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FIRST SYMPOSIUM 

Conditional Assertion and Restricted 
Quantification* 

NUEL D. BELNAP, JR. 
UNIVERSITY OF PIITSBURGH 

Commentators: W. V. QuINE HARVARD UNIVERSITY 

J. MICHAEL DUNN UNIVERSITY OF INDIANA 

?1. Introduction. My aim is to use the techniques of 
formal semantics to investigate a certain reading of the condi- 
tional; in the absence of standard terminology, I shall call it "con- 
ditional assertion." Quine [6], who credits the idea to Rhinelander, 
gives the following account: 

An affirmation of the form 'if p then q' is commonly felt less as 
an affirmation of a conditional than as a conditional affirmation of 
the consequent. If, after we have made such an affirmation, the 
antecedent turns out true, then we consider ourselves committed 
to the consequent, and are ready to acknowledge error if it proves 
false. If on the other hand the antecedent turns out to have been 
false, our conditional affirmation is as if it had never been made. 

It seems to me the idea has not been taken with the high serious- 
ness it might deserve; I should like to try to do so. A by-product 
will be an analysis of restricted quantification which seems to do 
justice to both Aristotle and Frege-Peirce-Russell. 

* This is a short version of a long paper. Thanks are due to Storrs 
McCall for early help and to Joseph Camp and Richard Gale for late. I should 
also like to acknowledge the assistance of the System Development Corpora- 
tion, which supported some earlier work on which this research is based. 

I 
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?2. Conditional assertion. Affirmation or assertion is a 
human act, hence a concept of pragmatics. It is my belief, however, 
that although the fullest articulation of the Quine-Rhinelander idea 
of conditional assertion doubtless requires a pragmatic theory in- 
volving not only affirmation but also commitment, acknowledge- 
ment of error, and the like, we can nevertheless use the suggestion 
as a guide to an understanding which stops at the semantic level. 
I shall therefore take as my aim the provision of an interesting and 
revealing formal semantics for a language involving forms of speech 
which can be used to make conditional assertions. 

In moving from the pragmatic to the semantic level, I shall 
have to depragmatize the key notion of assertion itself, proposing 
an only semantic, and for this reason truncated, version of the con- 
cept. I wish therefore to speak of sentences asserting instead of 
people asserting. But what is it that sentences are to be taken as 
asserting? For the moment I shall leave that question unanswered, 
so that at this point the proposal has as its total force the selection 
of a semantic primitive having the linguistic form, "what A asserts," 
where A is a sentence. In addition I shall need the semantic concepts 
of truth and falsity as carried by the forms, "A is true" and "A is 
false," for these concepts are used in Quine's account of the Rhine- 
lander conditional: whether or not the conditional asserts anything 
depends on whether or not its antecedent is true or false. A fourth 
concept is also required, one matching the part of the description 
which says that when the antecedent is false, "our conditional 
affirmation is as if it had never been made." In these circumstances 
we do not want the function, "what A asserts," defined at all for 
the conditional, for if the conditional asserted something according 
to semantics, we could not on the pragmatic level treat its utterance 
as if it had never happened. The fourth concept is therefore intro- 
duced to tell us when a sentence asserts something; when, that is, 
the locution "what A asserts" is defined for it, and when instead 
it does not assert anything, so that "what A asserts" is undefined. I 
shall carry this fourth concept in the artificial locution, "A is asser- 
tive." To say that a sentence, A, is assertive is to say that A asserts 
something, and to say that A is nonassertive is to say that A asserts 
nothing. (It is not to say that A is "meaningless" in any sensible 
sense; to say so would be a bad joke, for certainly it continues to 
have determinate semantic relations, etc.) 

, 

One more detail: I shall use the notation (A/B) for that con- 
ditional assertion which is the assertion of B on the condition A. 



CONDITIONAL ASSERTION AND RESTRICTEfD QUANTIFICATION 3 

(A/B) is to be read as "if A then B," but with the particular under- 
standing of Quine-Rhinelander kept firmly in mind. 

