tt — —AT = —— @ (31)
c 2c
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wherec := C,/K which is equivalent to T in [2] and] := /K wherel is the latent heat per unit volume. In the
equation abovey(x, t) is a “phasé variable that has the value +1 in the liquid phase aridn the solid phase. The
derivative ofyp is then interpreted in the weak or generalized sense, and can be approximated by smooth functions as
described below. By using the formulati(® 1), we can treat the phase change as a source term with support along
the interface/(t). Following[2], we can rewrit¢3.1) by using the Green’s function representation [§&2)] with

(v, s) :=(—1/2)lgps(y, s) as follows:

—d/2 Y 7
T(1) = / / -] en(=30) (Z) et tya
//G(x y,l—s)( )(ps(y, s)d yds, (3.2

where the Green’s functio® is given by(2.3). We now use the results of the previous section(28) prior to
integrating across the interface. Wittlefined as the source term generated by the latent heat, weRrpjplysition
2.1to0 (3.2)so that

right-hand side of (2) = Fioo — F1r — F2co + F2r (3.3)

with the functionsFi.,, F1r, F2oso andFor defined by(2.23)—(2.26) As in [2], we want to integrate across the
interface. Thd-1R, F1o terms involveps while the others involvess.

The functiong;(x, t) will vanish outside of the interfacial region. Across the interface, it will behave littelta
function In order to exploit these features and to integrate across the interface, we define a local coordinate system
(r, o) in a narrow region along the interface. Herés a signed normal to the interface (positive toward the liquid
phase) whiles is the tangential vector. Note that for a sufficiently thin region (of wig)tbontaining the interface,
the local coordinate system, @) can be defined unambiguously. With this notation, we can express the normal
velocity, vy, at each point on the interface as

vn = —ri(x, 1) (3.4)

We approximate the order paramepéx, t) by a function®(x, t) that varies only in the normal direction (i.e) so that

o(x, 1) = D(r(x, 1)) (3.5)
The time derivative is then given by
or(x, 1) = Py(r(x, 1) = 1Py (r(x, 1)) = —v, D (r(x, 1)) (3.6)

We now integrate across a sufficiently thin crosssection of the interface wherakes its transition from-1 to
+1. For sufficiently smalb, one obtains

8

[ ety =2 @.7)
-5
while integrating the time derivative across the interface results in
§ §
[etnd= [—uo,60.0d =2 (3.8)

-4 -4
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Note that the derivatives a@f vanish just outside of the interfacial region so that we can perform the integral in
the normal direction thereby reducing the integral dBérto one overI’(t). Using the identities above, we can
evaluate each part of the right-hand sid€2®). The first of these is evaluated as:

-7 _i
Fiso(x, 1) = a1 / lx — y|79+2 (zsot(y, t)) dly = @ / lx — Y72 —vn(y, D, (r(y, 1))} &y
R4 Rd

=ml / lx — y|_d+2vn(y, 1) dd_loy. (3.9
r(r)

This term is identical to the term obtained from the elliptic case. Next, we use the same idedg# téren

~s N —(d/2+1 ~/ N —d/2
Fir(x, 1) = azl(7> / un(y, 1) dd_lay — agl(7> / Ix — ylPun(y, 1) d Lo, (3.10)
c c )

(@) r()
The termd-2,, andFor haveDof terms that lead tgy terms. If the temporal change in the velocity is small, one
can write, recalling tha® is a function ofr(x, t),

avn

@u(x, 1) = Pyu(r(x, 1)) = — < ot

) D, + V2D, = V2D, (r(x, 1)) (3.11)

so that integration across the interface yields
8 8
/fﬂtz(y, dr = —? / @ (r(y, 1)) dr = 0. (3.12)
-5 -8

Thus, the termB,,, andFor can be neglected, since the integral across the interface vanishes. Replacing the temper-
ature,T(x, t), on the left-hand side of the E¢B.2) by (1.3)(for the points %, t) on the interface), we rewrit@.2)as

00

[s]eq

. ~ ~ i\ (/241 ~
[k(x, 7) + avn(x, )] = ail / [x — y d+2vn(y, 1) d? lcry - agl(;) / vn(y, 1) d? lay
r(@) r@)

~r N —d/2
+a31(;) / Ix = y%vn(y, 1) ddﬁlay. (3.13)
()

Dividing the variables in the equation above by appropriate reference lépg#md time;Tg, scales, etc., we convert
all constants and variables(®.13)to their dimensionless counterparts, and write the equation entirely in dimension-
less variables. Recalling thiat= // K wherel is the actual latent heat (per unit volume) and followfaly we define

