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Abstract 

A mathematical analysis of a new approach to solidification problems is presented. 
A free boundary arising from a phase transition is assumed to have finite thickness. 
The physics leads to a system of nonlinear parabolic differential equations. Existence and 
regularity of solutions are proved. Invariant regions of the solution space lead to physical 
interpretations of the interface. A rigorous asymptotic analysis leads to the Gibbs- 
Thompson condition which relates the temperature at the interface to the surface tension 
and curvature. 
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1. Introduction 

In this paper I present a mathematical analysis of a new approach to free 
boundary problems arising from phase transitions. In the mathematical literature 
such problems have been studied for over a century [1-16]. Most of the work 
is concerned with the classical Stefan prob!em [1], which incorporates the physics 
of  latent heat and heat diffusion in a homogeneous medium. 

We begin by describing the essential variables in such problems along with their 
physical significance. A material, which may be in either of  two phases, e.g., solid 
or liquid, occupies a region in space, Q C R  N [see Figure 1]. One defines TruER 
as a constant which is the melting temperature at equilibrium. Physically, this is 
the temperature at which solid and liquid may coexist in equilibrium separated 
by a planar interface. One then defines the function T ---- T(t ,  x )  as the temperature 
at (t, x) E [0, L] • f2, where L E R is an arbitrary time. For  convenience, it is 
customary to let u(t, x)  ~ T(t ,  x )  - -  T m be the reduced temperature. 

F 

Fig. 1. A material occupying a region ~2 exists in two phases: liquid (D1) or solid (-Q2). 
The phases are separated by an interface, P. The dotted lines indicate possible thickness 

of interface. 

In the classical Stefan problem the temperature of  the interface between the 
solid and liquid is assumed to be Ta4, i.e., u ----- 0. Hence, one defines the interface, 
or transition region, /"  as 

f ' ( t)  : {xE Q :  u(t, x )  ---- 0}. (1.1) 

Furthermore, if u(t, x) > 0 the point, xE  g2 lies in the liquid region, -Q1, while 
u(t, x) < 0 implies that x is in the solid phase, Q2. 

The (reduced) temperature u(t, x )  must then satisfy the heat diffusion equation 

ut = K d u  (1.2) 

in Y21 and ~Q2- Here K is the thermal diffusivity, which is thermal conductivity 
divided by heat capacity per unit volume (we set heat capacity per volume equal 
to unity) which for simplicity is assumed to be the same constant in the solid and 
liquid. Introducing two distinct constants does not generally alter the mathematics 
significantly. In practice, the diffusivities of  a typical solid and its melt usually 
differ by about 10%. 
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For  any interface _P, one defines a unit normal h (in the direction solid to li- 
quid) at each point o f / '  as well as a local velocity F(t, x). Across the in ter face / ' ,  
the latent heat of  fusion (per unit mass), /, must be balanced by the heat flux, 
i .e. ,  

t~'.  ~ = K(Vus --  VuL) h, x ~ r ,  (1.3) 

where VUL is the limit of  the gradient of  u at a value x E / "  when approached 

from g2~ (liquid) while 7us is the limit from 02 (solid). Thus the right hand side 
of  (1.3) is simply the jump in the normal component of  the temperature multiplied 
by the thermal conductivity. The density factor multiplying the lb'-h term in 
the latent heat equation has been set equal to one. 

To complete the mathematical statement of  the problem one must specify 
initial and boundary conditions for u(t, x), e.g., 

u(t, x) = uo(t, x) x E 0g2, t > 0, (1.4) 

u(O, x) = Uo(X). (1.5) 

Thus, the mathematical problem is to find u(t, x) a n d / ' ( t )  in suitable spaces 
satisfying equations (1.1)-(1.5). The interface I '(t) is often called the free boundary. 
One method for studying the classical Stefan problem is the enthalpy or H-method 
[7]. The basic idea is to introduce the function H = H(u) defined by 

l ~ + 1 u > 0 
H(u) z_ u + - f  9 cp ~ 1 --1 u < O. (1.6) 

The heat-diffusion equation and the latent heat equation are then a weak formu- 
lation [7] equivalent to the single equation 

- ~  H(u) = K A u ,  (1.7) 

which is a balance of  heat equation. 
We will not discuss the details of  this formulation but will use it as a basis for 

considering a more detailed model of  a free boundary arising from a phase transi- 
tion. First, however, it will be useful to understand how and why the physics is 
often more complicated than the description given by equations (1.I)-(1.5). Per- 
haps the most basic phenomenon one observes is that the liquid is often below its 
freezing point, which phenomenon is called supercooling. The analogous pheno- 
menon for a solid is called superheating. One should emphasize that supercooling 
is an equilibrium phenomenon and is not merely a transient effect (altough super- 
cooling may arise from nonequilibrium considerations as well). The origin of  this 
phenomenon for a pure substance is in the finite size effect of  the interface between 
the solid and liquid. The classical Stefan problem neglects the thickness of  the 
interface between a solid and liquid and treats the physics at a purely continuum 
level. A simple and rough argument for appreciating these equilibrium effects as 
a first-order correction to the continuum theory is as follows. Suppose that u = 0 
is the equilibrium temperature between a solid and liquid separated by a planar 
interface. This means that a certain amount  of  energy is requiredin order that a 
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molecule at the surface overcome the binding energy of the crystal lattice and become 
part of  the liquid with lower binding energy. The amount of  energy required to 
produce this transition depends on the number of  nearest neighbors in the cyrstal 
structure and on the number of  nearest neighbors of  an atom on the surface. 
Now suppose that the interface between the solid and liquid is curved (e.g., solid 
protruding into liquid, which we will define as positive curvature). In this case, 
the molecule on the surface has fewer nearest neighbors, since some are missing 
due to the curvature. Hence, one expects that it will require less energy to produce 
the transition. Consequently, if we consider a solid with constant mean curvature, 
i.e., a sphere, in equilibrium with its melt, then we expect the prevailing tempera- 
ture to be lower. Namely u = uR ~ 0 where R is the radius of  the sphere. 
A more detailed version of  this argument which is well known to solid state phys- 
icists and materials scientists may be found in [17]-[19]. From the nature of  these 
arguments it is clear physically that uR must be proportional to R -1 with the 
proportionality constant involving the surface tension, a. 

A more satisfying argument leading to the same conclusion (and further 
generalizations) may be obtained from statistical mechanics [20]-[23]. By equating 
free energies and chemical potentials of the solid sphere and the liquid surrounding 
one may obtain the same result. These ideas have led to the assertion that 

u(t, x) = --(alAs)  ~ (t, x) E i ~, (1.8) 

whenever one has an interface between two phases in equilibrium, where ~ is 
the sum of  the principal curvatures, and As is the difference in entropy between 
solid and liquid per unit volume. For  simplicity we will choose units of energy 
and temperature so that As----4 (unit of  energy)/(degree of  temperature). We 
will suppress the dimensions of  entropy. Equation (1.8) is known as the Gibbs- 
Thompson relation for surface tension and will follow mathematically from the 
analysis of  the model we will diszuss. 

Having accepted the Gibbs-Thompson relation as the condition to be satis- 
fied at the interface, one may consider using equations (1.2) and (1.3) along with 
(1.8) as a mathematical description of  the physics. Although these equations should 
be a good approximation for most purposes, there is one aspect which is physically 
unappealing. In patricular, the Gibbs-Thompson relation arises specifically from 
the finite thickness of the interface. This means that the change of  phase is occur- 
ring continuously within a finite range [see Figure 2(a), shaded region]. Thus, if 
the interface is moving, one cannot expect the heat equation for a homogeneous 
medium to hold exactly within this region [shaded region] as it would for a sharp 
interface. Viewing this from the H-method formulation makes the sharp inter- 
face correspond to a phase function 9 which is a step function [eqn. (1.6)]; while 
the phase function for an interface with finite thickness should have the qualita- 
tive behavior shown in Figure 2(b), i.e., a smooth function from q~ = --1 (solid) 
to q~ = + 1 (liquid). Thus the heat balance should have the form (1.7) where ~0 
is no longer the step function but a smooth function to be determined from 
physical considerations concerning such phase transitions. 

The phase field function, % within this interpretation, is basically a local 
average o f  the phase. In statistical mechanics, a model in which atoms are assumed 
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Fig. 2. An interfacial region with finite thickness # is shown in (a). A possible phase 
parameter, % for this interface is illustrated in (b). 

to interact with a mean field created by the other atoms is known as a mean field 
theory [24]-[26]. One such theory is the Landau-Ginzburg theory of phase tran- 
sitions [24]. In this context the free energy may be written as 

F,(9 } ~_ f dNx [_~ ~2 (V9)2 + _18 (92 _ 1)2 _ 2u91 (1.9) 

where ~ is a length scale and, at the microscopic level, is a measure of the strength 
of the bonding. The term involving (V9) 2 is the basic interaction term while 
= 
~-(92 -- 1) 2 is a prototype double well potential common to many statistical 
mechanics and quantum field theory models. This double well potential indicates 
a lower free energy associated with the values 9 = 4-1 (pure solid or liquid) 
than the intermediate values corresponding to transitional states. The double well 
potential may be modified in many different ways to incorporate different physics 
while retaining the features necessary for our analysis. The last term in (1.9), 
which introduces the coupling between u and 9, may be understood best as the 
part of the free energy which corresponds to the component which is generally 
written as temperature times change in entropy. The ideas involved in formulating 
and interpreting such free energies arising from Landau-Ginzburg theory have 
appeared in several papers in the literature of  physics (e.g., see [17]-[29]). 

In the context of statistical mechanics, the correct function 9 which occurs 
in equilibrium (i.e., time independent cases in the language of differential equa- 
tions) is that which minimizes the free energy among some suitable class of func- 
tions. The Euler-Lagrange equations imply the identity: 

0 ----- $2A9 + �89 (9 -- 9 a) + 2u. (1.10) 

Consequently, in equilibrium, this equation is combined with the time independent 
heat balance equation (1.7), i.e., 

0 = A u .  (1.11) 

Thus a system is in equilibrium if (u, 9) satisfies (1.10), (1.11) subject to appro- 
priate boundary conditions, e.g., 

u(x) = ue(x) x E 0s (1.12) 

9(x) = 9~(x) x E On. (1.13) 
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For the non-equilibrium or time-dependent situation, ~0 will not minimize 
Fu(qJ} but will differ by a term proportional to ~v t. In Landau-Ginzburg theory, this 
is known as the Model A equation [30]: 

W, ---- ~2 Aq0 + �89 (q0 -- ~03) + 2u (1.14) 

where ~ is a relaxation time. The right hand side is often expressed as --OF/Oq~. 
This equation is now coupled with (1.7) 

With the initial conditions 

u t + �89 tq~ t --- K A u .  (1.15) 

u(O, x )  = Uo(X) x 6  $2, (1.16) 

~o(o, x) = ~Oo(X) x 6  t2, (1.17) 

the system (1.12)-(1.17) specifies the mathematical problem to be studied in the 
time-dependent case. The subsequent sections will involve a mathematical ana- 
lysis of  these equations as well as the time-independent equations (1.10)-(1.13). 

