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A Landau-Ginzburg approach is implemented to study the influence microscopic
anisotropy on the interfacial boundary between two phases. The continuum limit for a lattice
spin system with anisotropic interactions J; and spacing a; leads to the system of equations
T(0g/ary =31 | EHO*P/0x2) + (¢ — ¢°) + 2u, Oufdt + (I/2)(0¢/0r)= KAu. Here, ¢ is an order
parameter, u is the temperature, 7 is a relaxation time, &, are related to J; and a;, / is the latent
heat of fusion, and K is the diffusivity. Both equilibrium and non-equilibrium conditions
are considered. A modified Gibbs-Thompson relation Asu(r, 8)= —[6(8)+¢"(8)] x —
twa{8)/E3(0) + G(E?) is obtained, where s is entropy density, « is curvature, v is normal velocity
of the interface, and £ ,(6) is a measure of the thickness of the interface.  © 1986 Academic Press.

Inc.

1. INTRODUCTION

In this paper we study the influence of anisotropy on the interface between two
phases of a material. This is a subject which has been studied in various contexts
including the Wulff construction approach [1-13]. The questions we address here
are the following: (i) How is the anisotropy in the molecular structure com-
municated to the macroscopic behavior of the interface? (ii) What is the
relationship between the anisotropy of the material and other parameters (to be
defined below) such as supercooling, surface tension, correlation length, relaxation
time, curvature, and velocity of the interface?

Beginning with an anisotropic lattice spin system, we derive the continuum limit,
and show that a mean field treatment (using a Landau-Ginzburg approximation)
leads to a set of equations [14-24] for the temperature 4 and the phase of order
parameter . A formal asymptotic analysis then suggests a modified Gibbs-
Thompson relation (in two dimensions),

T

$%4(0)

Asu(r, )= —[a(0)+ 06" (8)] k(r, 8) — vo(0) + O(&?) (1.1)
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MICROSCOPIC ANISOTROPY 137

where u has been scaled so that u =0 is the equilibrium melting temperature. Here 0
is the angle between the x axis and the normal to the interface, o(f) is the angle
dependent surface tension, x is the curvature, 4s is the change in entropy density
difference between liquid and solid, & is a correlation length, 1 is a relaxation time, v
is the normal velocity of the interface [v= +|v|, positive toward the liquid], and
¢ 4(9) is a measure of the thickness of the interface which is defined by (3.9). The
relaxation time, 1, is assumed to be either a constant or a function of orientation
angle, 7(0).

The basic ideas are identical for higher dimensions, with the main differences aris-
ing from the generalization of the curvature and the derivatives with respect to
angle.

This approach to anisotropy has a number of advantages. First, it provides a
clear connection between anisotropy of the microscopic and macroscopic levels.
Second, it unifies the study of anisotropy in equilibrium and nonequilibrium. Thus,
it is evident that the anisotropy in surface tension is always a factor whose impor-
tance depends on the magnitude of ¢, while the competitive importance of cur-
vature and velocity depend strongly on the ratio t/¢2. Further development of these
ideas may lead to a better understanding of the role of velocity in crystal growth.

On the other hand the basic limitation of this approach is that one must study
higher order differential equations in order to retain more detailed anisotropy of the
original lattice system. For example, in two dimensions, anisotropy along the two
orthogonal directions leads to precisely the known equilibrium result. However, any
anisotropy along the diagonals of a cubic lattice would be annihilated unless one
retained the fourth order in wave numbers corresponding to fourth-order
derivatives in the differential equation.

2. DERIVATION OF THE ANISOTROPIC LANDAU-GINZBURG HAMILTONIAN

We define a (Bravais) lattice, &, in d-dimensional Euclidean space as an infinite
set of points, or “sites,” in a translationally invariant array, specified by the lattice
vectors

R=)Y nja, (2.1)

where {a;} (j=1,2,.,d) are a set of linearly independent (primitive) vectors and
{n;} € Z* are the indexing integer vectors.

