Journal of Philosophy, Inc.

Enthymemes

Author(s): Alan Ross Anderson and Nuel D. Belnap, Jr.

Source: The Journal of Philosophy, Vol. 38, No. 23, American Philosophical Association
Eastern Division Fifty-Eighth Annual Meeting, Atlantic City, N. J., December 27-29, 1961
(Nov. 9, 1961), pp. 713-723

Published by: Journal of Philosophy, Inc.

Stable URL: http://www.jstor.org/stable/2023169

Accessed: 28/05/2009 15:02

Y our use of the JSTOR archive indicates your acceptance of JISTOR's Terms and Conditions of Use, available at
http://www.jstor.org/page/info/about/policies/terms.jsp. JISTOR's Terms and Conditions of Use provides, in part, that unless
you have obtained prior permission, you may not download an entire issue of ajournal or multiple copies of articles, and you
may use content in the JSTOR archive only for your personal, non-commercial use.

Please contact the publisher regarding any further use of thiswork. Publisher contact information may be obtained at
http://www.j stor.org/action/showPublisher ?publisherCode=jphil.

Each copy of any part of a JSTOR transmission must contain the same copyright notice that appears on the screen or printed
page of such transmission.

JSTOR is anot-for-profit organization founded in 1995 to build trusted digital archives for scholarship. We work with the
scholarly community to preserve their work and the materials they rely upon, and to build a common research platform that
promotes the discovery and use of these resources. For more information about JSTOR, please contact support@jstor.org.

Journal of Philosophy, Inc. is collaborating with JSTOR to digitize, preserve and extend access to The Journal
of Philosophy.

http://www.jstor.org


http://www.jstor.org/stable/2023169?origin=JSTOR-pdf
http://www.jstor.org/page/info/about/policies/terms.jsp
http://www.jstor.org/action/showPublisher?publisherCode=jphil

VorLume LVI1LlL, No. 23 NovEMBER 9, 1961

"THE JOURNAL OF PHILOSOPHY

ENTHYMEMES*
I

HERE is a classical category of arguments, discussions of which

enjoyed a certain vogue toward the end of (what Bochenski

has called) the Dark Ages in logic (i.e., from the Renaissance up

until near the turn of the present century), namely, enthymemes.
We take our text from Jevons 1870 (pp. 153-154):

A syllogism when incompletely stated is usually called an enthymeme, and this
name is often supposed to be derived from two Greek words (ev, in, and Quués,
mind), so as to signify that some knowledge is held by the mind and is supplied
in the form of a tacit, that is a silent or understood premise. . . . Of this nature
is the following argument: ‘Comets must be subject to the law of gravitation; for
this is true of all bodies which move in elliptic orbits.” It is so clearly implied
that comets move in elliptic orbits, that it would be tedious to state this as the
minor premise in a complete syllogism of the mood Barbara, thus:

[Major premise (M)] All bodies moving in elliptic orbits are subject to the law
of gravitation;

[Minor premise (m)] Comets move in elliptic orbits;

[Conclusion (C)] Therefore comets are subject to the law of gravitation.

Now everyone agrees that the syllogism as stated in full is valid
and that a definition of ‘“validity’’ that denied validity to the
syllogism in Barbara would ¢pso facto be faulty. It is also conceded
that corresponding to this form of inference there exists a certain
true proposition,? namely,

If M and m, then C.

The case of the enthymematic inference and the corresponding
proposition
If M, then C

* To be read at a joint symposium of the American Philosophical Association
and the Association for Symbolic Logic, on “Modal Logic,” December 27, 1961.
Research was supported in part by the Office of Naval Research, Group Psy-
chology Branch.

! Dates refer to the bibliography at the end of the paper.

2 Or propositional form; such distinctions are irrelevant to our purposes, and
will be observed only where essential (which in this paper they never are).
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may, however, occasion some doubt. Asked whether the enthyme-
matic inference is valid (or whether the proposition just above is
true), we may want to answer either, ‘“No, your premises are simply
insufficient for your conclusion,” or, ‘“Yes, provided you mean to be
using the obviously required premise m (which we grant that you
are, we being in a tolerant mood).”