These equations have been studied by numerical computation [31], with phy- 
sically reasonable results. One of the interesting features of physical systems with 
supercooling is that they tend to have Mullins-Sekerka shape instabilities or dendri- 
tic growth [32]-[35]. These are spikes which occur on spikes, etc. A simple way to 
understand this physically is to imagine a protrusion into the liquid which is super- 
cooled with the temperature decreasing as one moves away from the solid. Assume 
also that solid temperature is fixed at u ---- 0. If  the governing equations are (1.1)- 
(1.5), i.e., no surface tension is present, then the protrusion will have a larger 
temperature gradient and by (1.3) will advance faster than neighboring parts 
of the interface. Thus, protrusions tend to become larger, which is the basis of the 
instability. A precise quantitative discussion of these ideas may be found in [34]. 

The effect of surface tension is to act as a stabilizing force. In the phase field 
model (1.12)-(1.17) the surface tension is proportional to 8 (this is shown in Sec- 
tion 7). Hence by adjusting ~: one may observe the competition between super- 
cooling which tends to promote instabilities and surface tension which tends to 
suppress them. 

Numerical studies of dendritic growth by solving equations (1.2), (1.3) and (1.8) 
have also been performed [35]. Although physically reasonable results were ob- 
tained, the curvature condition resulted in a vague resolution of the boundary. 
The numerical procedures also included some mathematically ad hoc, though 
physically plausible, features. 

Numerical studies of  the phase field equations (1.12)-(1.17) avoid the problem 
of tracking an interface. I hope that these equations will help bridge the gap be- 
tween a molecular understanding of a material and the properties of  the interface 
between two of  its phases. Statistical mechanics currently provides a reasonable 
procedure to obtain a free energy of the form (1.9). Although such a free energy 
is not rigorously derived from the basic idea in statistical mechanics, i.e., a parti- 
tion function over energy states, it is nevertheless widely believed to contain the 
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relevant physics for such problems so long as one avoids subtleties such as the cri- 
tical temperature. I hope that further rigorous results will eventually strengthen 
the connection between molecular physics and mean field free energies of the form 
(1.9). The relationship between a free energy in the form (1.9) and the resulting 
macroscopic behavior is then basically a mathematical problem. With a combina- 
tion of  rigorous analysis and numerical methods, one may hope to obtain a satis- 
fying understanding of  the macroscopic behavior in a broad range of  problems in 
volving solidification. 

The outline of  the remainder of  the paper is as follows. In Section 2 we use 
invariant set theory to obtain a pr ior i  bounds on sup [u I and sup [q~[ in equations 
(1.12)-(1.17) for suitable values of  v and ~. When combined with classical methods 
using integral expression, this leads to a global existence theorem. The ideas about  
invariant sets also provide insight into the physical situation and the numerical 
calculations. They provide a criterion for determining the interfacial region, and 
indicate values of  ~', ~ for which various values of  ~0 will be stable points. 

In Section 3 we use Schauder-type estimates on equations (1.12)-(1.17) as 
well as (1.10)-(1.13) to obtain bounds on the derivatives of  q0 which are of  the form 

t ~q0 < < C. (1.18) 

These bounds indicate that the interface does not become increasingly sharper for 
long times. Estimates (1.18) also provide the basis for studying the behavior o f  
the equations for small #. 

In Sections 4, 5 and 6 we analyze the time-independent equations (1.10)-(1.13) 
for small ~:. The basic method is a rigorous matched asymptotic analysis. 

In Section 7 we use the results of  Sections 4 and 5 to show that the Gibbs- 
Thompsonre l a t ion  for surface tension (1.8) must be valid in an appropriate 
asymptotic sense. I also suggest generalizations of  this relation under different 
circumstances. 

In Section 8 we apply some variational methods to equations (1.10)-(1.13) 
in situations for which ~ is not necessarily small. 

2. Invariant Regions for Phase Field Equations 

Equations (1.14)--(1.15) may be written in a more standard mathematical form 
by use o f  a substitution for ~Pt such as 

where 
u ,  = A A u  + F ( U )  

U==- , A = ~  

F ( V )  ~= [�89 (~o - -  ~o~) + 2u1-7- - -  " 

(2.1) 

(2.2) 
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We write the boundary and initial conditions (1.12), (1.13) and (1.16), (1.17) 
a s  

U(t, x) = Ua(x), x E a.Q, (2.3) 

U(O, x) = Uo(x), x E O. (2.4) 

Our first objective is to prove a global existence theorem for equations (2.1)- 
(2.4) [equivalently, equations (1.12)-(1.17)]. For  simplicity we assume I2 is convex 
and 8.Q is C ~176 We let & be a suitable Banach space with norm H" [Is, e.g., 

---- BC---- (bounded, uniformly continuous functions on ~}. (2.5) 

We define C([0, T]; &) as the Banach space of  continuous functions on [0, T] 
with values in ~ ,  with norm 

I[ uII -- sup II u(t)lle~. (2.6) 
O~t-<T 

Other Banach spaces such as BC/~ Lp (p ~ 1) are also possible (see [21] for 
details). In this Banach space and integral representation and an application of  
BANACH'S fixed-point theorem leads to the following conclusion for small times 
[21]: 

Theorem 2.1 (Existence in small time). Let Uo E ~ .  Then there is a positive to, 
depending only on F and ] Uo I o o, such that(2.1) has a unique solution U in C([0, to]; 9~) 
and I1U]I ~ 2 II Uo I1~. [ ]  

To prove a global existence theorem, i.e., the existence of  a solution on 
0 ~ t --~ T for arbitrary finite time T, one needs to prove an apriori bound. Name- 
ly, one must show that there is a constant C, depending only on ][ Uo[[~, such 
that if U i s  any solution of  (2.1), (2,4) in 0 ~ t ~ - - T ,  then [ [ U ( ' , t ) ] I ~ C .  
Hence the local solution may be continued for arbitrarily large T if one has an 
a priori bound. More precisely, one has 

Lemma 2.2. Suppose Uo E ~.  I f  the solution in Theorem 2.1 has an a priori 
bound in the Loo norm on 0 <-- t <-- T, then the solution U of(2.1) and (2.4) exists 

for  all tE [0 ,  T] a n d U ( . , t ) E ~  for O < _ t ~ T .  [] 

To establish an a priori bound, we shall use the idea of invariant regions [36]- 
[41]. The necessary definitions and theorems of  invariant regions are as follows. 
Consider any problem of  the form (2.1), (2.3), (2.4). More general boundary 
conditions may also be considered. We assume that this problem has a local solu- 
toin in time on some set X:  .Q -+ R ". The topology on X should be at least as 
strong as the compact-open topology (i.e., uniform convergence on compact 
subsets of  2) .  

Definition 2.3. A closed subset 2' C R" is called a (positively) invariant region 
for the local solution of  (2.1), (2.3) and (2.4) in t E [0, 6) if any solution having all 
of  its boundary values and initial values in • satisfies U(t, x) E • for all (t, x) E 
to, ~)x.Q. [ ]  
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The invariant regions may be specified as the intersection of half-spaces, i.e., 

S = ~'~ (UC R ' :  Gi(U) ~ 0) (2.7) 
i=1 

where the Gi : ~e" --~ R are smooth real-valued functions defined on bounded open 
subsets "//" ( R n. 

We define DG as the gradient of G; given w E ~e" ( lq, n and r/---- (~/1 .. .  r/n) E R", 
we define the inner product: 

OG.,(rl) ~ ~.~ O,G~,~i (2.8) 

where G,~ indicates G is evaluated at w, Di indicates differentiation with respect 
to the i th component. Similarly, let 1) 2 be the matrix [1)o] and define the tensor 
product 

D2Gw(~7, r/) : ~ ~ DoGw~7,~71. (2.9) 
i~l j=l 

Definition 2.4. A smooth function G:R"--> R is called quasiconvex at w if 
DGw(~) = 0 implies D2Gw07, ~7) >: O. 

We shall need some kind of continuous dependence cf  the solutions of (2.1) 
on the function F. This is expressed in 

Definition 2.5. The system (2.1), (2.3), and (2.4) is F-stable if Fn--~ F in the C ~ 
topology on compacta implies that any solution U of (2.1), (2.3) and (2.4) is the 
limit, in the compact-open topology, of functions Un which are solutions of equa- 
tions (2.1), (2.3), and (2.4) with F, replacing F. [ ]  

Remark. Since the matrix A is constant, in our case it is clear that the system 
(2.1)-(2.4) is F-stable. A simple proof may be constructed by diagonalizing A 
and using Green's representation [42] on each equation. 

The basic idea is to examine the flow in (u, ~0) space as a function of time. 
The aim is to find regions such that the flow at the boundaries of the region is 
directed inward. 

We shall use the following theorem, which is proved in [38]: 

Theorem 2.6 (Invariant regions). Let Z be defined as in (2.7), and let A be a positive 
definite matrix. Suppose that (2.1) is F-stable. Then S is an invariant region for 
(2.1) i f  and only i f  the following conditions hold at each Uo E ~ ,  (i.e., Gi(Uo) -~ 0 
for some i): 

(i) DGi is a left eigenvector of A 

(ii) Gi is quasi-convex at Uo 

(iii) DG,(F) ~ O. 