So we have four notions and a piece of notation: (i) A is 
true; (ii) A is false; (iii) A is assertive; (iv) what A asserts; (v) 
(A/B). Given these, the following is a pretty fair first semantic 
version of Quine's account of the Rhinelander conditional: 

(1) If A is true, then what (A/B) asserts is what B 
asserts. If A is false, then (A/B) is nonassertive. 

This first try would need repair were we to allow a conditional 
assertion to occur within the scope of another, but although having 
a look at that situation seems to me an essential part of the larger 
enterprise, for immediate purposes I keep things simple by dis- 
allowing such nesting. But even so, (1) will not do for a language 
containing, as ours will, sentence variables. As we have known since 
Tarski, semantic truth for such a language is relative to an inter- 
pretation, so that I should not say boldly, as in (1), that A is true, 
but more modestly that A is true on a certain interpretation. Instead 
of interpretations, however, I shall follow the current fashion by 
speaking of possible worlds, saying that sentence A is true in 
possible world w. Similarly we shall want "A is false in w," "A is 
assertive in w," and-somewhat surprisingly, but for good and 
sufficient reason arising out of a consideration of connectives other 
than conditional assertion- "what A asserts in w." 

We are therefore led to a version of the semantics of (A/B), 
obtained from (1) merely by adding the relativizing phrase "in w" 
at every possible place. But before displaying it, I make two purely 
technical maneuvers. First I introduce some hen scratches which, 
aside from their slight convenience, serve to emphasize the funda- 
mental notions of the semantic apparatus. Let A be a sentence and 
let w be a possible world. 

(2) A is truew for: A is true in w. 
A is falsew for: A is false in w. 
A is assertive, for: A is assertive in w. 
Aw for: what A asserts in w. 

Second, with an eye to further applications, I divide into two parts 
the question of providing on the basis of (2) a semantics for a 
new sentential form: Part 1 is to tell us exactly when the form 
is assertive, and Part 2 is to tell us, under the condition that the 
form is assertive, exactly what it asserts. Thus: 
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(3) Part 1. (A/B) is assertive, just in case A is 
true,. Part 2. Provided (A/B) is assertive,: (A/B)w = Bw. 

In giving the semantics for various linguistic forms I shall always 
use the Part 1-Part 2 schema, except that I will systematically 
suppress the "provided" clause in Part 2; the reader should supply it. 

?3. Propositions. In order to proceed to an account of the 
other logical functors, I need to go back and pick up the question of 
what it is that A asserts in w. There seem to be two altematives: 
truth-values and propositions. The former alternative has in effect 
been explored by Jeffrey [4] by way of a truth-tabular analysis of 
the Quine-Rhinelander conditional. I believe it does not yield a 
structure rich enough to do justice to the underlying idea of condi- 
tional assertation. My plan-the essence of the present proposal- 
is to take the other path: I shall speak of sentences as asserting 
propositions, so that (A/B), = B, in (3) does not boringly mean 
an identity of truth-values but an identity of propositional content. 
Among the many alternative possible reifications of propositions, 
I select one which is not satisfactory (see [3]) but it is simple 
enough to let me get on with the main job. 

Think of the expressions of the language we are describing 
as being constructed from a base level called the atomic sentences. 
I identify a possible world w with a mapping of the atomic sen- 
tences into truth-values: w(A) e {T, F} for atomic A. Then I am 
going to reify a proposition as a set of worlds: any subset p of the 
set of worlds is a proposition. It seems to me that this is just about 
as classical and extensional an account as one could ask for. It is 
of course artificial, but it will be seen to do the work required. And 
what is required? As I see it, what is needed for present purposes 
from a theory of propositions are the concepts defined below. Let 
p and q be propositions, and w a world: 

(4) p is true in w if and only if we p. 
p is false in w if and only if w l p. 
p & q-the propositional conjunction of p and q-- 

is defined as p n q-the intersection of p and q. Also the 
generalization to a set of propositions of arbitrary cardinality. 

p v q-the propositional disjunction of p and q-is 
defined as p U q-the union of p and q. Also its generaliza- 
tion. 
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,p-the propositional negation of p-is defined as 
-p-the complement of p with respect to the set of all worlds. 

p implies q (i.e., p logically implies q) if and only 
if p 5 q. 