Now, whichever attitude we may wish to take, it is clear that
there is a difference: in the first case there is a robust relation of
logical consequence between premises and conclusion; in the second
the logical connection is largely, if not entirely, by courtesy. And
notice that no one has any difficulty in seeing the clear difference.
So much, at any rate, we wish to take for granted ; and we now turn
to our topie, which is what to make of the situation. In particular,
what sort of formal analysis of if ... then— — _ and and can do
justice to the clearly felt distinction considered above?

For present purposes we wish to treat and in a purely truth-
functional way: M and m is true if and only if M is true and also m
is true.

We now ask whether the true #f ... then_ _ _, corresponding to
the syllogism, should be represented by the material ‘“implication’ :
M&mDC.

We have argued elsewhere at length (and somewhat peevishly) that
material ‘“‘implication’ is simply not a kind of implication (Anderson
and Belnap, 1961a, 1961b). We do not plan to repeat those argu-
ments here; rather we shall offer some fresh arguments for the same
thesis. Our point, incidentally, is also telling as against the view
that intuitionistic “implication” is a relation of entailment, or logical
deducibility.

The present argument is simply this: both views make hash of the
distinction between logically valid arguments and enthymemes.
For on both theories we have as a “theorem of logic” a principle
according to which true premises aren’t really there at all (‘“true
premises may be suppressed’’) :

m
M&m>DOC
MDC.

Suppose now that an argument is valid if and only if the correspond-
ing material or intuitionistic “implication’’ statement is true. Then,
since the argument from M and m to C is valid, M & m D C is true;
and since m is true as well and, hence, suppressible, M D C is true;
hence the argument from M to C is valid, and ¢n precisely the same
sense as is the argument from M and m to C. But to say that the
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argument from M to C is thus valid is in direct contradiction to the
doctrine that enthymematic arguments suppress required premises.
‘““Where a necessary premiss is missing, without that premiss the
inference is invalid”’ (Copi 1953, p. 205).

The conclusion seems inescapable that one cannot both hold that
material and intuitionistic ‘‘implication’ relations answer to the
notion of a valid argument and try to maintain a distinction be-
tween valid arguments and enthymemes.

Now it is not unmistakably clear whether or not anyone ever
seriously took material implication to explicate ‘“‘valid argument,”
but we have no doubt on this score in respect to Lewis’s theory
of strict implication. We are told that the meaning of strict implica-
tion ‘‘is precisely that of ordinary inference and proof’’ (Lewis, 1912,
p. 531; see also Lewis and Langford, 1932, p. 247).

And in the systems of strict implication, one can maintain a dis-
tinction between valid arguments and enthymemes, at least those
of the sort we have considered above. In particular, if we put
hooks for horseshoes, a conjoined premise may not be dropped
simply on the grounds that it is true. “That is, in stating a strict
implication one cannot omit a merely true premise which is one of
a set of premises which together give the conclusion’ (Lewis and
Langford, 1932, p. 165).

So far so good.

II
Now consider the following argument :

Copi, in the passage quoted above, is clearly correct in holding that valid
arguments may be distinguished from enthymemes and that enthymemes as they
stand (i.e., without statement of the required supporting premiss) are not valid.
Therefore, if all bodies moving in elliptic orbits are subject to the law of gravita-
tion and if comets move in elliptic orbits, then comets are subject to the law of
gravitation.

The reader may find the reasoning in the foregoing paragraph
somewhat intricate and difficult to follow, so we forthwith lay bare
its logical form. Where A represents ‘“‘enthymemes may be dis-
tinguished from valid arguments’” and B represents ‘“‘enthymemes
as they stand are not valid,” the argument has the form:

A and B
If M and m, then C.