(2.10) 
(2.11) 
(2.12) 

[] 
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We proceed to apply this lemma to our  problem:  equations (2.1) and (2.2). 
One left eigenvector o f  A is (0, 1) with eigenvalue ~2/r. The other  is (1, q) with eigen- 
value K, provided 

q -~ (~2/z) - -  K + K . (2.13) 

The functions Gi in Theorem 2.6 must satisfy 

DGi-~ C(O, 1) or DG~ = C(1, q). (2.14) 

Thus any invariant region must  have a boundary  consisting o f  vertical lines and 
lines o f  slope q, and so we let 

GI ~ clq~ + d l ,  

G2 ~- c2(u + qcp) + d2, 

G3 ~ c3q~ + d3, 

G4 -~ c,(u + q~) + d4, 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

thereby satisfying condit ion (i) o f  Theorem 2.6. The quasiconvexity condit ion is 
trivially satisfied since the Gi are linear in u and q~. To  determine the condit ions 
under  which (iii) is satisfied, we compute:  

Cl 
DGI(F) = (0, Cl)" F = - -  [�89 (q~ --  ~03) + 2u], (2.19) 

DGa(F) ---- (0, c3)" F = c3  [�89 (~ _ ~03) + 2u], (2.20) 
T 

r, _ ( -  ) (2.21) --T t~ (q' 9 3) + 2u] - ~ + q l  , 

( , )  DG4(F) = c4(1 ,  q ) .  F = - -  [�89 (~0 - -  ~03) + 2u]  - -  + q (2 .22 )  
T -2- " 

We consider first the case in which the parameters  K, ~, ~ are such that  the 
stability inequality 

~2 
- -  < K (2.23) 
2" 

( ' )  is satisfied. This implies that the --  -~- + q factors in (2.21) and (2.22) are nega- 
tive. 

The function f(u, qd) =~ �89 (q) -- ~03) + 2u along with the ci determine the regions 
o f  (u, ~) space in which the gradients DGi(F) are nonposit ive [see Figure 2]. Thus,  
if  we take 

c~ ~ 1, c3 ~ --1,  c2 > 0, c4 < 0, 
(2.24) 

d ~ < 0 ,  / / 3 > 0 ,  d 2 > 0 ,  d , < 0 ,  

the set S defined by (2.7) is a parallelipiped containing the origin. 
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Definition 2.7. A set Z'o defined by (2.7) and (2,15)-(2.18) with constants ci, di 
satisfying (2.24) is said to be a sufficiently large parallelipiped if the following 
conditions hold: 

(i) The parallelipiped Z'l contains the local maximum (u, 99) = 3 - �89  1) 
1 

and the local minimum (u, 99) = 3-3(--1/6,  1) of  the curve f (u,  99) = O. 
(ii) The vertices of  Z1 in the quadrants ( + ,  -}-) and (-- ,  --)  lie on f (u,  q~) = O. 

[] 

With the Gi, ci, d~ defined as above, the identities (2.19)-(2.22) imply (2.12) 
so that a sufficiently large parallelipipedZ' o satisfies the hypotheses of  Theorem 2.6. 

Definition 2.8. A set Z'+ (Z_) is said to be a parallelipiped in the positive (negative) 
region if it is defined by (2.7), (2.15)-(2.18) and the ci, di are defined in such a 
way that the following conditions are satisfied: 

(i) ct ~ 1, c3 ~ --1, d t <  ,/3, d3 ~ -3-�89 (2.25) 

(for Z_, d~ ~ 3 -�89 d3 > d~). 

(ii) The upper right and lower left vertices of Z•  lie on f (u ,  99) = O. [] 

Such regions Z'• will once again satisfy (2.12) by virtue of (2.19)-(2.22). Upon 
examination of  identities (2.19)-(2.22) in conjunction with the positive and nega- 
tive regions off(u ,  99) on the (u, 99) plane [see Figure 3], it becomes clear that any 
parallelipiped (other thanZo, Z• of  vertical lines and lines with slope 
q will fail to satisfy condition (iii) of Theorem 2.6. These results are summarized 
in 

G3 

f<O 

f{u,~)-�89 

f=0 
/ 

G1 

Fig. 3. The (u, ~) plane is illustrated to show invariant regions. The cubic curve, f = 0, 
divides the plane into regions f > 0 and f < 0. This determines the three types of 

invariant regions 220, 2~+, 27_ as shown. 

Theorem 2.9. A region ~, is an invariant region [in the sense o f  Definition 2.3] for  
the system (2.1)-(2.4) i f  and only if" Z is either a sufficiently large parallelipiped 
[Definition 2.7] or a parallelipiped in the positive or negative region [Definition 2.9]. 

[] 
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One immediate consequence of  Theorem 2.9 is the existence of  an a priori 
bound for the system (2.1)-(2.4). Given any set of  bounded initial and boundary 
conditions Ua and Uo in (2.3), (2.4) we can choose a parallelipiped Z'o sufficiently 
large as to enclose all values u, 90 attained in Ua and Uo. Since Z' o is a bounded 
invariant region this implies an a priori bound on u and 90. Combining this with 
Lemma 2.2 one has 

Theorem 2.10 (Global existence). Suppose l, K, ~, w are any positive constants 
subject to the stability inequality (2.23). I f  Ua, Uo E ~ and TE (0, oo), then 
there is a unique solution U of the system (2.1)-(2.4)for all tC [0, T] such that 
u(.,t)c~. [] 

Remarks. (1) One should note that while the existence of an invariant region is a 
strong statement, the assertion that such a region does not exist is not so complete. 
The reason for this is that our definition of an invariant region does not include 
regions which depend on time. For  example, one may not have an invariant 
region in the sense of  Definition 2.3 but still obtain one which oscillates in time. 
Although this is unlikely for the system (2.1)-(2.4) if one considers directions of 
flow, the theorems above do not exclude it. With this word of  caution we make 
the following observation. 

(2) It is interesting to note that by virtue of  Theorem 2.9, the smallest invariant 
region containing 90 = 0 must contain 90----~1. This is interesting from a 
physical and computational point of  view. For  an invariant region is stable in 
the sense that values within the region tend to remain there unless they are perturbed 
out of  the region. The absence of such a region for values of  90 near 0 (in fact 

]90[ < 3 -�89 indicates the physical interface should not have the tendency to 
dominate the solid and liquid. That is, even if one started with a material which was 
initially in the interfacial phase (near 90 ---- 0) one would not expect it would re- 
main in that state indefinitely. 

(3) By Theorem 2.9, one can construct invariant regions, Z'+, which lie entirely 
in the positive half-plane of  90. The major restriction for such regions is that they 

�9 1 

he in the half-plane 9o ~ 3 -7.  This suggests that an appropriate definition for the 

liquid phase is the set of  points xC ~2 for which ~0(t, x) ~ 3 -�89 The solid phase 
1 

is analogously the set of  those points for which ~0(t, x) ~ --3 -~-, while the region 

in between ([90[ ~ 3-�89 is the interface. The interface comprises the solid part 
of  the interface (9o ~ 0) and the liquid part (90 ~ 0). The thickness of  the inter- 

face is then given by the distance between points for which 90(t, x) ---- 3 -�89 and 

those for which 90(t, x) = --3 -�89 

The physical basis for this type of  definition, as opposed to the definition of 
90 > 0 as the liquid 90 ---- 0 as the interface and 90 < 0 as the solid is the following. 
The ideas which lead to the Gibbs-Thompson condition (1.8), described briefly 
in Section 1, imply that a material which is entirely in the liquid state at an arbi- 
trary temperature will not solidify. In practice, of course, this description ceases 
to be valid at temperatures given by (1.8) which correspond to the curvature of a 
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typical duster of  molecules in a liquid. Nevertheless, within this theory (which is 
based on ideas about mean fields) we do not expect crystallization of a liquid 
without a seed (i.e., small solid region at initial time). Consequently, our definition 
of  points in 2~+ (~'_) as liquid (solid) is consistent with physical expectations. 

Choosing any criterion other than I~1 < 3-�89 for the interface would not 
yield the same physical interpretation as a material which is entirely liquid (with 
the alternative definition) could crystallize spontaneously, since the region would 
not be invariant. 

(4) If  the stability inequality (2.23) is not valid, it is no longer possible to con- 
struct invariant regions in the sense of Definition 2.3, though an existence proof by 
other means is not excluded. 

(5) The invariant regions 2,1 o, Z'• depend on the ratio ~2/T through q, but not 
on ~ and T individually. 

This concludes our discussion of invariant regions and basic existence theory. 
We note that existence has been shown for fixed values of~ and ~r (subject to (2.23)). 
One of the questions of interest is the behavior of these equations in the limit of 
small ~ and ~'. Remark (5) is one indication that the appropriate scaling limit is 
one which satisfies 

C1 ~ ~2/r, _--__ C2 (2.26) 

where (~i} and (Ti} are sequences tending to zero. 

3. Regularity of Solutions, Schauder-type Estimates and Bounds 
on Thickness of Interface 

Having proved existence of solutions of the systems of equation (2.1)-(2.4), 
we shall now address some closely related questions. First, we prove some state- 
ments of  regularity and then use these two prove that in terms of the scaled spatial 
variable, 

x '  ~ x/~, (3.1) 

the first and second derivatives of ~0 are uniformly bounded (in terms of ~ and z) 

c ,  =< ~ / r  -< c , .  (3.2) 

In practical terms, such a result implies that an interracial region which is 
initially of  thickness ~ cannot become significantly sharper. This section will 
thereby establish the connection between the parameter ~ and bounds on deriva- 
tives of ~0 and the interfacial thickness. It will be shown later (Section 7) that 
the surface tension is asymptotically proportional to ~. Thus the physical signifi- 
cance of the parameter ~ as well as the connection between interfacial thickness 
and surface tension will be evident. 

We begin by defining the relevant norms and seminorms. Let A ~ ~ •  [0, T] 
where ~ ~ R N is any bounded domain containing a ball of  radius e. We consider 
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the usual distance function 

d ( P , Q ) ~  [ I x -  ~lz--k I t -  ~]�89 (3,3) 

between points P = (t, x) and Q = (t~ ~) in A, where ] x] is the Euclidean norm 
(S x~) �89 We use the notation 

II vllr A) ~ sup Iv(t, x) l (3.4) 
(t,x)EA 

Iv(P) -- v(Q)[ 
HCf)(v) =~ sup (3.5) 

v,Q~a [a(P, Q)I ~ 

where o~ is the H61der exponent and H~a)(v) is the H61der coefficient of v. Thus 
H~a)(v) < ~ if and only if v is H61der continuous with exponent a. Now we let 

Ilvlt~ a)~-  [[vll(0 A) + H~A>(v). (3.6) 

We denote  by Z~' any partial derivative o f  order m with respect to the variables 
x ,  . . . . .  XN, and we let D,  be the partial derivative with respect to t. If D,,v exists 
in A,  then we define 

Jt cA) v ,+~  ~ [ [v l lg4)+  S[[Dxv[I~ 4), (3.7)  

and if D~v and Dtv also exist in A, then we let 

2 (A) IIvIl(z~ ~-  [[vl[(f ) + s IIDxvll~ ) § S [ID;,v[l~ + l[Dtvl[~ 4), (3.8) 

where the sums in (3.7) and (3.8) are taken over all partial derivatives of indicated 
order. Letting Cy+~(A) be the set of functions for which !1 v l [ ~  < oo U = 0, 1, 2), 
we note that C~,(A), CI+~,(A) and C2+~,(A) are Banaeh spaces. 