The reciprocal lattice (in the terminology of solid state physics, €. g., p. 64 of
[25]) corresponding to % is defined as the set and vectors K € R such that

e® R forall Re &. {2.2)
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The reciprocal lattice is also a Bravais lattice (p. 86 of [25]). Hence, any K in the
reciprocal lattice may be expressed as

d
K=Y mb, (23)
j=1

for some {m,} € Z¢, b;e R. One can construct the b, from the a; e. g, ford=3one
has
b, = 2la, xay

_al “(ayxa;)’
b 2llayxa,
: a,-(a;xa;)’
20la, x a,
by=— X0
a, (a,xa;)

(2.4)

which have the property
b;ra;=2I16, (2.5)

where 6, is the Kronecker delta function. The identity (2.5) implies for any R in the
lattice and KX in the reciprocal lattice,

d
K-R=2I1) mn,. (2.6)
j=1
Given a lattice, &, we define a finite subset of called the lattice domain, %y, .y,
as the set of vectors x € # such that

X =
i
We will abbreviate &,

tice domain will be denoted by dy. The dual lattice domain, %
defined as the set of (wave) vectors q € R? such that

na;,
1

In] <N;,  N,=positive integer. (2.7)

I M&‘

vs bY Ly, [N=TT1L, (2N;+ 1)]. The boundary of a lat-
Ny OF &3, is

d . .
=) 5o Im;| <N, (2.8)

and b, are the vectors defined in (2.3) [i.e., the primitive vectors of the reciprocal
lattice]. Thus, for three dimensions, given the primitive vectors a,, the dual lattice
domain is specified upon substitution of (2.4) into (2.8). For any xe ¥, q€ £}
one has the relation:

m;n;

d
-q=211
xa=21 ) N5

j=1

Im| <N;, |n]|<N,. (29)
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The basic property we need is

PROPOSITION 2.1. For any x€ %)y, one has the identity

Y e =Nb(x). (2.10)

qe ¥y

Proof. For x=0 the result is clear. If x #0, then at least one of the n;, say n,, in
{2.7) is nonzero. Using (2.9) one obtains

z eill'x___ Z expi[2Hm1n1+ +2Hmdnd:|
o s IN, +1 IN,+1
lm| < N,
Nu
= z I—[ ei(z”mjnj/(ZNj+ 1)) z ei(lﬂman,/(2Nm+ 1))‘ (21 1 )
mj#my j# o my= — Ny

The last sum is a geometric series which can be written as

Ny
Z ei(ZHmanm/(ZNd-i» 93}
my= — N,

1— ei2[7n,

1— eiZﬂna/(ZNa+1i'

— p— Iny(Nx/(2Ny 4+ 1))

(2.12)

Since n, is an integer, the numerator on the right-hand side vanishes, while the
denominator remains finite since |n,| < N,.

We note that the lattice geometry can be treated more generaily by defining a 1at-
tice which labels points which are the corners of translationally invariant cells that
contain a number of sites. Furthermore, the geometry of the lattice domains may
also be treated more generally than that implied by (2.7). Both of these issues are
discussed in [26, 27].

An important class of Bravais lattices is the hyperrectangular lattice, ¥'?,
specified by the primitive lattice vectors
a,=aé, j=1,.,d (2.13)

]

where the {¢;} are unit vectors in R, and the {q;} are positive real numbers. The
lattice domain %y,  v,= £ consists of vectors x = (n,4a,,.., n,a,) where |n| <N,
N=TT/_, (2N, + 1). The dual lattice domain £ {'* then consists of vectors q e R,
specified by

. (znm1 2Im,

T L > L,=(2N,+1)a, (2.14)

where m; are integers such that {m| < N,.
For any lattice ¥, we define a set of spin variables, ¢(x), (x € &), which wili have
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values in an appropriate set. The energy level of each configuration {¢(x)} is given
by the (reduced) Hamiltonian

# Z (x—x') $(x) $(x') (2.15)

X

HI
N\—

in terms of the interaction or coupling function, J(x—x'), where f=1/k,T,
k 5 = Boltzmann’s constant, T is temperature in absolute units, and the summation
is over all x and x’ in a lattice domain .%),.