When one is asked whether this argument is valid, the initial
reaction is likely to be ‘“No,”” perhaps because the premises A and B
have nothing to do with the conclusion: if M and m then C. But
there have been sophisticated logicians, Lewis for example, who, on
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reflection, decided that the argument ¢s valid, on the grounds that
the consequent, if M and m then C, is necessary. But this view is
debatable (notoriously), and the notion that a necessary proposition
is entailed by any proposition has been heatedly and repeatedly
attacked. That is, there have been those who (1) have held that
the lack of relevance between premise and conclusion, just above,
reduces to absurdity that claim that strict implication captures
intuitive entailment, and those who (2) have defended strict implica-
tion on the grounds that the well-known paradoxes do indeed repre-
sent “facts about deducibility.”” We shall want ultimately to side
with the first group; the ludicrous argument above cannot really be
regarded as valid. But sophisticated logicians must have some-
thing in mind, and we shall try later to give such devils their due.
Still, the argument above is no more valid as it stands than is the
move from “all bodies moving in elliptic orbits are subject to
the law of gravitation” to ‘“‘comets must be subject to the law of
gravitation,” i.e., the move from M to C.

But now an analogy suggests itself. Couldn’t we try to view
the odd argument cited above as somehow enthymematic and by
this irenic maneuver pacify both parties to the dispute? For
everyone can see that

A and B and (if M and m then C)
If M and m, then C

is valid, and that

A and B
If M and m, then C

arises from it by suppressing a true (indeed necessarily true)
premise. And everyone can see that there is a difference between
these two cases; else there could have been no sensible dispute in
the first place.

Of course these latter enthymemes (‘“‘strict enthymemes’’) differ
from those of section I (which, for reasons to be brought up later,
we shall call “intuitionistic enthymemes’’®) in that the suppressed
premise is necessarily true, rather than simply true. But the sup-
pression of necessary premises is, if anything, less objectionable
than the suppression of contingently true ones; necessarily true
premises are suppressed constantly in arguments in mathematics
and in logic, simply because one does not want (ordinarily) to

3 We have considered, and rejected, the following harrowing course : to retain
“enthymeme”’ in its customary usage, and introduce “ananceénthymeme’” for
what we here call “‘strict enthymemes.” (The term was supplied, at our in-
sistent request, and with understandable reluctance, by a colleague in the depart-
ment of classics, who asked us not to mention his name. It was Ralph L. Ward.)
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bore one’s audience with endless repetition of obvious logical truths
(as we have been doing).

At any rate we shall take it, for the present, that the sense be-
hind the claim that a necessary proposition is entailed by any old
proposition is that, in the alleged entailment, a necessary premise is
suppressed : to wit, the conclusion. And we offer this view as face-
saver for both parties. To take another example, the statement
“If A, then either A-and-B or A-and-not-B’’ can be regarded as
true, all right; we have just left out an obvious, and obviously re-
quired, premise: “B or not-B.”

But if we are asked whether strict implication can be taken as an
account of entailment, or logical deducibility, the answer must
again, as in the case of material and intuitionistic ‘“‘implication,”
be “No.”* For as Lewis himself points out, strict implication is
enthymematic in the sense we have just described ; necessarily true
premises may be suppressed. ‘“The omission of a premise which is
a preort or logically undeniable does not affect the validity of deduc-
tion”” (Lewis and Langford, 1932, p. 165). How could this be so?
Can we make no distinction between valid and invalid arguments
when, as may happen, all the propositions in the argument are
necessary? We believe, rather, that the situation is as the citation
above from Copi may be misinterpreted as saying: ‘“Where a
necessary premise is missing, without that premise the inference is
invalid.” Necessary premises are just as necessary as premises
that are not necessary.

III

In the first two sections we have thrown the word “entailment’’
about in a way that suggested we knew what it meant. Well, we
claim to. And, in particular, we claim that the formal system E of
entailment accurately captures the intuitive concept of entailment,
or logical deducibility. The literature on the system E is burgeon-
ing,5 and neither time nor space permit anything like a full account
of what is known about it. But we here list briefly a few of its
more important features, by way of preparing for a formal account
of enthymemes in the next section.