We shall also need the following norms and spaces. Let 

Lr ~ sup ] v(t, x) -- v(t~ x--')l (3.9) 

(t.x)~a.(,.,SEa I x - -  ~l + I t - -  i l '  
(A) __ t l v lh -o  = tl vll(o 4) + L<4)(v), 43.10) 

I[" "(:) (4) "1)2-o ~ [[viii-0 + ~' ][Dxvl[[~o. (3.11) 

Also, let the spaces CI_0(A), C2-o(A) be defined analogously to Cj+~(A). The re- 
ferences to A will be omitted when no confusion is likely to arise. 

Now let L be a linear parabolic operator, 

N 32v N 3v Ou 
Lv ~--- ~a aiy(t, x) q- ~ c(t, x) u (3.12) 

i.j=l ~ i=I bi(t, X)~x i + -- -07' 

and consider the initial-boundary problem for the single equation 

Lv = g(t, x) (t, x) E A (3.13) 

v(t, x) = vo(t, x) (t, x) 6 0 A  43.14) 

where cqA ~ cO/-2 A {A A {t ----- 0}}. 
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We shall use two basic Schauder-type estimates for this problem. We make 
the assumptions 

(i) L is parabolic in A, i.e., there exists a positive constant H o such that for 
every (t, x) C A and every real vector ~ E R N, 

N N~ 

ao(t, x) ~,~j ~ Ho ~ ~2. (3.15) 
i,j=l i = i  

(ii) The coefficients of L are uniformly H~51der continuous (exponent ~) in A, 
i . e . ,  

Ilai?l~ =< Hx, 
also, aoE Cl_o(aA), i.e., 

IIbil[~ ~/-/1, IJcll~ ~/-/1 (3.16) 

(e~A) < rl ao[ll-0 = / / 2 .  (3.17) 

(iii) The function g is uniformly H61der continuous. 
(iv) The boundary OA belongs to C2+~, by which we mean that each point of  

OA has a neighborhood in which ~A is the graph of a C2+~ function of  N -  1 
of the coordinates x~ . . . . .  xN (see [43] for equivalent definitions). The function ve 
belongs to C2+~, i.e., 

('~A) I[v0][2+~ ~ H 3. (3.18) 

For the source function g we shall require the following conditions on the 
respective estimates. 

(v) The function g(t, x) is a bounded, continuous function in A. 
(v)' The function g(t, x) is uniformly HSlder continuous (exponent o 0. 
We state first the a priori (1 + 6) estimate (see [42, 44, 45] for proof.) 

Theorem3.1. Assume conditions (i)-(v), and let v(t, x) be a solution to (3.13), 
(3.14). Then for any 6 (0 < 6 < 1) there is a constant C, depending only upon ~, 
Ho, Ha, H2 and A, such that 

11 vlh+o =< c{[Ig[[o + n3}. (3.19) 

[ ]  

Next, we need an estimate for C2+~ regularity [42]. 

Theorem 3.2. Assume conditions (i)-(iv), (v)' and let v be a solution to (3.13) 
and (3.14). Then there is a constant C depending only on Ho, H1 and A such that 

IIvl[2+~ <_- C(llgr[~ + H3}. (3.20) 

[ ]  

To exploit these estimates, we first rewrite the system (2.1)-(2.4) in diagonal- 
ized form 

V t = B A V +  G(V) (3.21) 
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where we have used the definitions 

(3.22) 

~o I" 

G(V)=- PF(U) = (FI(u, q~) + qF2(u, ~o)) 
F2(u, ~) \ l (3.23) 

= (Fl(V~ -- pv2, v2) -~- qF(v~ -- pv2, v2)). 
F2(vl -- pv2, v2) 

vo--  Puo; Vo ~- ?Vo. (3.24) 
Note that the constant q is defined by (2.13), while F1 and F2 denote components 
of  F, defined by (2.2). We shall say that a vector-valued function belongs to Cj+~ 
if each of  its components is in Cj+~. We will also denote for any vector-valued func- 
tion W - :  (wl, w2) 

[I wIt:+~ -~ II w~ IIj§ + II w= Itj§ (3.25) 

We can now prove the basic C2+~ estimate for the phase field equations (1.12)- 
(1.17). 

Theorem 3.3. Let U E C([0, T], ~ )  be a solution of  the phase field equations (2.1)- 
(2.4.) Suppose Ua, Uo E C2+~. Then UE C2+~, and 

C 
l[ U[I2+~, ~ --(11 Uol[2+~, + I[ Uo 112+~,} (3.26) 

T 

where C depends on ~2/T, o~, I, K and A. [] 

Proof. The diagonalized system (3.21)-(3.24) enables us to apply theorems about 
single linear equations. Combining the bounds for the two equations (vl, v2), one 
has the bound (Theorem 3.1) 

II V[[l+~ ~ G{[tG(V)t[o + Co} (3.27) 

where Co ~ [[ Ve[[2+~ + I[ Vo[[2+~. Using Theorem 3.2 as an apriori bound for 
each of  the two semilinear equations in (3.21), one has 

II Vlh+~ =< C2[lla(v)ll~ + Co]. (3.28) 
The C~ norm for G(V) may be written as: 

[[G(V)[[o, = H a(v)[[o -k H~[GI(V)] q- H~[G2(V)] 

<= I] G(V)[Io + max {IIDG, Iio, ][DG2 [[o} [I V[]~. (3.29) 

The bounds for ][DG~][o and ][DG2I[o depend on q, I and (linearly) on r -'~. 
Combining this with (3.27)-(3.29), one has 

II VIh+~ =< C3 T [ll Volh+~ + II V0lh+~]. (3.3o) 
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Setting U = p-1 V, we transform this estimate into one in terms of U and 
so obtain the desired conclusion. I"1 

We now apply these estimates to obtain bounds on the phase field 99 in terms 
of the scaled spatial variable x' [see (3.1)]. 

Theorem 3.4. (Gradient bounds). Let (u, 99) be the solution of the phase field equa- 
tions (1.12)-(1.17) and suppose that the boundary conditions and initial conditions 
are all C2+~. Then one has the bounds 

[ ~f,J < CtCI, C2, l, K, A, Uo, ua, 990, 99ol, (3.31) 

1~ 29991 C[C1, C2, l , g  , A ,  u, 99o, ~00] (3.32) ~X 2 ~ = go, " 

ProoL Since the Schauder-type estimates involve constants which depend on the 
size of 12, one cannot simply obtain a bound of the form (3.31) by rescaling in 
the obvious way, for the constant would then approach infinity as ~ approaches 
zero [and volume (O) in x' scale approaches infinity]. 

However, one has from Theorem 3.3 the bounds 

~x 2 _ ~ (3.33) 

where C depends on the constants in (3.31), and (3.32), and ~2 has been substituted 
for "~ using (3.2). This implies (3.32). The boundedness of 99 (Theorem 2.10) along 
with (3.32) implies (3.31). [ ]  

The same conclusions may, of course, be obtained for u, although one expects 
u to vary more slowly than (3.31)-(3.32) would imply. 

The estimates we have obtained for the parabolic equations (1.12)-(1.17) can 
be obtained directly for the corresponding elliptic equations which will be studied 
in the next section. Theorems 3.1 and 3.2 may be replaced by the corresponding 
results in the elliptic theory (e.g., see Theorems 6.15 and 8.24 in [43]). The supre- 
mum bound for 99 then follows from a variational formulation (see Section 8). 

4. A Rigorous Matched Asymptotic Analysis--The Outer Expansion 

In the preceding sections we have obtained various results on the existence, 
regularity and properties of the phase field equations for arbitrary but fixed ~, T. 
However, the invariant regions studied in Section 2 depended on ~2/~ and not on 

and r individually. Thus, any limit of~ and ~ approaching zero which is consistent 
with (3.3) preserves the invariant regions. A similar uniformity was evident in the 
gradient bounds of Theorem 3.4. 

In this and the following three sections we shall study explicitly the effect 
of varying a small parameter. In particular, we shall concentrate on the time- 
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independent (equilibrium) equations (1.10)-(1.13), and analyze the behavior of 
9> as ~ approaches 0. This will lead (in Section 7) to the Gibbs-Thompson relation 
(1.8), which refers to equilibrium. The question we address is the following. 
Given a sequence of  materials indexed by {i}, and characterized by ~i (but other- 
wise identical) we assume that each material occupies a region /2 of  which ,(20 

is solid (9> > 0) and s \ ~o  is liquid (9> < 0); see Figure 4. Thus we study the 
scaling and asymptotics as ~ approaches 0 under these conditions. Note that since 
u satisfies (1.11), specification of  uo uniquely determines u in /2. To specify the 
boundary conditions for % let/21 be a region strictly contained in/20 (see Figure 4). 
We define boundary conditions for 9> by 

9>(t, x) • -- 1 q- 0(2) x E/2~ 

= + l  + 0(2) xE  ~/2 (4.1) 

= 0 x E b/2o. 

Fig. 4. Shaded area, D~, represents the region in which ~v = --1 is fixed, Ot2 o is the center 
of the interface (q~ = 0) and 0O corresponds to 4-1. 

One can analogously define situations in which the liquid is surrounded by the 
solid as well as multiple regions of  liquid and solid. Since our analysis is essentially 
local, the central concern is with a single interface between liquid and solid. The 
boundary conditions (4.1) may be modified by small terms, e.g. e -c/'~, without 
affecting our asymptotic analysis. 