The boundary conditions on ¢(x) are the values imposed on ¢(x) for x € 0.%y.
We will assume the boundary conditions ensure |¢(x)| < M for some M >0. One
may consider other possibilities, such as free boundary conditions, which are
attained by summing over boundary spins without additional restrictions, or
periodic boundary conditions, attained by identifying the first spin with the
(2N;+1) the spin in each direction. In general, conditions which ensure the
existence of the surface free energy [26, 27] will be more than adequate for our pur-
poses in this section.

If ¢(x) is restricted to the set { £1}, then (2.15) is an Ising system. Although the
Ising model is often stated in the language of magnetic systems, i. ., #(x) = + 1, the
simple transformation, n(x)=4[#(x)+ 1], adapts the model to a lattice-gas with
n(x)e {0, 1} as an occupation variable.

A related model is obtained by allowing the spins to vary over all real numbers
[#(x) e R] while imposing a probability measure which maintains a finite internal
energy. Incorporating this measure into the Hamiltonian, one may consider

H =1 Z J(x —x') g(x) p(x )—wa(x}] (2.16)

where w is generally assumed to be an even fourth-order polynomial with extrema
at + 1. This model, which is often called the ¢* model, converges in an appropriate
limit to an Ising model [28-29].

Following the presentation in [30], we introduce the discrete Fourier transforms
¢ and J defined on the dual lattice domain £ by

)= Y e *g(x);
xeZy (2.17)
J(@)= Y e J(x)

xXe¥nN

As a consequence of Proposition 2.1, one has the inverse transforms

px)=N"" Y e " *f(q)
aeLy (2.18)
Jx)=N"' ¥ exj(q).

*
qe Ly
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A key idea [30] in the development is to reexpress the interaction term, i. e., the
double sum in (2.15) or (2.16), as follows.

PROPOSITION 2.2. If ¥y is a lattice domain and £,¥ is the corresponding dual then
one has the identity

Y Jx—x)g(x)dx)=N"-Y Jiq) )~ (2.19)

X, x'€ Ly qe 7y

Proof. Using definitions (2.17) in the right-hand side of (2.19) one obtains

Y J(q) da) d(—q)= Y, {Ze""“‘*'””’}J(x)qs(x')mx")

x. x', x”

Y No(x—x'+x")J(x) g(x) p(x")

x. x' X"

= T I =X 4ix) 4x) (220)

upon using Proposition 2.1 in the second equality.

We now proceed with the derivation for a Hamiltonian which may be
anisotropic. To simplify the analysis we specialize to hyperrectangular lattices
defined by (2.13). The general case may be treated similarly; the main difference is
in the definition of the discretized derivatives defined below, and in taking the “con-
tinuum limit.”

We define the “discretized derivative” in the jth direction by

b, fix) =BT A/, (221)

J

We shall use the notation g(#) = @(1”) to indicate that for some positive constants 7,
and ¢, one has

lg)<clt)]” if i) <t (2.22)

The discretized derivative for e ¥ is

iq-x

Dt *=
J

[e" %~ 1]=ig,e" *+0(g}a). (2.23)

J

PROPOSITION 2.3. For the hyperrectangular lattice domain £{ and its
dual Z{@*, one has the identities

@) N=U Y d@d—a)= Y [¢(x)] (2.24)

qejid) \’E!)



142 GUNDUZ CAGINALP

(if) NUY @) d(—q)

(d)
qe Ly

- % DR +0[ N o L éa i-a1q)|

(d)
xXeLy

+60<Nj“

) ) (2.25)

Proof. Identity (2.24) follows from the definition (2.17) and Proposition 2.1.
Rewriting the left-hand side of (2.25) we have

‘qu @) d(—q)=N""Y ¥ q’d(a)d(—q). (2.26)

gtk # /Y q

The inner sum can be written, using (2.17) and (2.23), as

N7'Y @24 d(—q)=N""Y ) qe *p(x Zq, e xg(x (2.27)
=N"'3 3 [De'* *+0(gja;) e *] $(x)
qj X
xZ[D’e*“‘ Y+ 0(g2a) e ] P(x (2.28)

We use (2.23) again for the ¢(g;a,) terms
NIY N O(q2a) e *p(x) ) ge™ ' *é(x')
q X X’
=N""a;y. 0(g}) 4;$(q) b(—q). (229)