UO/[S]eq
/K

dn = 00/[sleq
°= "¢,

wheredp is the true capillarity length and both incorporate the surface tension. Using3bd)together with the
dimensionless units, we see tifatl3)has the form

and dj:= (3.14)

g t —(d/2)+1
~dgletr. i)+ avn(e. 0] =ay [ b=y P &, — o)

(1) r(t)

(N —d/2
+a3<g) / Ix — y2un(y. ) & Lo, (3.15)
o)

un(y, 1) d o,
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Next, we implement a renormalization procedur¢3d5)
Stage 1For anyb>0 anda € R, the algebraic substitutidox for x andb—*t for t in (3.15)leads to

—dgK(bx, b~"t) + avn(bx, b1)]

gy~
) un(y, b~*1) dd_loy

=a1 / |bx — y|_d+2vn(y, b_)‘t) dd_lcr’v —az <c

) rp—r)
_a,N\ —d/2
+as (> / Ibx — y|%vn(y, b*1) dd_loy. (3.16)
-
r(b=—*1)
Next, define the new variable$ = y/b ando, = o,/b (so thatd?~1o, = b?~1qd9~15,) and(3.16)has the form
—dgic(bx, b~"t) + avn(bx, b~1)]

bt —(d/2)+1
=ar / lbx — by |7 2un(by, b )b d oy — ap ()
Cc

by € I'(b~=*1)
b=\ Y2
% / Un(by/, bf)»t)bdfl dd*lo—y, + a3< >
&
by € I'(b~*1)
X / bx — by [Pva(by’, b4 1)p? L d? oy (3.17)
by € F(b=1)

Note that the surface integral {B.17)is over those points for whiche I"(b~*1), which is identical (algebraically)
toby e I'(b~*1). The latter will be equivalent tg' e I'(f) upon assuming single scale self-similarity3118)below.

Stage 2We assume the single scale self-similarity (E8g, i.e., all physical lengths;, and all physical time
measurementss, in the problem scale as

E(bx, b"1) = b&(x, 1) and E(bx,b*t) = b *E(x, 1) (3.18)
respectively, so that
b(bx, b*1) = k(x,1) and wvn(bx, b~ *1) = b un(x, 1). (3.19)

Note that(3.18)impliesby’ € I'(b~*1) is equivalent toy’ e I'(¢).
Stage 3Using the self-similarity(3.19), we rewrite(3.17)as

—dj[b™Ye(x, 1) + ab¥ vn(x, 1)]

—(d/2)+1
—a b2y — 3|2l Ay () pypd=1 dd—loy/ _ azb_)\(_(d/z)“)(f) (d/2)+
C
Yy er(r)
Lih. (o) apd—1ad—1 a2 (172 2 122 14h s apd—1 ad—1
X / b= on(y', DA "oy + agb (;) / bex — y'|°b " un(y, )b d oy
y e I(r) yer()

(3.20)
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Collecting the factors db above, and rewriting, we have

d/
- b33'\ [k(x, £) 4+ ab® vn(x, 1)]

£\ —(d/2)+1
— / I — /|~ 2y, ) Loy — b(x+2)((d/z)71)a2(g)
Y er@

N\ —d/2
X / un(y, N oy + b<d/2><k+2)a3(g) / Ix — Y [Pon(y, ) & oy (3.21)
Y er@ yer(@

Next, we rescale the physical parameters in order to make the new equation above similar to the ori¢BnbbEq.
Recalling that

1 d 2 1
a1 = Zn_d/zf <2 — 1) , ap = m(&r)_d/z and az = 5(471)_‘1/2 (3.22)
and rewriting(3.21)in terms of
Ii(x,t) =a1 / Ix — ¥ |7 2un(y, 1) dd_loy/,
r(r)

Ix(x, 1) '= —az / vn(y', 1) dd_lo-y/,

(3.23)
()
Ia(e ) i=aa [ v Y Punly'.
()
we have the interface equation
_ [k(x, 1) + ab® *un(x, 1)]
bp3+i ’ s
t —(d/2)+1 N\ —d/2
= I(x. 1)+ b0+@D-D( ) I 1)+ 5P (2) gl ). (3.24)

Note thatd > 2, so that exponents off€) are negative in the last two terms, i.e., involviagandls. Hence, in the

limit as c approaches zero, these last two terms vanish, leaving only the term invblyswthat one retrieves the
equation for the elliptic problerf8].