We study the equations (1.10)-(1.13) with the phase field equation (1.10) in 
slightly more general form by allowing for modifications of the double-well poten- 
tial (9>2 _ 1)z in (1.9) and also specify the relative order of  the boundary condi- 
tions on u, which implies the order of  u in /2. Thus we consider the phase field 
equation (1.10) in the form 

O~9> ~- 2 2 dg> -I- �89 [9> --  g2(x) 9>3] + ~ ( x )  : 0 (4.2) 

where g(x )E  C ~, ~(x)E C ~ and fi is bounded by a constant independent of  
(fi : 2s -1 u). We will concentrate on positive solutions 9> in the region/2 \ / 2 o ;  

the analysis of  negative solutions in the region s \ /2~ is similar. 
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Our asymptotic analysis is based largely on the work of  BagGER & FRAENREL 
[46], who considered equations similar to (4.2) without the ~ term and under 
homogeneous boundary conditions. Various other rigorous analyses o f  this type 
have been performed (e.g., [47]-[49], see also [50]), although some of  the methods 
are restricted to monotonic functions in place of  a term such as ~0 -- 9 a. 

We adopt the usual notation of  asymptotics. Namely, we say that a function 
f ( x ,  ~) is O(~) if it satisfies the inequality 

If( x, ~)l ~ C~ (4.3) 

for sufficiently small ~, where C is a constant independent of  ~ and x. A function 
f ( x ,  ~) is said to be o(~) if 

~-~ ]f(x, ~)[ -+ 0 (uniformly in x) (4.4) 

as ~ approaches 0. 
A brief sketch of  the ideas to be used in the analysis is as follows. For  sufficient- 

ly small values of~, we expect that (4.2) will have a solution 9(x, ~) which tends to 
1/g(x) as ~ approaches 0 outside a narrow "boundary layer" of  width O(~) con- 
centrated near 0s This is called the "outer  expansion". Within the boundary 
layer one may rescale the variable normal to 0s by dividing the normal by ~. 
The resulting expansion is often called the "inner expansion". The first term in 
this expansion will be a hyperbolic tangent function of  the rescaled variable. 
The aim is then to construct an approximate solution 

M 

�9 ,M(x, - Z ,   J j(x, 
j = 0  

such that 

(4.5) 

cp(x, ~) --  ~m(x ,  ~) = O(~ eM+l) (4.6) 

This approximate solution is constructed by "asymptoti- uniformly on s \ s 
cally matching" the two solutions. Thisprocedure,  which is often formal, is made 
rigorous in this and the following two sections. The basic ideas involve interpre- 
tation of  the Fr6chet derivative of  an equation as an operator equation in the proper 
Sobolev space. The necessary estimates are obtained from explicit analysis of  the 
two expansions, and Lp regularity theory and Sobolev estimates. This analysis is 
restricted to dimension N ~ 3 for technical reasons at one stage of  the analysis. 

We begin by defining a new set of  coordinates (s, r) where r is a measure of  
distance from 0s to all points in a fixed neighborhood of  s \ / 2o .  In each neigh- 
borhood, 0.Q o has a parametric representation 

x ---- p(s) s ---- (st . . . . .  sN-O. (4.7) 

The boundary 0s may be covered by finitely many such neighborhoods. I f  we 
restrict attention to that part of  the domain s \ s which is at distance less 
than ro from 0s (denoted by s where ro is chosen so that normals originating 
at distinct points of  0s do not intersect for r < ro, then we may write the trans- 
formation as 

x = p(s) + rn(s) 0 <-- r <-- ro. (4.8) 
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Here n(s) is the unit normal to Og2o directed toward the region .(2 \ ~2 o. This trans- 
formation is one-to-one and infinitely differentiable on ~2". 

The components of  the covariant and contravariant metric tensions are denoted 
by 

akl--~ -k r �9 + r k, l = 1 . . . . .  N -  1 (4.9) 

ant ~ (~N1 l = 1 . . . . .  N 

a kl ~ a -~ (cofactor of  akt) p, q : 1 . . . . .  N (4.10) 

where a is the determinant o f  {akl}, and 6m is the Kronecker delta. 
Following the notation of  [46], we write the Laplacian operator as 

~2 ~ N--I ~ N--1N--I  92 

t=l k=I t=l ~Sk ~St" 

N--1 l ~Sl bk =~ ~ a- ~ (a�89 (4.11) 
1=1 

b N ~ a- �89 ~q�89 Dr" 

We proceed now to analyze the outer expansion 

M 
XM(x, ~) ~ ~ ~JZi(x) (4.12) 

y=O 

in which the Zj are defined as the solutions of  the equations obtained by setting 
equal to zero the coefficients of  ~J in (4.2). The first-order equation is 

Z0 - -  g2(x) Zg = 0 .  ( 4 . 1 3 )  

We choose the positive solution Zo = 1/g. The functions Zj are then determined 
as  : 

Zt = --~i, (4.14) 

g _  
Z2 = A(1/g) + --~ u, (4.15) 

Zj = AZj-2 -- g2 y~ ~ ~ ZpZqZr (j~> 3). (4.16) 
p+q+r=y 
p,q,r<j--I 

By generalizing [46], we may prove the following two lemmas about the outer 
expansion (4.12). 

Lemma 4.1. In the expansion XM(x, ~) the coefficients Zj(x) belong to C~176 \ Do), 
and 

Q ~ X M ( X  , ~) -= - - ~ M + I R I ( X  , ~, M)  in O \ 12 o (4.17) 

where ] R1 [ ~ CM independently o f  x and ~ on -(2 \ -(20 • (0, ~o] for  some ~o. 
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Proof. Since g is strictly positive and C ~ and fi E C ~ it follows that Zj E Coo(g2 \ Oo). 
The bound (4.17) follows from (4.14)-(4.16) and the boundedness of u. [ ]  

Lemma 4.2. The coefficients Zj have the expansions 

M--.I 
ZI(x) -~ ~ Z~,k(S) r g + O(r M-]+I) (4.18) 

k = 0  

as r approaches O. Furthermore, the sequence Zo,o . . . . .  ZO, M . . . . .  ZM, O is the unique 
solution of  the system of  algebraic equations which one obtains by writing QcXM 
as a double power series in ~ and r, equating coefficients of  ~Jr j, and setting 
zo,o - 1 /g (s ,  o) .  

Proof. Hoting that Z~ E C ~ and x -~ x(s, r) is one-to-one and infinitely differ- 

entiable on O*, by use of Taylor's theorem we prove the existence of an expansion 
of the form (4.18). To compute the coefficients Zj,k we note that g is Coo so it 
has an expansion 

g2(s, r) = ~ 7k rk -~" O(r n+l) (4.19) 
k = 0  

as r approaches 0. Hence we may compute the ZO.k by substituting (4.18) and 

(4.19) into (4.13) and equating coefficients of r k, and defining Z0.o as 7o �89 To 
obtain the remaining coefficients one must use (4.18) and (4.19) in (4.14)-(4.16) 
along with the express!on (4.11) for the Laplacian. The equations thus obtained 
are then the same as those which arise from equating to zero the coefficients of  
~Jr k in the double power series for QCX M. [] 

This completes our analysis of the outer expansion which does not vanish on 
~s 

5. The Inner Expansion 

The analysis of this section deals with the behavior of the solution ~ near the 
boundary 0Oo. Our aim is to construct a sequence of functions 

M 

~M(s,e, ~) ~ ~ ~J~oj(s, ~) (5.1) 
j = 0  

where 0 ~ r/~ is a "streched variable". The coefficients ~p~ are obtained by letting 
Q , ~ t  = 0 and setting coefficients of ~J equal to 0. One has 

Q~kU M = g2 A~M + �89 ( ~  -- gkU~) + ~ 

M f102~l" 
---- j~o ~ /"~-~ 2 T Lj(~o . . . . .  ~pj-,) --k �89 ~p~ q- ~-~0 ~-' (5.2) 

�89 M) 
i+m+n+p~j I 
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where we have used the expansion 

Y 
~t(X) = Z OCk(S) r k  ~-  O(e j+l) 

kffiO 
(5.3) ] 

= Y, ~%,k(s)e k + ofP+ze ~+1) 
k~O 

and o~_ 1 ~ 0, .and we have defined the Lj and R2 by 

Lo ~ 0 

~3m N-- 1 O~ m 
LjO/'o . . . . .  ~Pi-,)== Z Z bt(s)r + Z Z Z b~(sle 1 p=l ~sP l + m + l = j  l+ra+2ffij 

N--I N--I  + Z E Z Z aPqts)t, )e/,_-:g'~,a2~m (5.4) 
p=l qffil I+m+2=] u~" t"~q' 

r -= ~=~+,~" r ...... ~o~,,0 ..... 0) 

(5.5) 

The coefficient of unity in the expansion (5.2) is given by 

which has the solution 

a~v~ + �89 (v,o - r'o(S) v,o 3) = 0 0Q 2 (5.6) 

~Vo = [yo(S)]-�89 tanh ~/2. (5.7) 

For higher order, i.e., k = 1 . . . . .  M, one has 

~2~kee 2 + �89 (1 -- 3yo7,~) ~'k = ~ sech2 T -- 1 = ~'k,  (5.8) 

~ k  : --Zk(~l) . . . . .  ~/3k--l) -~ �89 Z Z Z ~l~l~l)m~l)nfft)P - -  OCk--lek--I ( k  ~ 1) (5.9) 
l+m+n+p=k 

m,n,p ~ k -- I 

which are subject to the boundary conditions 

~o~(e = o), Vk = o(e~)- (5.10) 

To proceed with the analysis we need further information on the nature of the 
solutions of (5.8). We consider (5.8) as a special case of the more general problem 

d2v,, 

(5.11) 
~o(O) = c, ~o(e) = (e "e) as e -+ oo. 
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The problem (5.11) has been analyzed in [46] (see p. 582) for functions h(9) which 
are in Cool0, oo) and are such that h and all of its derivatives are O(e-aQ). 

We summarize the conclusions as follows. The unique solution of (5.11) is 

0 oo 

v,(e) =- A(O) f B(e') ..~(e') de' + B(e) f .4(o') ~(e') de' + cA(e), 
o 

A(8) ~ sech 2 0/2, (5.12) 

B(e) ~- - 2  seth ~ e/2 f cosh" 0'/2 d(e'/2). 
o 

Definition 5.1. A function f E  C~176 0o) is in the set of exponentially declining 
functions, denoted by oq'k, if for r -+ oo, f(~) and all of its derivatives f(n)(e ) are 
O(ege-a~ 

LemmaS.1.  Suppose that in (5.11), o~(Q) = P(r + Z(Q) where P(r is a poly- 
nomial of  degree j and Z(r E SPk. Let 

1 1 [1 D2 [D2~[jI21/ 
P(O) - -  - -a  q- D 2 P(o) = -- a-~. q- a -'~- + " "  q- ~"~-1 J P(o) 

where D denotes differentiation with respect to ~ and let m = max ( j  + 1, k q- 1}. 
Then the solution o f  (5.1 I) is 1o = p -k z where z E 5Pro. [] 

This lemma may now be applied to our problem. 