Next, we implement “discrete integration by parts” on the leading order terms
using the identity,

Y [fn+Dgm—fmegn)]=—~ 3 [fn+1)gn+1)—fln+1)gn)]

n=-—-M n=-M

+AM+1) g(M+1)—f(—M) g(—M)]

which implies
N! Z (Dje“‘“)¢(x)+ N! Ze““"‘*’!)qu}(x)

S SUp P00 S

1
P AT (231)
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Using a similar bound for the sum over x’ and then summing over g e #{"'*, one
obtains (2.25).

To proceed further we list two conditions on J(x) for arbitrary . which will be
used in discussing J(q):

A. Reflection through the origin. For any x € ¢, one has

J(x) = J(=x).
B. Reflection through an axis. If x=3¢_, na, and x'=37_, nja,, where for
some kg,
n}:{rﬁ’nﬂ jjis (2.32)
then one has
J(x)=J(x'). {2.33)

The basic Landau-Ginzburg approximation [30-32] consists of formally
expanding the Fourier transform, J(g), of the interaction function as follows:

J@)= Y Jx)e =Y Jx)—i¥ q-xJ(x)

xe Ly

1Y (g x)?J(x)+ . (2.34)

X

The second term vanishes if condition A is valid (as do all odd terms). If con-
dition B (which implies A) is valid then the cross terms in (g x)* will cancel as a
consequence of (2.9). For the hyperrectangular lattice domain, we summarize the
result as

PrROPOSITION 2.4. If J(X) is an interaction function defined on ¥'? and satisfies
conditions A and B then

J(q)=J(0) =3 X Jx)[gixi + - +q2x3]+ O(1q*) (2.35)

with J(0)= Y, J(x).
We consider two important special cases of J(x).

Case 1. Isotropic nearest-neighbor model. We assume the hypercubic lattice
&4 with a;=a in (2.13). The interaction function

Jx)=J if |x|=a
=0 otherwise (2.36)

595/172/1-10
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then has the Fourier transform

J(q) =247 — a*J?|q)* + O(|q|%). (2.37)

This means that the interaction part of the Hamiltonian may be expressed
through Proposition 2.2 as

1
3 L J(x=x) $(x) $(x')
1 A
=5,§J(q)¢(q)¢(—q)
=%,2{2dJ—aqu-q}¢(q)¢?(—q)+@[2 1q|4¢?(q)¢?(—q)] (2.38)
=dJ Y, [4(x)] ——Z Z [D;¢(x

‘o [}: al*fa i) |+ [N”"gD_,-qi(x)l] (239)

using Proposition 2.3.

Case II. Anisotropic nearest-neighbor model. Now consider the general lattice
Z4d with

J(x)=J, if |x|=lal, i=1,.4d
=0 otherwise. (2.40)

Using Proposition 2.4 in this case, we obtain
d d
Hg)=2 ) Ji— Z 77+ 0(lql*). (2.41)
= “
Hence, Propositions 2.2 and 2.3 imply
52 Jx=x") ¢(x) p(x)
—dJZ [#(x)]*—3). Z a2 J,[D,¢(x)]* + (higher order) (2.42)

where the higher order terms are the same as in (2.39), and dJ=Y9J,.
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For this anisotropic case, the Hamiltonian (2.16) is

Z Z 2JID,4(x)12—BdT Y [4(x)]?

xef( ) xeffk,“
— Y w[é(x)]+ (higher order) (2.43)
xef(,d}

where the higher order terms are listed in (2.39). We note that the
(9[2q|q|4$(q)q§(—~q)] term is representative for the entire sum of similar terms
with |q|* (k>=2) replacing |q|*

In the regime where this approximation is valid, we consider the “continuum
limit,” i. e, the limit as N — oo with other parameters scaled in a meaningfui way.
For the hyperrectangular lattice we adjust the g, so that the volume of the lattice

domain is constant, i. e., for some fixed set of {CJ},- 1., d:

Nja|=C,. (2.44)

To ensure boundedness of the ground state energy, we scale the interaction
function J(x) (which we assume positive) so that

Y J(x)=C, (245)

for some constant Cy which is independent of N.