Our aim is to rescale the parametéfsa andc so that Eq(3.24)is identical to the original Eq:3.15) This is
accomplished by rescalinfj andw as:

!
dy — and o —

0 a
" o (3.25)

In order to scale appropriately, we need to satisfy the pair of identities:

—(d/2)+1 —(d/2)+1
bu+2)«d/2)—1)<b") e _ (1> e
C &

—d)2 a2
B(d/2)042) (bq > _ < 1) ’ (3.27)
Cc C

: (3.26)
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for someg € R. The valueq=— 2— X satisfies both of these equations so that the scaling

Cc

= (3.28)

Cc —>

together with the scaling aboy8.25)for d; anda renders Eq(3.24)into the original(3.15)

In summary, to obtain the new interface £g.24)above from the original Eq3.15) we have followed the
following two steps. We first used a set of algebraic substitutions fixe- x andb~*t — t, etc.). Second, we
rescaled all physical parameters in accordance (8itb8) In order to render the Eqé3.24)and(3.15)identical,
we also rescale the parametéfsa andc in accordance witli3.25)and(3.28)

Since length scales in accordance wi#l8) the characteristic length scale in the probldéinsatisfies the
transformation identity

d} o c
R(t;dg, o, c) = bR (b’\t; bBEA’ e b—2—)‘> ) (3.29)

Step 4 Recall that the calculations are valid for dmy 0 and any real valued parameteiVe can eliminatéin
the first variable oR by selectingo=t~* (with  still arbitrary) so that the characteristic length now satisfies

df a c
R(t;dg, o, ¢) = "R (l; t—(3fx)/k’ (2% t(2+/\)/x> : (3.30)
For any value of,, relation(3.30) depends on through ther—1/* factor as well as at least one of the last three
variables ofR(1; ., ., .) above. We assume nonsingular behavid® a any of these approaches zero. This is often
a reasonable assumption due to the existence of appropriate special solutions in the limiting cases.

Noting thatd = do/c, wheredg is the true capillarity length, we observe tligt— 0 impliesdo — O for both
of the cases we considerfinite as well ag- — 0). We examine the possible values\ah terms of the scaling of
dj, o andc, prior to considering the scaling in terms of the actual capillarity lerdh,

For 1 =—2, bothe andc are invariant, and one recovers fr¢g130)the scaling of the full parabolic reginjg],
namelyR(t) ~ tY2. For 0>1>—2, one hast/12t")/* — o0 andc/1?t"/* — oo which is physically unrealistic.
In other words, the fixed points of the RG transformation would correspond to infinite valaesnoic. Similarly,
for »>0 or\ < —3, one obtains a similar unphysical limit, since one dgs—C+»/* — co. For—3<i<—2, one
hasd)/t~GM/* — 0,a/tCHN/* — 0 andc/1?+H/* — 0, i.e., this) represents a limit in which bothanda are
represented by their fixed point of zero, and the capillarity length approaches zero faste(din@ed := cdy).
Note that for all values of above, the parametdf, approaches either zero or infinity. The only exception is the
value = —3 for whichd} is invariant,e/t?*»/* — 0 andc/#>**)/* — 0. In particular,» = —3 corresponds to
the limit in whichc has a fixed point at zero ang) is invariant (butdo still goes to zero, sincéy := cdp). The
characteristic growth iR(t) ~ t¥3 in this case. Note that in the quasi-static case, the only value for which one has
the true surface tensionyp, as an invariant correspondsf(t) ~ t1/3.

Next, we consider the values bin terms of the capillarity lengtldp, itself. Eq.(3.24)is identical to the original
unscaled equatiof8.15) usingd, = do/c, upon rescaling the quantities:

do o c
b YTy Oy

Using again the fact that the characteristic length scales in accordance with the self-sif@laé}yone sees that
(3.29)is replaced by

do — (3.31)

do o c
R(t; do, @, ¢) = bR <blt; 5 W) . (3.32)

Choosing once again the valtie= r~1/*, one obtains a relation analogoug830) We summarize the results as
follows.



146 G. Caginalp, H. Merdan / Physica D 198 (2004) 136-147

Proposition 3.1. Under the assumption of single scale self-similarity, the characteristic length satisfies

R(t;do. . c) = 7 Y*R (1; t_df/w T o M) . (3.33)
In terms ofd;, (rather than @), this relation is expressed 8.30) The finite valued fixed points are given by
r==2 « andc are invariantdy — 0 R(r) ~ tY/?
—3<A< =2 o ¢, dy—0 R(t) ~ 1~ Y/*
r=-3 d} is invariantx ande — 0 R(r) ~ 1/3
A< =2 do, a, c — 0 R(@) ~ 1/

Note that the relations R tPare under conditions of nonsingular R.