Roughly, the system E is just like Lewis’s 84, except that para-
doxical assertions are missing. Such principles as A & A — B,
A—>B V B,and NA — . B — A [where NA means A is necessary,
defined as (A — A) — AJ, are not provable in E (where the arrow

4 We note that exactly the same argument can be made against the usual
semantical definition of ‘“validity” for the first-order functional calculus—if,
that is, the horseshoe is thought of as an #f . . . then _ _ _relation.

8 See items by Anderson, Belnap, and Wallace, in the bibliography.
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is the symbol for entailment). But any sensible kind of inference is
allowed. The first two properties listed below show some ways in
which E is weaker than strict implication; the third through sixth
show that, in spite of weaknesses, the system is strong.

1. As a minimal requirement for relevance of A to B (in proposi-
tional logic), it seems reasonable to demand that if A — B is ac-
cepted, then A and B should share a propositional variable. E
satisfies this condition (Belnap 1960b).

2. Entailments are suz generis in the following sense: only en-
tailments entail entailments. More sharply: if A—.B—C is
provable in E, then A contains an arrow (Ackermann 1956). More-
over, it is never the case that the denial of an entailment entails an

entailment; i.e., no theorems have the form A— B — .C — D.

So the arrow is weaker than either the horseshoe or the hook.
On the other hand, a decent theory of entailment, while avoiding
fallacies of modality and of relevance, should not throw all the babies
out with the bathwater. A satisfactory theory will isolate the
disease of raw irrelevance, keeping everything of the standard
theories that can possibly be kept:

3. E contains the full two-valued propositional calculus (Acker-
mann 1956), except of course that A Vv B is not to be thought of as
an implication relation.

4. Every truth-functional compound coentails a disjunctive
normal form and a conjunctive normal form, which means that, for
conjunction and disjunction, the usual associative, commutative,
and distributive rules hold and that we have rules of double nega-
tion and De Morgan’s laws. More generally, if A; V -+ V A, is
a disjunctive normal form of a truth-functional A and if
B; & - - - & B, is a conjunctive normal form of a truth-functional B,
then A entails B if and only if each A; entails each Bj; i.e., if and
only if each A; and each B, share a (negated or unnegated) variable
(Belnap, 1959; Anderson and Belnap, 1961b).

5. Generalization to quantifiers is easy, and the extensional frag-
ment of the system (already known in the literature as “the first-
order functional calculus’’) is complete, as can be seen by a rather
trivial proof (after Schiitte 1953).

6. The semantics of first-degree entailments (i.e., entailments
A — B, where A and B contain only truth functions and quanti-
fiers) is completely understood (Anderson and Belnap, 1961c),
though there are many open questions about the semantics of more
complicated formulas.

Such are, in rough outline, some of the principal features of the
system E of entailment, which embodies the intuitive concept of
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entatlment, or logical consequence (or so we claim). Further discus-
sion of it will have to await another time and place; we turn now to
a reconsideration of enthymemes within the context of the system E.

v

Now what has been required, classically, of ‘“valid” enthymemes?
Two things: (1) that it be obvious what the suppressed premise is;
(2) that the suppressed premise be obviously true. Degrees of
obviousness are of course psychological matters, which we dare not
touch. But when the psychological requirements of obviousness
are stripped away, we are left with a consideration that logic
should be able to handle: the suppressed premise must be true.

This leads us to suggest that if we are right in maintaining that E
correctly captures the intuitive notion of a valid argument, then
(allowing ourselves propositional quantifiers) the following would
be a reasonable definition of an enthymematic if . . . then— _ _ (which
we symbolize by —*):

A—-'"B=4 @@AnN[r& (r&A—B)]l

That is, we want to say that the ¢f ... then_ _ _ proposition corre-
sponding to any enthymematic argument is true if and only if there
is a (suppressed) premise which is true and which would convert the
enthymeme into a valid argument. And when no more than con-
tingent truth of the suppressed premise is required, we have en-
thymemes of the sort previously referred to as ‘“‘intuitionistic.”
We now justify that terminology.