One can use propositional truth and falsity to give a global (non- 
inductive) account of sentential truth and falsity. 

(5) Provided (the sentence) is assertive,: A is true, 
just in case (the proposition) A, is true in w, and A is false, 
just in case A, is false in w. 

That is, to find out whether or not a sentence is true in a world w, 
first find out what proposition it asserts in w, and then determine 
whether or not that proposition is true in w. 

This provides enough machinery to state what amounts to 
the base clause of the semantics for conditional assertion. 

(6) Let A be an atomic sentence. Part 1. A is assert- 
ive, for all w. Part 2. A, is the set of all w' such that 
w'(A) =T. 

Note that for atomic A, neither Aw, nor whether A is assertivew, 
depends on w, so that atomic sentences are categorical in the sense 
that they are always assertive and always assert the same thing. 

?4. Other Functors. It is now appropriate to introduce the 
semantics for negation, conjunction, disjunction, and the quanti- 
fiers. 

(7) Part 1. ..A is assertivew just in case A is assert- 
ive,. Part 2. ( , A)w = (Aw). 

In (7) the use of the sign - is of course ambiguous: it is a senten- 
tial connective in front of A, and a propositional operator when 
applied to A,. The same harmless ambiguity will be employed in 
the case of other connective-operator pairs. 

(8) Part 1. (Al &... &A,,) is assertive, just in case 
at least one A4 is assertive,. Part 2. (Al&... & A,),- 
(Ail)w & . . & (Aim)w, where Ai1, . , Aim is a complete list of 
all the A, which are assertive,. 

(9) Part 1. (Alv. .. vA,,) is assertivew just in case 
at least one A, is assertivew. Part 2. (Ai v... v A)w= 
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(Ai1 ), v ... v (Aim ) , where Ai1, . . , Aim is a complete list 
of all the Ai which are assertive,. 

(10) Part 1. VxAx and 3 xAx are assertive, just in 
case for some term t, At is assertive,. Part 2. (VxAx), 
[( 3 xAx)w] is the (possibly infinite) conjunction [disjunc- 
tion] of the set of all propositions (At)w such that At is 
assertivew. 

Semantics for the quantifiers are here based on a "substitu- 
tion interpretation" only because of the simplicity with which it can 
be explained. I am aware of its limited applicability; and in any 
event it has no intrinsic connection with conditional assertion. 
Domain-and-values semantics can also be supplied. 

Space precludes motivating considerations for, discussion of 
alternatives to, or further development of (7)-(9). Also omitted 
is an account of the various logical relationships definable on the 
basis of these semantics. Instead we proceed to the development 
of the interaction between conditional assertion and quantification. 

?5. Restricted quantification. One of the central ideas of 
modern logic is to take the Aristotelian A-form sentence not as 
primitive, but as analyzable into quite independent logical com- 
ponents: universal quantification and the conditional. Thus, "All 
crows are black" is rendered as "For each thing, if it is a crow, then 
it is black." Even when we hold firmly to this rendering, however, 
it is plain that different readings of the conditional, "if-then," or 
different readings of the quantifier, "for each thing," will give 
different accounts of "All crows are black." I now ask: what happens 
to "All crows are black" when the "if-then" is interpreted as condi- 
tional assertion as in (3) and the universal quantifier is read as in 
(10). (Please ignore the implausibility of the substitution interpre- 
tation for this example.) The formal aspect can be given as follows, 
where here and below I will be using the fact that Ct (t is a crow) 
and Bt (t is black) are categorical sentences, always assertive and 
always asserting the same proposition. 

(11) Part 1. Vx( Cx/Bx) is assertive, just in case 
3 xCx is true,. Part 2. (Vx(Cx/Bx)), is the conjunction 
of all the propositions (Bt), such that Ct is truew. 

