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It is well known that plausible semantic completeness and
consistency conditions for ordinary classical logic are possible
in terms of boolean algebras ([11]), and that something similar is
possible for both intuitionistic logic and for modal logics via
topological structures ([13]). An analogous problem is the provi-
sion of a suitable semantics for the intensional system E of
entailment ([1], [2], [8], [6], [7]). Although the general problem
remains unsolved, it has nevertheless been possible to provide
solutions for at least certain fragments of E ((4], [3), [8]). These
partial solutions to the semantic problem implicitly utilize a
certain type of lattice, as follows: an ordered quadruple
<A,z ,N,T> (where A is a set, £ a relation on A,N a
function on A, and T asubset of A) is said to be an nfension-
ally complemented distributive lattice with truth-filter (icdl w(t—f)
provided

(DL) A is a distributive lattice under £ (weuse N and U
for the lattice meet and join respectively, as in [10]);

(N)) NNag=a, all acA;

(Ny) if a«b, then Nob £ Na, all a,beA;

(T) T is a truth-filter; i. e, T satisfies these three condi-
tions: () T is a filter (15]): (anbd)eT if both eeT and 66T,
and beT if both a4 and aeT; (i) T is consistent: there is
no a such that both @eT and NaeT; and (77 T is exhaustive :
for every ae A, either ae¢T or NaeT.
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In the semantic applications to intensional logic, A is thought
of as a set of propositions, £ as a relation of entailment, the
lattice meet and join as propositional conjunction and disjunction
respectively, and N as propositional negation. T is then thought
of as representing the «true» propositions in the set A .

In these applications the truth-filter T is employed expli-
citly; however, certain of the semantic results can be seen to
hold also where the notion of an wedl wjt— f is replaced by the
more general notion of an infensionally complemented distributive
lattice, i.e., a triple < A,~,N> such that for some T,
<A, «£,N,T> is an dcdlwjt—f.

Separate study has also been given structures satistying
(DL), (N)), and (N,), which are ae Morgan Lattices in the sense
of [14]. (They have also been called quasi-boolean algebras in [9),
and distributive i-lattices in [12].) Comparison of the two notions
naturally leads to the request for a necessary and sufficient con-
dition that a de Moreax lattice be an icd/ It then turns out that a
quite simple condition will do, namely, that N have no fixed point:

(N3) a+Na, all aeA.

Two remarks are in order before turning to a proof of the equi-
valence of (N;) and (T). (?) The equivalence gains interest from
the extremely high intuitive plausibility of (N;) and (T) as con-
ditions on propositional negation. Indeed, it is hard to think of
anything more absurd than supposing a proposition could be its
own negation, and it is hardly less absurd to suppose that it
should be impossible to exactly divide the propositions into the
False and the True, a proposition being true iff its negation is
false, and a conjunction being true iff each conjunct is true. (4)
In [14] a de Morcan lattice, A, is said to be essentially irregular
if there is no set D such that <A ,D> is a regular character-
istic matrix for the classical propositional calculus (see refer-
ences in [14]). It is a corollary of the chief result of this paper,
together with Theorem 4 of [14], that a necessary and sufficient
condition for essential irregularity is the presence of some fixed
point for N.

Since the equivalence of (Nj) and (T) is obvious in one
direction, it suffices to prove the following

Tueorem.  If A is a de Morgan Lattice such that N has no
fixed point, then some filter T of A is both consistent and exhaustive.
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Were A aboolean algebra, the theorem would amount to the
existence of maximal proper filters; but where the complemen-
tation is intensional, not every proper filter is consistent nor is
every exhaustive filter maximal.

Turning now to a proof of the theorem, we first remark
that all the various forms of de Morcax’s law hold, a fact to
which we refer below by means of «(deM)». Now let T, be the
set of all elements ¢ of A such that ¢g=(¢UNg), and let E
be the set of all consistent filters in A containing T,. We first
show E non-empty by showing consistent the filter F(T,) gene-
rated by T,. For suppose otherwise; then for some py,--- € T,
and some b6eA, we would have, for p=p0---N 24, both
p < b (hence No £ Np) and p £Nb, so that

(1) Np=pUNp.

Now define a, inductively as follows:

@) ay=p1; aip1=pirt NN ppUa).

We first prove inductively that

®) ai—=(pN--0p)UNa, all i (LZLiZn).
a,=p,UNa, is immediate, and we now assume for induction
that a@; = (p1N---Np)UNa;. Since pii1e Ty, we have piy
— (pir1 UN pryy), hence by (DL), pipt N(NpaaUa) = (fir10ai)
UN piq1; so that by (2),

(4) i1 = (pir1Na)UN pipq.