That intuitionistic ‘“implication” is a relation of logical implica-
tion, or deducibility, has not been maintained even by some of its
strongest proponents. Heyting 1956, for example, writes:

The implication p — g can be asserted, if and only if we possess a construction ,
which, joined to any construction proving p (supposing that the latter be effected),
would automatically effect a construction provingq. In other words, a proof of p,
together with r, would form a proof of g (p. 98).¢

One could hardly ask for a clearer or more explicit statement to the
effect that intuitionistic “implication’ is enthymematic; i.e., when
p — ¢ is intuitionistically true, there is a true premiss r, which may
be required for the construction of ¢ from p, but which is omitted in
the antecedent p.

Now apparently Heyting has in mind a distinction between the
sense in which p intuitionistically “implies” ¢ (in the presence of r)

¢ As another example we mention an interesting paper of Curry 1959; he
says ‘“The absoluteness of absolute [i.e., intuitionistic] implication does not de-

pend on any claim to its being a definition of logical consequence. It does not
pretend to be anything of the sort” (p. 20).
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and some other sense of #f ... then_ _ _ in which if p and r then q is
true. Nothing is said about the latter relation, nor indeed can the
intuitionistic formalism reflect the intuitive distinction between
“implies” and ‘‘would automatically effect a construction.” But
if we are correct in claiming that the definition above (of —*) cap-
tures the notion of an enthymematic ¢f . .. then_ — _ and if Heyting
is correct in saying that intuitionistic ‘“implication’” is enthyme-
matic then we should expect that intuitionistic ‘“‘implication’ and
our enthymematie “implication” should exactly coincide.

And this turns out to be the case. It develops that if we add
propositional quantifiers to the positive fragment of E (i.e., if we
consider that fragment EP+ got from E by omitting those axioms
involving the negation sign, and adding propositional quantifiers)
and if we further define

ADB =4 (@n[r& (r&A—-B)]

then the set of all theorems of EP+ that contain only D, &, and Vv
cotncides exactly with the positive fragment of intuitionistic logic as
formalized by Heyting. That is, “A intuitionistically ‘implies’ B”
means that there is some true proposition r such that the conjunc-
tion of r and A entails B.7

So we may justifiably (and in conformity with Heyting’s own
intuitive discussion) think of the intuitionistic horseshoe as express-
ing a notion of enthymematic (intuitionistically enthymematic)
‘“implication’ : the antecedent doesn’t really guarantee the truth of
the consequent—but there are some true propositions which, to-
gether with the antecedent, could really be shown to have the
consequent as a logical consequence.

There has been abroad for a long time a notion to the effect that
entailment is a ‘“‘simply psychological’”’ matter®*—and that the only
difference between (say) the law of transitivity and the ‘“law”
A D .B D A is that one has a nice, warm psychological feeling in
the presence of the former and a somewhat sick psychological feeling
in the presence of the latter. We think that the result just stated
justifies a charge of psychologism in the other direction. The only
reason anyone could ever have had for thinking that we could
justifiably omit required premises that happened to be true is that

7 See Myhill, 1953, which suggested this idea to us.

8 See again Curry, 1959: ““. . . it goes without saying that absolute implica-
tion is an objective concept in precisely the same sense that material implication
is. It does not depend on any subjective feelings of ‘entailment’ ™ (p. 21).
Similarly, “These methods [those of McKinsey ] are capable of taking some of the
mysticism out of the idea of necessity” (p. 23). We contend that the only

mysticism in the idea of logical necessity is such as has been put there, largely
by Quine, Goodman, White, and their followers.
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we all knew that they were true, and the fact just didn’t need to be

mentioned (in the social context of the argument). At least it is

hard to see any other reason why anyone would think (harking back

to an earlier example) that the move from M to C was justified at all.
If, moreover, we define intuitionistic negation as follows:

TA=4:AD (p)p,

then the set of theorems of EP+ containing only D, 71, &, and Vv
cotncides exactly with the full system of intuitionistic propositional
calculus. That is, ‘“A is intuitionistically false’” means that A
intuitionistically ‘‘implies” that every proposition is true.