That is, "All crows are black," on analysis in terms of universal 
quantification and conditional assertion, has the effect (when as- 
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sertive) of asserting the indefinitely large conjunction of all the 
propositions, that t is black, where t names a crow. Suppose that 
just tl, t2 and t3 name crows. Then Vx(Cx/Bx) asserts exactly 
what is asserted by Btl & Bt2 & Bt3. Note that this sentence asserts 
nothing whatever about what is or is not a crow; it just asserts that 
the three entities named by tl, t2, and t3 are black. It therefore has 
exactly the same effect as vxBx when the domain is restricted to 
crows. That is, if the domain of quantification is made to be the 
set of crows, then vx(Cx/Bx) amounts exactly to restricted quanti- 
fication, that is, the assertion of VxBx with the domain restricted 
to crows. 

Almost everyone, I suppose, has considered from time to 
time that "All crows are black" might profitably be read in this 
way, as saying not that being a crow implies being black, but 
rather something more like "Consider the crows: each one is 
black." (I despair of finding an altogether unambiguous English 
rendering.) What we have shown is that when the if-then of "if 
it's a crow then it's black" is taken as conditional assertion, one 
obtains this outcome from combining the conditional with universal 
quantification in exactly the way which is standard in modem 
logic since Frege and Peirce. It is important for the interest of this 
result that our analyses of the conditional and of universal quantffi- 
cation are independent of each other, both in fact and in spirit. Nor 
was either one cooked up with restricted quantification in mind: 
conditional assertion was based squarely on previous work on con- 
ditional questions (see [1], where Rescher's and Sosa's work on 
conditional imperatives is cited), while universal quantification was 
a straightforward generalization of conjunction. 

Having unexpectedly obtained restricted universal quantifica- 
tion by artless combination, one wonders about restricted existential 
quantification. The standard reading of "Some crows are black" is 
of course given by 3 x (Cx & Bx), "Something is such that both it is 
a crow and it is black," and of course that is not the existential 
quantification of Bx restricted to crows. After puzzling for a while, 
one eventually remembers how hard it is to teach freshmen not to 
render 'Some crows are black" by "i3 x (if Cx then Bx)." Then, 
thinking of these foolish freshmen, feeling foolish oneself, and 
hoping no one is looking, one finally writes down 3 x(Cx/Bx) as 
a possible reading of "Some crows are black." And Aristotle be 
Russell if it doesn't turn out that this amounts exactly to that read- 
ing of the Aristotelian I-form which makes "Some crows are black" 
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amount to "Consider the crows: some of them are black." Formally: 

(12) Part 1. 3 x(Cx/Bx) is assertive, just in case 
3 xCx is true,. Part 2. ( 3 x ( Cx/Bx) ) is the disjunction 
of all the propositions (Bt), such that Ct is true,. 

So 3 x(Cx/Bx) asserts exactly what is asserted by 3 xBx when the 
domain is restricted to crows. If, for example, t1, t2, and t3 name all 
the crows, then 3 x(Cx/Bx) asserts what is asserted by Bt1 v 
Bt2vBt3. 

It goes without saying that Vx(Cx/! Bx) turns out to be 
the appropriate rendering of the E-form "No crows are black," and 
that 3 x(Cx/!Bx) answers to the 0-form "Some crows are not 
black," when each of these is taken as a restricted quantification. 
Furthermore, semantic relations between these forms turn out, as if 
by magic, to constitute what is pretty much a good old fashioned 
square of oppositionl And it is to be observed that in each case the 
semantic relation is as strong as possible, implying not only equi- 
assertiveness but also that when both are assertive, the propositions 
involved bear the appropriate relation (implication, contradiction, 
sub,contrariety) to each other. These relations are far stronger and 
more interesting than their weak cousins, such as those employed 
by Strawson [5], p. 175, which talk only of never-A-true-with-B- 
false or the like. 

Obversion also constitutes a strong equivalence, but other 
immediate inferences do not fare so well. Take conversion of the 
I-form. The best we can say about the pair "Some crows are black" 
and "Some black things are crows," i.e., the pair 3 x(Cx/Bx) and 
3 x(Bx/Cx), is that they are equitrue, which is to say that although 
their propositional contents are unrelated, still truth is preserved in 
passing from one to the other. But "Some unicorns are animals" is 
nonassertive while "Some animals are unicorns" is just plain false. 
Or to take another example, "Some of John's children are asleep" 
is nonassertive if John has no children, while "Some sleepers are 
children of John's" is under the same condition false. To my ear, 
this partial failure of conversion rings true. 