Remark. An examination of the values af(in (3.30) also leads to the conclusion that 0 is unphysical, since
it corresponds to the fixed poidg — co. Also, A =—2 is the parabolic limit in whiclx andc are invariant whiledg
approaches the fixed point at zero. Fe& < <0, botha/tE™M andc/t™ approach infinity which is physically
unrealistic.

The situation may be summarized as follows.&er0, one has the quasi-static problem in which the characteristic
length,R(t), can have a range of large time behavior giverRfty ~ t~1*, where the values of are selected from
[—3, —2) (assuming nonsinguld®). As we increase from values that are negligible in comparison witi/
for A € [—3, —2) to values that ar®(1), the quasi-static regime is replaced by the fully dynamic (i.e., parabolic)
regime in which a single value &f namely—2, is selected. The characteristic length has large time behavior that
is uniquely specified bR(t) ~ t1/2.

4. Conclusions

Renormalization group methods (RG) have been successful in determining key exponents in[Bl#}sitise
application of RG to dynamic problems in applied mathematics, such as interface problems, poses an important
challenge, and offers the potential to address the nature of large time behavior. An important link between the
dynamic and static regimes is manifested in the transition between solutions (b .Ejs(1.3}o this set of equations
with (1.1) replaced byAT=0. We have considered this problem in the general casedsith The methodology
involves an understanding of the transition between the fundamental solution to the parabolic equation and the
Green'’s function for the elliptic equation. By writing the fundamental solution as a sum of two parts, the first of
which is the Green’s function, and then approximating for lafgewe can write an equation for points on the
interface with similar properties.

This interface equation can then be analyzed using the RG methods, and considered in the limit as the specific
heat,C, (and consequently = C,/K in Eq.(3.24)), approaches zero. E(B.24)displays the interface equation in
terms of the three parts involvirg, |2 andls. The part involvind1 does not involves, and is identical to the term
one would obtain from the elliptic equation (i.&AT =0). The other two terms involve term to a positive power.

In order to obtain a scaling relation for the characteristic lengths, we need to find a rescaling of the paigneters
a andc so that the interface E@3.24) will be identical to the original, i.e.(3.15) (without any rescaling). The
terms involvingl» andlz have factors ob that can both be eliminated by transformintp c/b—2-*, while dj anda

are transformed b§8.25) Sinceb is arbitrary, we can substitute=t~1* wherex is to be determined. Confirming
earlier results, we find that for any finite valuegbne has. = —2, leading to the large time behaviorR{t) ~ t/2

for the characteristic length. For=0, one has the quasi-static (elliptic) problem that has been shown to have a
spectrum of large time behavi&(t) ~t~* for A € [-3, —2). This arises directly from thi term in Eq.(3.24)

The transition front:=0 to finite c provides a selection of the specific large time behavior characterizeédby
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Specifically, this is manifested in the balancing of the coefficients (involgjrad 1, andl3 to render the equation
in the same form as the origingd.15)

Many problems in materials science have been simplified through the use of quasi-static formalisms such as
replacing the heat equatiam,= Au, by Laplace’s equatiomyu = 0. In many cases, this appears to be justified due to
the very rapid heat conduction (particularly in metals such as aluminium) that leads to a very;serall shortly
after the introduction of a constant heat source. However, our RG analysis indicates that the large time behavior of
the quasi-static solution may differ significantly from the fully dynamic system. The methodology used in this paper
illuminates the transition between the quasi-static approximation and the fully parabolic problem, suggesting that
there may be a significant difference betweerD and smalt in the large time behavior. These ideas have potential
application to other materials science and applied mathematical problems in which the quasi-static approximation
is of practical and/or theoretical importance.

Historically, RG methods were developed and understood in the context of equilibrium problems such as the
divergence of exponents of physical measurables in statistical mechanics. The generalization of this methodology
to dynamic problems would be of significance in a broad spectrum of applied mathematical problems.

This generalization, however, is a difficult issue that requires the integration of other applied mathematical
methods with RG. In this paper, we have presented a perspective in understanding this transition.

As methodology is developed for these two regimes, the most challenging problem may be the understanding of
the transition and crossover behavior between the short term asymptotics that were treated by linear stability theory
and the long term asymptotics that were studied through a RG approach.
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