Let J#, be the Hamiltonian for the hyperrectangular domain £, given by
(2.16), in the anisotropic case (given by (2.40)). If the error terms expressed in
(2.39) or (2.41) are neglected and the continuum limit N — oo is taken in accor-
dance with (2.44), (2.45) then lim,, , ,, #, = #,,,, Where

roms = | dx {Z —(aﬁ(”) AT -1} (246

e

and the {£,} depend on {J,}, {C;}, and {a,}, and are a measure of the correlation
lengths in the respective directions.

Combining the ¢?(x) term with the w[¢(x)] into the prototype double-well
potential

wlo(x)]=3[¢*(x)— 177 (2.47)

and adding a term —2u¢(x) which is the temperature multiplied by entropy
change, we obtain the free energy (with the subscripts denoting partial derivatives):

FLX HX), § (K)o B, (X)] = [ dX FIX, $(X), 61X, 6,6)]

E2((x)\* | 1 .
l[?( ox, ) +§[¢(X) ~ 177 —2ug(x). (2.48)

F—_—

I M

i
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3. AN ANISOTROPIC PHASE FIELD MODEL AND
A FORMAL ASYMTOTIC ANALYSIS

The free energy given by (2.48) is now a function of a single variable, ¢(x), whose
domain is a subset Q = R Thus, the spins on the lattice have been replaced by a
continuum variable. From the nature of (2.48) it is clear that for small values of u,
¢(x) near +1 are preferred equilibrium values, while very large values of |¢(x)|
correspond to high energy levels and are consequently excluded on a probabilistic
basis in the free energy functional, which has a weighting e. The variable ¢(x)
may now be regarded as a phase variable or order parameter. Recalling the simple
shift by a constant which transforms the magnetism language to lattice gas
language (see comments preceding (2.16)), we may regard ¢ = +1 as the liquid
phase while ¢ = —1 is the solid phase.

The next physical ansatz entails the assumption, common to mean field theories
(e. g., see pp. 1070-1072 of [30]), that in equilibrium, the function ¢(x) will be an
extremum of . In particular, if ¢(x) is perturbed by a smooth function n(x), i. e.,
#(x) - ¢(x) + en(x), which vanishes on the boundary, 602, then differentiating with
respect to ¢, one has

dF ¢
R e P e ey

Using Gauss’ theorem with f,=0F/0¢,,, i. €.
fnv-fdx+ff-vn dx=jv-(nf)dx=j (nf), do =0

where the last integral [do is over the boundary 42 and (nf), is the normal com-
ponent to the boundary, we obtain

0 0 66}

0= dx ‘{%‘a_xlﬁ_”' x4, (32)

for all smooth # which vanish on the boundary. Thus, in equilibrium one has the
phase field equation:

d 2
-3 ?‘3"’(")+ [H(x) — (x)°] + 2u(x) (3.3)

If the system is not in equilibrium, one may modify (3.1) and (3.3) by introducing
[16, 17] a relaxation time, t, and using the Landau-Ginzburg Model A equation
(symbolically written t¢,=0%/5¢ [31]):

_z «:,6 +3 L -6+ 2u (3.4)
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As discussed in [16], the phase field must also satisfy the heat equation
—+z—=Kdu (3.5)

Thus, if ¢ is near +1 and u=T7— T,, is negative then the material is said to be
supercooled.

Mathematically, the coupled nonlinear parabolic system (3.4), (3.5) may be con-
sidered subject to initial conditions and suitable boundary conditions, e.g.,
Dirichlet or Neumann, as in the isotropic case [16,22]. In equilibrium, (3.5)
reduces to Laplace’s equation, so that u(x) is determined uniquely by the boundary
condition on u.

We consider now the asymptotic solutions (for small £) to the equilibrium
problem (3.3) with the aim of obtaining a generalized Gibbs-Thompson relation
[34,12, 13, 2, 3, 35, 36]. The methods involved are similar to the isotropic case
(see, e. g, [16,17]) although we do not make the arguments rigorous here. The
technique is most easily illustrated in two dimensions although the same analysis
can be performed in arbitrary dimension.