We take these facts as evidence that when people have talked of
the horseshoe as a relation of ‘“implication” or “entailment’” or
“/deducibility” or any of a host of equivalents, they have really had
in mind (at best) a relation of (intuitionistically) enthymematic
“implication,” “entailment,” ‘“deducibility,” etc.

Turning now from intuitionistic enthymemes to strict enthy-
memes, we observe that the appropriate definition (in EP*) of a
strictly enthymematic #f ... then_ _ _ would be

A3B=¢:@An[Nr & (r &EA—B)] (where N is necessity).

And it turns out that the set of theorems of EPt+ that contain only
-3, &, and V exactly coincides with the positive fragment of Lewis’s
system S4 of strict implication.® That is, “A strictly ‘implies’ B”
(in the sense of the positive part of S4) means that there is some
necessarily true proposition r such that the conjunction of r and A
entails B. Again, the intuitive considerations of our second section
are borne out: if we consider only strict enthymemes, in which the
discarded premise must be necessary, then we get precisely the
(positive) system advocated by the advocates of S4.

v

We claim in this paper to have established (or commented on the
establishability of) the following (obvious) truths:

1. A distinction can be drawn between valid arguments and
enthymemes, and between enthymemes of two sorts: strict and
intuitionistic. This is so trivial a point that it hardly seems worth
arguing for. It does need arguing for, but that is only because
currently accepted analyses of implication are so goofy.

2. Neither the horseshoe nor the hook will do as an analysis of
the notion of a wvalid argument (most elementary and advanced
texts to the contrary notwithstanding), since neither theory can
distinguish between valid arguments and strict enthymemes.

¢ In a formulation where the primitives are -3, &, and V.
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3. The formal system E of entailment does suffice as an explica-
tion of the intuitive notion of entailment, or formal deducibility, and
does account for the differences among valid arguments, strict
enthymemes, and intuitionistic enthymemes.

4. What are we to think about enthymematic arguments?
A priori, one might say that the notion of an enthymematic argu-
ment is sociological (depending on what we can expect our hearers
to know) or psychological (depending on what we claim to know)
and therefore is alogical: it is not a part of logic to try to take ac-
count of who knows what; and anyway our intuitions concerning
enthymemes are altogether too unstable to support any kind of
mathematical or logical theory. We on the contrary maintain
that there is nothing intrinsically bad about sociology and psy-
chology, even from a logician’s point of view. Moreover, one can
give a precise interpretation to the (admittedly, at the outset,
somewhat vague) notion of an enthymematic argument. Thus:

5. If we are sufficiently careless in stating our arguments so that
we allow ourselves to suppress any true premise, then we arrive
precisely at the intuitionistic theory of “implication.”

6. If we are somewhat more careful, and allow ourselves to
suppress only necessarily true premises, then we arrive precisely
at strict “implication’ (in the sense of the positive fragment of S4).

7. If we are very careful, and always put down all the premises
we need (i.e., if we argue logically), then we arrive precisely at the
formal system E of logical implication (without quotes, this time),
or entailment.

ALaN Ross ANDERSON

NuerL D. BeLnap, Jr.
YaLe UNIVERSITY
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MODALITIES AND EXTENDED SYSTEMS *

ODAL words are used in many different situations, and it is

not clear which of them various modal logics are trying to

catch and systematize. Often modal words are used ontologically,
to state that some beings or some facts are considered necessary,
other facts being contingent. Seemingly, not everything that
happens happens with the same degree of urgency; 3 divides 21 by

* To be presented in a joint symposium of the American Philosophical Asso-
ciation and the Association for Symbolic Logic on ‘“Modal Logic” at the fifty-
ecighth annual meeting of the American Philosophical Association, Eastern Divi-
sion, December 27, 1961.
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