Theorem 5.3. (i). In the expansion (5.1)for ~M, the coefficients ~pj are Coo and can 
be written as 

Wj(s, e) = pj(s, ~) -k zl(s, O) (5.13) 

where pj is a polynomial in e of  degree j and zj C Se2j. 
(ii) The polynomial pj in (5.13) has coefficients given by 

J 
pj = ~] ~lj,(s) e k (5.14) 

k = O  

where the ~Ak are related to the ZI,k o f  (4.18) by 

V)j+l,k = Zt,k" (5.15) 

Proof. Since ~ o ,  g and fi are smooth, the coefficients af q, bt, bg, Yl, o~l are also 
smooth. Therefore, the ~k given by the explicit solution (5.12) are infinitely differ- 
entiable with respect to s. 

T o  examine the behavior with respect to e we proceed by induction. We may 
write ~Po as 

~Po = Po + Zo, 

Po ---- [~'o(aS)] -�89 Zo ----- [~'o(S)] -�89 [tanh ~/2 -- 1]. 
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Now assume that the assertion is true for ~o . . . . .  Yj-1. Then we may write 
(5.9) as 

~ ( 5 )  = ej + zj, 

PJ ~ --L.i(Po . . . . .  PJ-,) + Z Z Z Z 7k~kptP,nP~ - -  ~ 1 6 2  - 1 ,  (5.17) 
k + l + m + n = j  

l,m,n < j--  I 

Z) ~ --Lj(z o . . . .  , zj_,) -}- Z Z Z E 7ksk{(pt + zt)(Pm + zm)(Pn + z.) -- PtPmPn}" 
k + l + m + n = j  

I,m,n ~ j - -  1 

The expression Pi is a polynomial of degree j. The terms in Zj consist of  
Lj(Zo . . . . .  zj_l) which is in the set Se2i , and terms in the seeond set of  sums of  
which the dominant term is ekr E 5a2j-l. Hence the quadruple sum 
belongs to Sa2j_l, so that ZjE Sa2j. 

(iii) To prove the second part of  the theorem we claim that the Pj satisfy the 
differential equations that result from replacing (~'o . . . . .  V2M ) by (Po . . . . .  PM)- 
The ~pj satisfy (5.6), (5.8), so that ~Po ----- Po + Zo satisfies 

82 
00-"5 (Po + Zo) + �89 {(Po + Zo) -- 7o(Po + Zo) a} = O. (5.18) 

:Since Po is a constant (polynomial of  degree p) it must satisfy (taking the positive 
solution once again) 

po(s) = [7o(S)]-�89 (5.19) 

Continuing this process for higher orders one has 

j~o~j f02pj i~e~ + Lj(po . . . . .  pJ-,) + �89 ~,j-,5 j- '  + �89 Z Z Z Z y,~kp,pmpj = o. 
. -- k + l + m + n = j  

(5.20) 
Consider now the function 

M M j 
YM~-- ~ ~Jpj(s, 5) --- ~ ~J ~-~ ~Oj,k(S) 5 k (5.21) 

j=0  j=0  k=0 

so that QeYM is a double power series in ~ and 5- Equation (5.20) implies that the 
coefficient of  ~J5 k vanishes for j = 0, . . . ,  M and k = 0 . . . . .  j. Substituting 
r = t5 makes Q, YM become a double series in r and ~, i.e., 

M s~/--j 
Y M  : Y~ ~J ~a ~Oj+k,k r k .  (5.22) 

j=0  k =0 

T h e  claim then is that the sequence of  c o e f f i c i e n t s  (~3j+k,k) satisfies the system of  
equat ions described in Lemma 4.2, namely the equations obtained by writing 
Qr as a double power series in ~ and r. Recalling that this system is unique so 

-3 long  as one chooses the positive solution Z0,0 = ~' 0 , one has the equality asserted 
:in the theorem. [ ]  
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The next objective is to show that this expansion YM is a sufficiently good ap- 
proximation to g/M. 

Theorem 5.4. The inner expansion g/M, defined by (5.1) and (5.2), and the outer 
expansion YM, given by (5.21), (5.22), (5.15) satisfy the relationship 

Qr Q~YM---- 0(~ re+l) uniformly on .(2*. (5.23) 

Proof. Let R2, ~ be the remainder terms 

~M+ 1D ~k J'2,~ ~ Y~ Lk(~, o . . . . .  7~m, 0 . . . . .  O) 
k=M+l 

-- Z Z Z Z ejeJ~)lrm~)n --I- OCk--lQk--11 (5.24) 
j+l+m+n=k I I,ra,n ~_ M 

and let R2,p be defined in the same way with the Pi replacing the ~Pi in (5.24). 
One has from the definitions, 

Q~g/M = ~ t +  lR2,~ (5.25) 

Q~YM--~ ~M+IR2,p. (5.26) 

The difference between (5.25) and (5.26) is then 

Qr - Qr YM = s ~k ILg(z ~ . . . . .  z M, 0 . . . . .  O) 
k=M+l [ 

-- Z Z Z Z )'j~ -~- z,) (Pro -~- Zm) (P. + zn) -- PtPmPn]] , 
j+i+m+n=k I I,m,n ~M 

(5.27) 

since the Lk are linear in their arguments. The conclusion now follows upon 
examining the behavior for different values of Q. For ~ bounded, (5.27) is clearly 
o(~M+I); for ~ ~ ~ ,  Z~E 5t'2j implies each term is o(~M+IQ2Me--20). [] 

We now combine the two expansions we have developed. Given the estimates 
of  the previous two sections, we may utilize some results of BERGER &; FRAENKEL 
[46] with some modification of boundaries. We have the expansion 

M 
XM(x, ~) = ~a ~JZj(x) (5.28) 

j=O 

M M--j 
: ~ ~J ~, Zj~(s) r k + O(r m-j+l) (5.29) 

jffi0 k=0 
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from Section 4, and the expansion 

M j 

r~(s, e, ~) = 2] ~J 2] vj,~(s) e" 
j~O k=O 

M M-j (5.30) 

= 2] ~J Y~ Wj+k.k rk 
j = O  k = O  

near the boundary. By Theorem 5.3, one has 

X M = Y M .  

In order to construct an approximation which is uniform in O \ Oo, we first 
define the mollifier 

~ ( x ) ~  1 0 ~ t ~ t *  

~ 0  O \  O o \  D*. 

The approximate solution introduced by (4.5) is defined by 

M 

k=O 
(5.30 

~k(x, D ~= Z~ + r ~k(s, ~) -- ~ ~oka(s) QJ �9 

With these definitions one has [46]: 

a) Each function q~k(X, ~:) defined in (5.31) has the following point- 

uniformly on 0 \ 05 and 

in the sense that 
u = 0 on g$2o 

Q ~ M  = 0(~ M+1) 

t b M =  0 on ~g2o. (5.37) 

in 0(2 (5.34) 

(5.35) 

(5.36) 

The boundary conditions we are using differ from [46] in that we do not have 
homogeneous boundary conditions about the entire region of  interest. Since we have 

Theorem 5.5.  

wise bounds on 0 \ $-20 • (0, ~:o]: 
t 

I qok[ _--< ct, [ Vqo~, I ~ e~Bk(x, ~) (5.32) 

where Ck and e~ are independent of  x and ~, and 

1 
Bk(X, ~) ~-~ 1 + T (1 + ozk) e-:~ ~(x). (5.33) 

Furthermore, qD~ E C ~~ on 0 \ 0 0 • (0, to]. 
(b) The function ~M(X,~) defined by (5.31)is an approximate solution of  
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~o = 0 on ~/2o, the boundary exhibiting the transition layer, the proof can easily 
be adapted. [] 

One has in the  same way: 

Theorem 5.6. The approximate solution q)M(X, t) defined by (5.31) may be written 

1 
q)M(X, t) = g--~(~'(X) tanh ~/2 + 1 -- ~(x)} [1 + O(t)]. (5.38) 

Also, ~m is positive on /2 \ /20  • (0, to] f o r  to sufficiently small. [] 

6. The Remainder Terms in the Asymptotic Series 

The results of the preceding two sections led to a rigorous estimate for the 
asymptotic solution to our problem. We have been considering positive solutions 
in the region s \ /20.  The results are equally valid for negative solutions in the 
region /20. The iteration then begins with the choice Xo = --I/g in (4.13). We 
now pursue an analysis of the higher order, or remainder, terms in the asymptotic 
analysis. At this stage we need homogeneous boundary conditions on the entire 
boundary under consideration. For the purposes of this section we may apply 
our analysis to any of  the following situations: 

(a) Consider the liquid regiofi (9 < 0)/20, so that ~0 = 0 on 0/20; 
(b) Consider the solid region as in the previous sections but define a liquid 

region sufficiently far from the interface of interest. That is, a region, say Q~, 
encloses /2 such that 

d(x,y) > C if xE/2) ,  Y E R N \ / 2 1 .  (6.1) 

The region R N \  /21 is defined to be liquid so that ~ = 0 on 0/21 and 9 -- 0 
on 0/20. 

(c) Consider a solid region/2o surrounded by liquid in /2 \ /2o.  This situation 
and (a) are identical except for sign. 

Note that this idea of  defining a liquid sufficiently far from the interface of 
interest [as in (b)] is a technical convenience which cannot change the physical 
situation significantly except at a critical point. For a critical point, however, 
the phase field equation itself may not provide a sufficiently good description 
of the physics. 