By the hypothesis of the induction, (4) yields

(D) Gip1 = (i NP N - NLIUN @) UN pig

=N Npir) UN it U(pira NN i) by (DL)
= (/N Npir) UN(pira N(N piy1Uar)) by (deM)
= (AN NprDUNai by (2)

Hence (3) holds, which can be used to show that a,=Na, as
follows:
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(6) a,=pUNa, by (8)
=pUN(pUNa,) by (3)
=pUNpNa,) by (deM)
=(PUNAN(pUa) by (DL)
=NpN(pUa,) by (1)
=NpN(pU(pUNa,) by (3)
=NpN(pUNa,) by (DL)
=NpNa, by (3)
=N(pUNa,) by (deM)
—Na, by (3)

But this contradicts (Nj), so that F(Ty) must after all be con-
sistent, and the set E of all consistent filters in A containing
Ty must be non-empty. Since it is easy to see that if a subset G
of E is simply ordered by <, then UGeE, it follows by a form
of Zorv's Lemma that E has a maximal element T. T is obvi-
ously consistent; we proceed to show that it is exhaustive as
well, which will complete the proof of the theorem.
We observe to begin with that

(D (@UNa)eT, all aeA,

since (@ UNa)=((aU Na) U N(d U Na)) by (deM) and (DL);
so that (@ UNa)eT,. Furthermore, since T isa filter, it follows
from (7) that (cUNe¢) U (@n Nd))eT forall ¢,de4; hence,

since T is consistent,
(8) N{EUNeN@UNI)¢T, all ¢,deA.

Now suppose for reductio that T is not exhaustive, so that for
some b, neither 4e¢T nor NéoeT. Then the filters F(T,é) and
F(T,Nb) generated by T with 4 and T with N5 respectively
each have T as a proper subset; and so since T is maximal
in E, neither F(T,4) nor F(T,N4) can be consistent. Con-
sequently, for some ¢, both ¢ and N¢ are in F(T,bd), and for
some d, both 4 and Nd are in F(T,N¥&); so since F(T,b)
is the filter generated by T with 4 and since F(T,Nb) is the
filter generated by T with N4, it must be that for some
byl t5,0€T,

® #Nb<e, H06<LNe, 5NNb<d, and 4, NNbLN4,
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which leads by (DL) to
(10) 11ﬂl‘gﬂfsﬂhﬂ(bUNb)é(NCﬂc)U(Ndﬂd)-

Since #,,%,%,4, ¢ T, since also (6 U Nb)eT by (7), the fact that
T is a filter implies that (NN N4 NG U N&)eT, and
accordingly, with (10), that (Nene)U(NdUd))e T. So by (deM)

(11) N(cUNeN@UNdeT.

But (11) contradicts (8), rendering absurd the supposition that T
fails to be exhaustive.

This completes the proof of the theorem. We remark that it
cannot be generalized to complete distributive lattices (where
meets and joins of arbitrary subsets always exist) satistying
(N;) — (N3) and complete filters (filters closed under the meet of
arbitrary subsets). The following is an example of a complete
distributive lattice satisfying (N;)— (Nj) which contains no com-
plete truth-filter: let <A, <,N> be such that (i) the elements
of A are (1,=) and (—1,—co) together with all ordered pairs
(x,y) where x=-=+1 and y is an integer; (i) (%),9) £ (%9,%9)
iff %, £ % and y, £ 9,5 and (iii) N(x,y) =(—2x,—2). It is easily
shown that < A, £,N > is a complete distributive lattice satis-
fying (N;) — (Nj3). Suppose now there is a complete, consistent,
and exhaustive filter T in A. Then since (——1,0 £ N(—1,0),
we shall have to have (—1,0)¢ T, on pain of inconsistency of T;
hence N(—1,0)eT, since T is exhaustive. However, for all
20, (—1,8) A N(—1,00=(—1,0), so that the filterhood of
T implies that (—1,%)¢ T for all such x. But T is exhaustive,
so the set X of all pairs N(—1,%) [=(1,—%)], for x>0, isa
subset of T; and since T is a complete filter, the meet of X is
in T. But (—1,— ) is evidently the meet of X so that
(—1,— )¢ T—from which it follows immediately that T is
inconsistent, contrary to assumption.

We may also observe that the theorem cannot be strengthened
to read «every consistent filter is a subset of some exhaustive
consistent filter» ; a counter-example is provided by <B, £,N>,
where B={(—1,— ), 1,=) (—1,0), 1,0), (—1,1), (1,—1)
and where < and N are as in the previous example: the filter
{(—1,1), (1,)} is consistent, but not extendible to an exhaustive
consistent filter.
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