Let's now have a look at a syllogism, say sweet Barbara: 

Major: Vx( Cx/Bx) (All crows are black.) 
Minor: Vx(Ax/Cx) (All of Alan's birds are crows.) 

Conclusion: Vx(Ax/Bx) (All of Alan's birds are black.) 

Does Barbara hold or not? Do her premisses imply her conclu- 



CONDITIONAL ASSERTION AND RESTRICTED QUANTIFICATION 9 

sion? In comparison to the richness of our semantic concepts, these 
questions are too poor; in particular, her premisses do not enter 
into Barbara symmetrically, for as it turns out, her major implies, 
her conclusion when her minor is true,. That is to say, for every 
w in which Barbara's minor is true,, both her major and her conclu- 
sion are assertivew, and what her major asserts in w propositionally 
implies what her conclusion asserts in w. But in this description the 
words "major" and "minor" can by no means be interchanged. It 
is her major alone which does any implying of her conclusion, a 
feature of the situation which doubtless explains the tradition 
according to which Barbara's major is major and her minor only 
minor. 

?6. Applications. What are conditional assertion and re- 
stricted quantification good for? I trust I have not as yet committed 
myself to the view that they are good for anything, for I consider 
the question to be open. 

In ordinary conversation, one might well use quantified con- 
ditional assertion for such summarizings as "Everyone in the room 
is sleepy," or "All of my friends are broke," or "All John's children 
are asleep." But "A head of a horse is a head of an animal" is not 
like these. 

I once thought that conditional assertions might turn out 
to be appropriate answers to conditional questions such as "If you 
have seen the cathedral at Chartres, how did you like it?" But it 
would only puzzle to answer with "If I have seen the cathedral at 
Chartres, I didn't like it at all." The reason lies in pragmatics: if 
you believe the condition, use of conditional assertion is misleading, 
but you are not supposed to answer a conditional question unless 
you believe the condition. (The matter is of course entirely different 
for hypothetical questions such as "If you had seen the cathedral 
at Chartres, how would you have liked it?") 

Although perhaps not apt as direct answers to conditional 
questions, it may nevertheless turn out to be useful to use condi- 
tional assertion to give a conditional denial of the presupposition 
of a conditional question. For example, upon being asked "If your 
name is Frank James, have you stopped beating your wife?" one 
might well interpret as a conditional assertion the if-then response, 
"If my name is Frank James, I have never beaten my wife." So 
conditional assertions probably do have a systematic role in 
erotetic logic, at least if conditional questions do. 
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Conditional assertion might even be useful in mathematics, 
especially in contexts where we are inclined to use "provided that" 
or "where." For example, "(A-> A) is an axiom provided that A 
is a well formed formula" might well be given by "For every A, 
(A is a wff/ (A-> A) is an axiom)." And employing "// " for con- 
ditional assertion in the language I am now using, Part 2, of (3) 
might well have been given by "For every world w, [(A/B) is 
assertive,//(A/B), = Bw)] @ 

In any event, I do not think the Dummett [3] or Jeffrey 
[4] judgments against the value of conditional assertion are sound, 
for they both rely on the premiss that the only features of sentences 
in which we are interested is their falsity or nonfalsity, whereas I 
suggest that we might sometimes also be interested in what prop- 
ositions are asserted. This makes a difference when we are paying 
attention to evidential support. 

For example, it is possible to use conditional assertion to 
frame a sentence supported by sentences having the form "t is 
black," where t names a crow, but to the confirmation of which 
sentences such as "t is not a crow" will be irrelevant even when 
what t names is not black. Our old friend, Vx(Cx/Bx) has exactly 
this feature. Let us adopt naive hypothetico-deductivism as our 
account of evidential support of low level empirical sentences, so 
that a (contingent) proposition is supported by the (contingent) 
propositions it implies, and an assertive sentence is supported by 
the assertive sentences it implies (in Our World). Then "All crows 
are black," when read as a quantified conditional assertion, is sup- 
ported precisely by reports that such and such is black, where the 
such and such is a crow. But reports that such and such is not a 
crow, although offering support for the contrapositive "No nonblack 
things are noncrows"-vx( Bx/ Cx)-when such and such is not 
black, is evidentially irrelevant to Vx(Cx/Bx). 