In the context of these remarks, we consider the problem for the remainder 

~m(x, t) = ~(x, ~) -- ~m(x, t) (6.2) 

which is given by 

t 2 A(o m + �89 (I -- 3gZq~) = --t~vt+'fm + �89 g2(3~m~2 + q3~) in /20 
(6.3) 

q~u = 0 on 0/20 

where Qe~m=~ ~m+IfM(x, t) and fm is a smooth function which is bounded 
independently of t (Theorem 5.5). 
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The problem (6.3) may be reformulated as an operator equation. We define 
the Sobolev space W~ as the space of all real-valued functionsf(x) such that 
f a n d  all of  its generalized derivatives of  order k or less are square integrable over 
$2 o and vanish on 0Y20 in the generalized sense. The norm of f E  W~z is 

r[f]l~,.2 ~ ~ I D~fl z (6.4) 
lal~k 

where D~fis any generalized derivative of  order k. The inner product of  two func- 
tions f ,  g ~ I41~ is defined by 

(fi, g) ~_ f 7 f .  Vg. (6.5) 
t~o 

The Sobolev spaces 141~ are defined analogously, with the norms ]l'llk,~. 
A generalized solution of  (6,3) is defined as a function (0 E W~2(Oo) such 

that 

-~((~, 0 + f �89 (1 - 3eZra) (}v = - # + '  ffM(o + f �89 g~(3o~ + C) v (6.6) 
t2o Do Do 

for all test functions v E W~ The integral identity (6.6) has been used by 
Br~RG~R & FRAENKEL [46] to define an operator equation. 

We list the basic results for this operator equation and refer to [46] for the 
proofs. For ~, v 6 W~ set 

(LM,r v) ~ .f �89 (3gZ~Zm -- 1) ~v, (6.7) 
Do 

(FM, v) ~ f f ~ v ,  (6.8) 
Do 

(NM,r v) =- --�89 f g2(3qSM(}z § ~3) V. (6.9) 
Do 

The operators L~,r and N~,f are mappings of  W~ into itself and F M E W~ 
(by the Sobolev and H61der inequalities). Also, define the operator 

.L~'~,~ = ~2q~ + L~t,~. (6.10) 

One then has as a consequence of  Poincar6's inequality and the Lax-Milgram 
lemma [46, 51 ]: 

Theoerm 6.1, (a) The generalized solutions of(6.3) are in one-to-one correspondence 
with the solutions of  the operator equation 

~z~ § L~,r ~- ~M+~F M + NM, W. (6.11) 

(b) There are positive numbers ~(M) and Co(M) such that, for any (} E WI,2 and for 
0 < ~:< ~:o 

~%,,d@, @) -- f {82(v,~) ~ + �89 (3g2{bM - -  1) (}2} 
Do (6.12) 

Oo 
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--I  (e) The operator .LP M,r has a bounded linear inverse .o~e M, ~ which maps W~ into 
itself and satisfies the inequality 

' l - ~ l l  < ~2~1~ (6.13) 

for all ~1 E Wl~ and ~ E (0, to]. [ ]  

As a consequence of the proof of Theorem 6.1(b) one has 

(-oq'M,r ~/) => #2 f r/2 ~ E (0, 8o] (6.14) 

for all r/E W1~ One may then define the open sphere in C(~o): 

Se~) ~ [W lsup Iwl < ~21 sup 6g2~M/ (6.15) 
Do ~o J 

We may then utilize the two theorems proved in Section 4 of [46]. 

Theorem 6.2. Given any integer M and any ~ E (0, ~(M)) where ~(M) is sufficiently 
small, the equation (6.3) has a solution (OM(X, ~) (in the pointwise sense). This solution 
satisfies the bound 

sup  I~MI - -  o ( ~ M + b  (6.16) 
-qo 

and is the unique solution of  (6.3) in the sphere 5r 

Theorem 6.3. Given a positive integer M E (0 . . . . .  M.} 
for some ~.(M,) ,  the function 

and ~ E (0, ~,(M,))  

(6.17) 

is a solution of (4.2) with homogeneous boundary conditions [see remarks (a)-(c) 
at the beginning of this Section], is independent of M and is positive in Oo. [ ]  

Note that the solution constructed in this way is the unique solution of (4.2) 
such that 

[1~0 - ~MI! = O(~M+I) .  (6.18) 

We summarize the physical aspects of the conclusions. Given a boundary 
separating the liquid and solid phases of a material in equilibrium, we have ana- 
lyzed it under the following technical assumptions. First, we have assumed that the 
boundary is fixed as ~ approaches zero. The physical interpretation of this is given 
at the beginning of Section 4. Second, we supposed that the solid is ultimately sur- 
rounded by liquid (or vice-versa). This is a technical restriction to ensure homo- 
geneous boundary conditions (as discussed in the beginning of this section), which 
should not have a significant effect on the physical situation. These two restrictions 
are currently needed at this stage but are probably not intrinsic to the underlying 
physics. I conjecture that if one considers a free boundary in the mathematical 
sense and allows more general boundary conditions, further mathematical analysis 
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will show that the asymptotic solution will be of  the same form, with a hyper- 
bolic tangent term leading the series. 

The assumption of  equilibrium is more significant as a physical restriction. 
An asymptotic analysis of  non-equilibrium situations would involve the parabolic 
equations (1.14) and (1.15) and would depend on the velocity of the interface as 
well as ~ and ~'. 

7. Surface Tension and the Gibbs-Thompson Relation 

We consider now one of  the physically most interesting questions about this 
model; namely the relation between the temperature at the interface, the curvature 
of interface and the surface tension. We prove that within the context of our model 
and assumptions, the Gibbs-Thompson relation (1.8) is a necessary condition for 
the existence of an appropriate solution. 

For simplicity, consider a solid region s (q~ < 0) surrounded by a liquid 
region ,(2 \ -Oo (q0 > 0), the situation is similar for any other topology since the 
analysis is essentially local. We continue to assume that 0g2 o and 0g2 are C ~176 
Let q0E C2(g2) be a function which satisfies (1.10), (1.13) and (6.18) for M = 0, 
and let 2u(x, 2) ~--- 2u(x) be a C2($2) function. The function u is determined com- 
pletely by the boundary conditions as discussed in Section 3. The results of the 
present section are not restricted to N =< 3 provided there exists function 9o E 
C2(12) which satisfies (6.18) at least for M = 0. With some technical modifica- 
tions the proof may be extended to weak solutions ~0. 

Consider the region ~ ~ (x E $2 [ d(x, ~Qo) < a} for some number a for 
which the normals do not intersect. A coordinate system (s, r) may be defined in 
any neighborhood of  a point on 8-00 by extending the transformation (4.8) to 
negative values of  r. 

Recalling from Section 5 that 

~o ~ tanh 6>/2 0 ~ r/2 (7.1) 
solves 

2 d2Oo 
~ + �89 (~o -- ~ )  -~ 0, (7.2) 

we subtract this from the full equation 

22 39o + �89 (q0 -- ~03) + 2fi = 0. (7.3) 

Use of  (4.11) shows that the remainder ~l(x, 2) [see (6.2)] is 

d~o 22A~, + �89 [~l -- 3~b2~, -- 3t0o~ 2 -- ~ ]  + 2b~t--~-- + ~fi = 02(2) (7.4) 

in the region ~ .  
To proceed further, we need stronger bounds on derivatives of ~1. We define 

the H61der norm I['JI2.~ and the associated space C2'~(~) as in (3.8) except that 
we use the Euclidean metric in place of  (3.3). 
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Lemma 7.1. I f  9t  E C 2 is a solution of(7.4) in ~2 (a > $) with u bounded inde- 
pendently of  $ and satisfies (6.18) for M = O, then 

11~1112,~ ~ C/t ,  (7.5) 

~ ' [  < c 
m 

(7.6) 

for  a constant C which is independent of  $. 

Proof. From (6.18) and explicit differentiation of q~o one has the bounds: 

1~11 < Ct$, (7.7) 

[d~o 
=< C2. (7.8) 

One then has from (7.4), (7.7), (7.8) and the bound on fi: 

~t u b~r d~0 + O($) = $_i 
A~=-- �89  --- $ $ d~ h l ( ~ l t ;  r , s )  (7.9) 

where ht is bounded by a constant C3 independently of $. Now applying regu- 
larity theorems for elliptic equations (in particular Theorems 6.15 and 8.24 of 
[43]), one has the bound (7.5). Hence 

[0 
2~1 

7 ~ C$. (7.10) 

If one considers the function 9t/$, inequalities (7.7) and (7.10) imply that this 
function and its second derivative are bounded. Hence the first derivative is bounded 
(as a function of e), So (7.6) follows. [ ]  

Next, we wish to show that the significant part of $2 A~ 1 to the appropriate 
order is, in some sense, just ~2r Let s be any domain contained in ~ and 
let #6 denote d#o/de. Then by Green's second identity 

f #gA(o,dx= f(o,Ar f ~,'~'o--g'~-~ --~, O~,] as (7.11) 
.0" ~' 0.0" 

where �9 is the (outward) normal to the surface and ds is the surface element of 
integration. Using the bounds of Lemma 7.1 along with (7.8), one may bound the 
surface term by a constant (independent of $), yielding the estimate 

d2~o 
$2af #6 A ~ldx=$ 2 f ~ot A ~  dx + 0($ 2) = f (oa-~e2 dx + 0($2). (7.12) 

The function q~ satisfies the differential equation 

d2#~ 
+ �89 [1 -- 3~o 2] ~ = 0. (7.13) 
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Hence, if we multiply the equation 

L,~, ~ ~2 A~, + �89 [1 -- 3q~o 21 ~, = --~{fi + bNq~} + 0(~ 2) 

by q~o and integrate over Q', we obtain, upon using (7.12) and (7.13) the equation 

f h+o dx = --2 f bN@~) 2 dx + O(~2). (7.14) 
D' .O" 

In order to use (7.14) to determine K on 0-Qo we choose .Q' to be a small sphere 
centered about a point x E 0Do: 

D' =- (y E $2 ] d(x, y) < ~P} (7.15) 

where p : 0 < p < 1 is arbitrary. Using the mean value theorem for ~ and bN, 
one has 

f @g)2 dx 

eft(x) = ~bN(x) ~" + O(~P+I). (7.16) 
f q~,dx 

.Q" 

Noting that 

I q~(r = F/2) I ~ C~-Pe -~"-~ , (7.17) 

and that bN is the sum of the principal curvatures [52], we have proved the Gibbs- 
Thompson relation [see (1.8)]: 

Theorem 7.2. I f  (u, qp) is a solution of (1.10)-(1.13) satisfying the hypotheses stated 
in the beginning of  this section and those of Lemma 7.1, then u(x) satisfies the Gibbs- 
Thompson relation 

u(x) - ~o~ 4 + o(~) x E 0g2o (7.18) 

where u is the sum of the principal curvatures Ul 4- ... + uN, and the constant ao 
is defined by 

0,0 = ~2 ; ~d~~ 2 ~-~r] dr = ] ~. (7.19) 
- - O 0  

[] 

It remains to prove that this constant ao (which we have defined above) is 
equal to the surface tension as determined by the original free energy F, defined 
by (1.9). Also, we must show that the entropy density difference between solid 
and liquid is indeed 4. Using our bounds on 9~ and ~ ,  we can establish this 
rigorously. 