We formulate the problem as follows. Let x = (x, y) be in R% If the interaction
function J(x) is nearest neighbor anisotropic as in Case II, i.e. (2.40), then our
derivation leads to Eq. (3.3) in Q:

EAp+ (G~ b+ HP— ")+ 2u=0 (3.6)

where we assume that the interactions are stronger in the x direction, and |&, /€| is
bounded as we take ¢, £, to zero. If the interface is given by

I'={(x,y)e R% ¢(x, y) =0} (3.7)

and ¢;, ¢ are small, then we formulate the question: For which functions u(x, y)
will the interface I” be a circle of radius R,?
With polar coordinates

xX=rcos 0, y=rsinf (3.8)
and redefined parameters

SH0)=82+ (&~ &%) cos? 6, (3.9)

EHO) =&+ (3 — &) sin® 0

Eq. (3.6) transforms to

0’9 10¢ 1. By
2 2 _ 2 E2y —
CA——ar2+€Br—ar 2(&3 C)rsm()cosf)arae

2
+[%terms]+%(¢—¢3)+2u=0 (3.10)
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The 0¢/06° terms are formally always O(£?). Since we know (by assumption) that
the function ¢ will cross the axis at R, we define

| it RO
Ea0)
The first order in the asymptotic analysis consists of matching “inner” and “outer”

solutions [16] which are ¢(1) solutions with respect to the variables defined in
(3.11). In particular, for each 6, one has the solution

F=r—R,, p= (3.11)

—R,
dolr, 0)=tanh 2 %.00) (3.12)
to the equation
62
y aﬁ°+ (¢o—63)=0. (3.13)

Defining ¢, by ¢ =¢,+ & ,¢, and subtracting (3.13) from (3.10), we see that ¢,
must satisfy

2
2 a_¢;1+ [1-3¢2] ¢1—Z—G+(hlgherorderterms) (3.14)
1. 0% 1 o
0)= —2u+2(&2— &2 0_¢g2 =2
6(r. 9) ut & 6)7+R08m60080606f éBF—}—RO or

where the higher order terms are formally ¢(&?) in both the r and p variables (i. e.,
inner and outer solutions). As in the isotropic case, the derivative of the first-order
solution is itself a solution to the homogeneous equation obtained from the
functional differentiation of (3.13). That is, d¢,/0r solves

, % 1
LY== +5[1-3¢1 ¥=0. (3.15)

Thus, ¢, can be a solution to (3.14) [Lé,=¢;1G], if and only if, ¢, is &
orthogonal to G. That is, if we multiply (3.14) by 0¢,/0r, (3.15) by #,, use
integration by parts and the boundary conditions, we obtain the necessary and suf-
ficient condition (to leading order)

jw G(r 0)%dr— (3.16)

We consider each term in (3.16) separately. The function ¥ must be of order ¢ for
R, to be O(1). Hence, we may assume u = £uz where # is independent of & (see
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[16, 22] for further discussion). Thus 0i#/07 is bounded independently of ¢, i.e., u
varies slowly in comparison with ¢,. Hence,

jw ~2u-@dr— —du+ 0(&?) (3.17)

— o

the second term in (3.16) is evaluated (in anticipation of its relationship to surface
tension) using

J‘@ 02¢0 a¢0df lifjo <%>2df

P
& 1 72
(— ]-5. (3.18)

The third term is simply

o (og 1 e og,

(%) o IR e 19
R
T2E(0)3

Combining (3.16)-(3.19) we have the relation

fn Ly &)
4“"{(52 <*)sin B cos 5 (25A<0)> 25A(9>}

1o 3 \2
X j_w(m> d(p/2). (3.20)

4. A Mobiriep GIBBS-THOMPSON RELATION FOR AN
EQUILIBRIUM SYSTEM WITH ANISOTROPY

In this section we reexpress (3.20) in terms of the surface tension and entropy for
this model. The surface tension is defined in general by [16]

where ¢, are the liquid and solid solutions (without an interface) which solve
Yp—¢)+2u=0, while ¢ is a solution with an interface as discussed in Section 3.
To first order in &, we may replace ¢ by ¢, (defined by (3.12)) in {¢}. Integrating
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across the interface so that ¢ = constant, and using integration by parts, we obtain

from (3.13)

Const.=f[é,, azoﬂ— ($o— ¢0)] ¢0 dr + 0(&?)