I do not take these remarks to lay the foundation for a solu- 
tion to the paradoxes of confirmation. My only definite claim is that 
these paradoxes do not arise when "All crows are black" is read 
as a quantified conditional assertion. It is an entirely separate 
question whether anyone ever means "All crows are black" in this 
sense, and a still separate question whether quantified conditional 
assertions ought to be used in the rational reconstruction of science. 
With respect to the former point, it does seem to me that my 
account of conditional assertion allows a partial explanation of t-he 
source of the paradox. That is, if we agree that sometimes "All crows 
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are black" is felt to have something like the logical force of a 
quantified conditional assertion, and simultaneously felt to have the 
force of a quantified material or other contraposing conditional, 
then it is not surprising that conflation of these two quite different 
accounts should lead to paradox in the old fashioned sense of con- 
tradiction. For example, if "All crows are black" is rendered 
as Vx(Q-CxvBx), then (,-CtvBt) always supports it, while if 
it is rendered as vx(Cx/Bx), then (~CtvBt) supports it only 
when Ct is true. But I do not know if there are in English any 
quite clear cases of if-thens used as conditional assertions or A-forms 
used for quantified conditional assertions. And I am not altogether 
clear how to tell a case if I meet one. But I do know that "There 
are biscuits on the sideboard if you want some" is not generally 
used as a conditional assertion; for if there are no biscuits, even 
if you don't want any, it is plain false, not nonassertive. 

With respect to the reconstruction of science, the question 
is, do we want a kind of restricted generalization for the confirma- 
tion of which only positive instances count? 

Quantified conditional assertions might be useful in sum- 
marizing sheerly empirical regularities without attribution of ex- 
planatory force. Thus, "Wages were high throughout the 1960's" 
might usefully be put by Vx( 1960 < x < 1969)/Wages high in x). 
Again, a psychologist wishing to report the trend of his results in 
a modest way might say, in a conditional assertion tone of voice, 
"Among American college sophomores taking elementary psychology 
courses, frustration is invariably followed by aggression." The 
psychologist would be using quantified conditional assertion as 
a way of limiting the scope of his proposed law without asserting 
that the antecedent has any kind of "connection" with the conse- 
quent. Similarly, a physicist might use quantified conditional asser- 
tion to report that a certain law holds good between boundary 
temperatures t1 and t2. If later he finds an explanatory relation 
between the boundary temperatures and the law, he may wish to 
change his form of statement to reflect this. 
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ABSTRACTS OF COMMENTS 

A. by W. V. QUINE 

Belnap connects three proposals: that the question of truth of a 
conditional assertion FA/B7 not arise for false A; that the universe be 
held open by universally quantifying only restrictedly (Geach, Peano); 
and that contraposition be abrogated to avoid Hempel's unblack non- 
raven paradox. This last, an unpublished proposal of P. K. Sen, appealed 
to me less than an alternative remedy, that of deeming complements of 
projectible predicates improjectible; but Belnap's link gives it new 
interest. 

FA/BW is too poor for comfort when construed merely as a partial 
truth function. To enrich it Belnap makes it assert the same proposition 
as B when A is true (and none otherwise). So he must somehow cause 
meaning, or what proposition a sentence asserts, to depend on a factual 
truth A. 

He takes a proposition as any class of worlds, and a world as any 
class K of atomic sentences. (He says a world is a mapping w into {T, F}, 
but this is pointless; K = w"{T}.) The proposition asserted by a sentence 
S, then, would ordinarily contain each world K whose members, to- 
gether with negations of other atomic sentences, logically imply S. Thus 
far, fact is no factor. However, fact can render FA/B7 inassertive. Com- 
pounds containing FA/B- can then be so defined, in turn, as to assert 
different propositions according as CA/BN is assertive or not. Through 
this extraordinary channel, fact can determine whether S asserts one 
proposition or another. If this is the plan, the enrichment amounts in 
effect to adding a truth value. 
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