We define the potential 

if@) -~ ~ (~02 -- 1) 2 (7.20) 

in agreement with the potential in the free energy F.(9~ } in (1.9). The funetion q)o 
satisfies the differential equation 

~2 ~_d2t~o (~,(t~o) = 0 (7.21) 
dr 2 
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with boundary conditions 

~o(r = + a )  = +1%-  O(e-"/r (7.22) 

Multiplying (7.21) by d#o/dr and integrating the resulting exact differential im- 
plies 

v [d q2 
-2- ~-'~-r ] = ff(qS~ + C + (Oe-"/*). (7.23) 

The constant C is seen to be O(e -"1~) by considering r = a. 
The surface tension a is generally defined [17]-[19] in terms of the difference 

between the free energy of the system with an interface of cross-sectional area A 
and an average of  the homogeneous free energies, i.e., 

F,(qo} -- �89 Fu{9o = %- 1} -- �89 Fu{cp = -- 1} 
a ~ (7.24) 

A 

a s  

In the domain ~ ,  i.e., within a of ~f2o, one may write the free energy F~{#o} 

Fu{#o} = A -a f at" k--~rl %- ~(~o) %- 2U#o + O(e -ale) 

_ {dq~~ 2 2U#o} %- O ( e  -"1~) = A ,,/dr {~2 t__~_r] %- 

(7.25) 

using (7.23). Also, with the assumption that 2u = ~fi(x) [in fact it suffices to 
assume [Vu[=<c~ p, p <  1] one has 

Also, one has 

(d#o~ 2 
F,{q~o} = A - o o  ? dr ~2 \--~r ] + 0(~2)" (7.26) 

�89 F,(~o = +1} %- 1-Fu{ 9 = --1} ---- 0 (7.27) 

for any f#(9) such that f # ( + l ) =  f#(--1). 
Hence, one has 

Fu(~o} -- { Fu{cP = %- 1} -- �89 Fu(~o = -- 1} = ~2 ? (d~)o~ 2 
A a \'--tiT"r] dr %- O(~2). (7.28) 

- - O O  

In order to assert the equality of  expressions (7.24) and (7.28) to O(~ 2) we appeal 
to the bounds established in Lemma 7.1 and the arguments leading to Theorem 7.2. 
With these we have the result: 

Theorem 7.3. Under the hypotheses of  Theorem 7.2 the surface tension a [defined 
by (7.24)] satisfies 

f (d q2 a = Oo + O(~ 2) = ~ \--~--] d 0 + O(~ 2) = ~ ~ + O(~2). (7.29) 
- - o a  

[] 
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Finally, we need to verify that the entropy densities of  the solid and the liquid 
differ by 4. Using the thermodynamic identity 

~F~ 
(q~} = --s  (7.30) 

one has from the definition (1.9) of  F,{~} 

0Fu ~F. .  
As = -- e----~- {q~ = -+-1} + --~-u {q~ = --1} ~= 4xVolume .  (7.31) 

Hence the constants in Theorem 7.2 are the correct physical quantities for our 
model. 
Remarks.  (1) A well known concept in solidification [17] is the notion of a critical 
radius R*, defined as the radius of  a solid sphere which is in equilibrium with its 
melt at a fixed temperature u. For  three dimensions this is given by (7.18) as 

o" o 
R* = -- - -  (7.32) 

2 u "  

This equilibrium is, of course, an unstable one since a slight increase in tempera- 
ture would mean that the elliptic equation (1.10) would not be satisfied. Instead, 
the parabolic equation (1,14) would imply a negative qJt, i.e. melting. The coupled 
equation (1.15) then suggests that ut is positive (the rate of  increase depending 
on the magnitude of  the diffusivity K), i.e., temperature increases causing further 
melting. This cycle persists until the entire solid has melted. 

The reverse procedure, i.e., a slight drop in temperature (under conditions of  
spherical symmetry and initially critical radius), lead to complete solidification 
in the same manner. 

(2) Theorems 7.2 and 7.3 may be interpreted as the following statement in 
equilibrium statistical mechanics: given a system which obeys the physics of  a 
Landau-Ginzburg model of  a phase transition, then any reasonable solution (the 
precise conditions are stated at the beginning of  this section) will satisfy the Gibbs- 
Thompson relation. 

(3) We have been considering u ----- O(~) throughout this section. This provides 
the correct scaling for a curvature ~ which is bounded independently of  ~. This is 
implicit in our assumptions since Y2o is fixed. If  we were to let ~ increase as ~-1 
and let u = O(1) then formally we would expect a relation similar to (7.18), 
except that u would now be varying too rapidly to allow appropriate use of  the 
mean value theorem as in (7.16). Formally, the Gibbs-Thompson relation may be 
generalized as follows. We define the measure 

Then 
d~,r = d(~/2). (7.33) 

.f  u(x) d~(x)e = ~o~ a '  - -  A---~- + O(~) (7.34) 

should be the correct generalization for /2 '  a sufficiently small domain containing x. 
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(4) For the time dependent equations (1.14)-(1.17), the Gibbs-Thompson 
relation (7.18) would remain valid if the terms ut and ~0 t are sufficiently small, e.g., 
O(~2). I f  these terms are O(1), for example, then one expects dynamical terms which 
dominate the surface tension effect. 

8. Variational Methods for Phase Field Equations 

In this section, we apply variational methods to the (equilibrium) phase field 
equations 

~2 A~o-k �89 [~ -- g2(x) q~3] -k ~ ( x )  --- O xE f2 o (8.1) 

q0 -~ 0 on 0Qo. 

The primary objective is to obtain results for values of ~ which are not necessarily 
very small. In addition, we may relax the restrictions on g(x) and ~f2o (previously 
required to be C ~176 to C~ (o~ 3> 0) and C 2'~ (7 > 0), respectively. The re- 
striction N =~ 3 may also be eliminiated [see Remark 8.3]. 

These results are simple generalizations of [46]. 
We define the analog of the free energy (1.9): 

g2 

Suppose ~0 is a critical point of the functional ~(~0) over the class W~,2(Do). The 
Euler-Lagrange equation for (8.2) is (8.1), so that p is at least a generalized solu- 
tion to (8.1). The elliptic regularity theory then implies that ~0 is a pointwise solu- 
tion (see Chapter 8 of [43]). One has the supremum bound: 

Lemma8.1. I f  cp satisfies (8.1), 

1 
l~0(x) I < s u p - -  + ~C(g) sup I ~(x) l. 

= ao gfx) no 
(8.3) 

Proof. Suppose Xo E $2o is a positive local maximum. Then A~o(Xo) <= 0 so that 
(8.1) implies 

~0 -- ge(xo) 993 q- 8~(Xo) :> 0. (8.4) 
Hence 

~[1 -- g2(x) q~z] ~ _ 8  supfi(x). (8.5) 
19o 

For sufficiently small ~, then, the upper bound part of (8.3) follows. The lower 
bound is obtained in a similar way. [ ]  

Next, we show that a critical point of (8.2) is in fact attained. 

Theorem 8.2. Let Co ~ inf ~'(~0), and let 4o denote the smallest eigenvalue of  the 
Laplacian on ~2o subject to homogeneous boundary conditions. Then I C o l <  oo 
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and Co determines a critical value of the functional ~(qg). Furthermore, there is a 
function ~o~ E W~ such that ~(q~o) = Co. I f  u ~ 0 then ~o~ ~ O. 

Proof. We first show that Co ~> -- co. By Lemma 8.1 

1~01 < c'(g) 

for some C' depending only on g; hence 

~'(0 ~ => -- f (O ~ -- z 6  ,r j = a  ,-,2,~4t > --Vol (,(20) [C'(g)] z. (8.6) 
-Oo 

Next we show the existence of a function q0~ W~ such that :-(~o) = Co. 
Since Co ;> -- co, there is a sequence qJ(") E W1~ such that o~(qJ (n)) approaches 
Co as n--> co. Hence, for sufficiently large n, 

Hence 
~(q~(")) ~ Co -I- 1. (8.7) 

r f [v~p(.qz < Co + 1 + f {1 [~(.~]z _ �88 g2[fp(n)]4 __ 2~zffq~(n)} 

~o ~o (8.8) 

:< Co + I + C' Vol (Oo). 

Inequality (8.8) then allows us to use the analysis of [46]. In particular one has the 
following. 

(i) By (8.8) t[~(n)l!m ~ C, in which C is independent of n. Since W~ is a 
Hilbert-space, (q~(")} has a weakly convergent subsequence. Denoting this subse- 
quence by q~(') also, we call its weak limit c~. 

(ii) Since qS n) converges weakly to ~ in W ~ 1.2, one has [51] 

f (7f~) 2 ~ lim inf f ( V ~ ( n ) )  2 . (8.9) 
-Qo n --> co g2o 

(iii) Noting that :tq~ (")} converges strongly in Lj(-Oo), L2(-Qo) and L4(s for 
N ~  3 one has 

f (~2- [q)(n)]2 __ �88 g2[q)(.)]4 __ 2~eff~o(n)} __> f (�89 ~2 __ :�88 g2~4 __ 2~z~--~. (8.10)  
�9 -Oo D o  

Thus (ii) and (iii) imply 

~'(~) ~ linm_+inf "~(~o(n) ) ~ C. (8 .10  

Since inf :'(~0) ~ Co one has ~ ( ~  = Co. 
One can show by explicit computation that the first variation vanishes at ~, 

i.e., 

~(~ + tv )  - ~'(~) 
6~-(~) ~ lim : 0 (8.12) 

t-+0 t 

for all v E W~ 
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Finally, we show that if fi >= 0 then ~po >= 0. I f  q)(") E W~ then l~ocn ) [ 
E W1~ Also, 

~ '(I  q)(") l) =< o~(cp(")). (8.13) 

Hence we can choose {[ ~0 (") [} as the minimizing sequence. By Rellich's lemma and 
the completeness of  L2, one then has I~(n) l ---~ ~ in Lz. The function ~ is nonnega- 
tive almost everywhere. By redefining on a set of  measure zero one then has the 
desired result. [ ]  

Remark 8.3. By using an appropriate truncation of  u -- 82u3 the results of  this 
section may be extended to N ~ 4. 
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