-[[a35 (%) +30-0 L] v oen

The integral may then be evaluated to yield (the constant must be zero)

G (5¢o

1, 5
S(%) —fwi-1r o

Using (4.3) in # {¢,} one has

o= ] (L) L1 2 o)

—af” d{ <a¢°) —zu¢o}+@<f)

Using the argument leading to (3.17) to obtain

|” 2upo=0&)

Flo.}+F{$.}=0

on has from the definition of surface tension, (4.1),

3 1 ®© Jd, 2 —r2 1 g
0 =E0 7] (ap‘/z) PO

£4(6)

- Gisos

¢

where o0y, is the isotropic surface tension (ie., ¢, = ¢ and o, = 2£).
The second derivative with respect to angle is

7(6)=40s,,
(9)—%—-)[%5 6 —sin* 0]

¢4(0)

1
=(E2-¢2 )cosGsmﬂda (f,;(@)

(4.2)

(4.3)

(4.4)

(4.5)

(4.6)

(4.8)
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Noting that the entropy difference between the pure liquid (¢, ) and pure solid
(¢_) is 4, we obtain from (3.20), the modified Gibbs-Thompson relation:

Asu(r, 0) = —[a(0) + 6" (8)] k(r, 0) + O(£?)  onT, (4.10)

where « is the curvature. This identity is consistent with classical resuits based on
balance of free energies (e. g., see p. 39 of [10]).

This relation has been obtained as the temperature at the interface of a circle. A
local analysis of an arbitrary interface with the same curvature, k, also leads for-
mally to (4.10). Figure 1 [set v=0] illustrates a typical situation with the curvature
at (xg, yo) equal to 1/R,. We let C, be the oscillating circle at the point (x,, yo);
i. €., it has the same curvature and normal as the interface at this point. Translating
to new coordinates with origin at the center of C,, we obtain (4.10) for an arbitrary
smooth interface. The definition of the angle § remains the same, i.¢., the angie
between the normal to the interface and a horizontal axis. A more technical version
of this idea may be found in [16] (Sect. 4).

A physical understanding of (4.10) may be attained as follows. If the coupling
J(x) is stronger in the x direction, then (4.7) implies that the surface tension is also
larger in the x direction as one would expect. On the other hand, the thickness of

Y1 A y

S

e<
3

(%01 Yo)

LIQUID
REGION

SOLID
REGION r

X4

FiG. 1. The osculating circle has the same normal and curvature as I” at the point (xg, yo). Polar
coordinates (r, 8) are defined with respect to the center of C,.

595/172/1-11
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the interface (3.12) is also greater in the x direction. Suppose the entire material is
in equilibrium at constant temperature. The surface tension has the effect of seeking
to minimize curvature. Thus, it would attempt to adjust I” so it has minimum cur-
vature in the x direction, i. ., oblong in the y direction. However, the fact that the
surface is considerably thicker in the x direction results in much too large a cost in
energy as indicated in (4.10). Thus, the issue of the thickness dominates this com-
petition and a curve I" which is oblong in the x direction is the consequence (that is,
the interfacial “volume” multiplied by surface tension is reduced).

5. NONEQUILIBRIUM ANISOTROPIC SYSTEMS AND (GENERAL DISCUSSION

For a moving interface, the time-dependent terms in (3.4), (3.5) are nonzero, and
some additional assumptions must be made. In considering the limits 7, £ -0, one
must ensure

O<m<t/E2<M< o0 (5.1)

in order that the parabolic system (3.4), (3.5) does not approach a degenerate limit
(see Sect.2 of [16]). If (5.1} is satisfied and suitable, initial and boundary con-
ditions are chosen, then one may prove the existence of unique solutions to the
system for arbitrary large time.

The question of the temperature at the moving interface for the isotropic model
has been considered in p. 8 of [19]. We now address this issue for the anisotropic
model derived in Section 2, using the asymptotic methods of [16, 19] and Section 3.
Suppose the normal velocity of the interface (see Fig. 1) is v at (x,, y,). As in Sec-
tion 4, we consider new radial coordinates, (r, §), with respect to the center of the
osculating circle. If the normal velocity is constant in time (to leading order in &)
and ¢ is locally independent of time in the moving coordinates, i.e., r = Ro(f) =
R,(0) + vt represents the interface near the point of interest and ¢ is a function of
r — Ry(t) to leading order. Then we may write the left hand side of (3.4) as

—vt O¢ . r—Ry(1)
h —_
éA(9)8‘+(hlg er order) p 7.0)

9, = (52)

We note that the terms which involve 0-derivatives will be ¢(¢?) and can be neglec-
ted. Thus we may write (3.4) in the form

o? 10
3‘6? +&5- 6¢ 28— fﬂ%sin@cos@afq(;e
w04 3
—+= (¢ $)+2u+0(E3H)=0 (5.3)

TE0)
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For v which is ¢(1), we see that the contribution of the velocity term is of the same
order as the curvature-surface tension contribution. The formal analysis is similar
to that of Section 3. The main difference is that G(r, ) must be replaced by

w 0,

G(r,8,v)=G(r,0)— 2.0 -ﬁ

(5.4)

Thus, (3.15) is again satisfied and a necessary and sufficient condition for the formal
expansion is

r’ G(r, 0, v)%%gdf=0. (5.5)

Thus, the additional term in (5.4) involves a contribution which may be
evaluated using (3.19) and (4.87) with the resuit,

Asu(x, )= —[6(8) + a"(0)] —-52—’(9—) va(8) + O(£2). (5.6)

Without anisotropy, the velocity term reduces to the result obtained in [19].
Note that v= —|v] if motion is toward the solid. The calculations leading to (4.10)
and (5.76) are formal in that the following mathematical issues have not been com-
pletely resolved at this stage:

(A) In the formal expansion ¢=d¢o+&,¢,, ¢, and its derivatives are
assumed to be bounded independently of ¢

(B) The behavior near a point on a circular interface is assumed to be similar
to that of an arbitrary interface having identical curvature.

(C) In the derivation of (5.6) it is assumed that there is a solution (u, ¢) such
that the interface I” (defined by (3.7)) has constant velocity and ¢ is stationary in
the moving coordinates (to leading order in ¢&).

In order to resolve the issues in (A), one can presumably use the methods of
[16] and consider I fixed as ¢ — 0, or the mathematically more satisfying treat-
ment given in [22, 23] for a truly free boundary in the mathematical sense. Either
of these methods seem to be adaptable to this problem, although the analysis
involved in controlling the higher order terms has not yet been performed.

In (B) the central issue is that of using a local analysis for a global problem. This
1s reasonable for this type of problem and has been implicitly assumed in the
derivation of the isotropic Gibbs—Thompson relation in all work prior to [16, 22].
In fact, the existence of a curve whose curvature k(x, y) is cu(x, y) with u(x, y)
prescribed, is itself a nonlinear problem which was resolved in [22].

The most serious mathematical question is raised in (C). Even in the simplest
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case of a plane wave the assumption of a constant velocity solution would mean
proving the existence of a solution to the system of ordinary differential equations:

0= +3 (64 20 (57)
—uux+év¢X=Kuxx (5.8)

subject to appropriate boundary conditions on ¢ and «. These and related questions
are currently being studied in collaboration with Paul Fife.

Physically, this derivation is a unified perspective into equilibrium and non-
equilibrium anisotropy. The key physical assumption involved in tracing the
anisotropic behavior from its microscopic origin to its macroscopic manifestation is
in neglecting the higher order Fourier modes.

Our conjecture is that the exact equilibrium result for 4-fold symmetry can be
obtained by retaining order ¢* and similarly for higher orders. In principle, then,
one may hope to obtain a modified Gibbs—Thompson relation (including the
velocity term) for arbitrary symmetry in arbitrary dimension. The preferred direc-
tion of growth would then be evident, as it is in (5.6).
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