Rules and Regulations:
• Each question requires a proof or a counterexample.
• Each problem is worth 10 points.
• The 6 problems with the most points count towards your total
– In particular the maximum points possible are 60.
– Example: If you get 5 points on each question, your total is 6*5 = 30 (not good!).
– Example: If you get 10 points on three questions, and 5 points on all the other question your
total is (45).
– So, it is important that you try to do at least 6 questions perfect; do not try to do 10 questions
’a little bit’ (but do as many problems as you can)
– To avoid cheating (e.g. copying off answers of the internet), the instructor reserves the right to
interview any student on any problem which they solved. If the student cannot properly explain
what their solution was, points shall be deducted accordingly.
• You can ask questions about this exam only to your class’ TA or the instructor – these questions are
like in an in-class exam: TA or instructor will not help you to solve these questions.
• You can use your textbook, the lecture notes, your notes from class and recitation. You can refer to
theorems of the lecture, but only if it does not trivialize the question.
• You are, in particular, not allowed to look for the solutions online.
• Just in case it is not clear . . . you may only use class notes and the textbook. Dr. Schikorra’s
notes count as class notes – you can use them too.

Gradescope:
• Please upload your completed exam via gradescope (www.gradescope.com). You can login with your
Pitt credentials, and should find Math420 as a course, and within that the “midterm 2”.
(Any issues, contact your instructor).
• Please write one problem per page
• Preferred format is pdf.
– For Latex: please use the template we provide
– for handwritten exams: you can use your phone to make pdfs, there are several free apps (usually
called “camscanner”) to make a pdf of your submission.

Problems
Here are some useful hints
1. Assume that f : [0, ∞) → R is continuous and differentiable, and f 0 (x) is bounded, sup |f 0 (x)| = M < ∞.
Show that there exists polynomials p1 , p2 of degree one such that
p1 (x) ≤ f (x) ≤ p2 (x) ∀x ∈ [0, ∞)
2. Assume that f : (a, b) → R is differentiable at c ∈ (a, b). Show that the sequence
∞

{n(f (c + 1/n) − f (c))}n=1
converges to f 0 (c).
3. Suppose that f is differentiable on an interval I. Show that for all n ∈ N, f n is differentiable on I. Note
that
f n (x) := (f (x))n
by definition.
√
4. Show that 1 + x < 1 + x/2 for all x > 0.
5. Show that it is not possible for a function f to exist such that f is differentiable on (0, ∞), and f 0 (x) =
bxc.
(Hint: You can use the Mean Value Theorem to show this)
6. Let f : [−1, 1] → R be a Riemann integrable function. Let (xn )n∈N be a sequence defined by
Z
xn :=
f (z) dz
1 1
[− n
,n]

Compute
lim xn .

n→∞

Prove your answer.
7. Let f : [a, b] → R be a Riemann integrable function. Set for x ∈ (a, b)
Z x
g(x) :=
f (z) dz
a

Give a direct proof that g is uniformly continuous in (a, b) (without using the fundamental theorem).
8. Let f, g, h : [a, b] → R be Riemann integrable, and f (z) ≤ g(z) + h(z) for all z ∈ [a, b]. Using the
definition of the integral via Darboux sums, show that
Z
Z
Z
f≤
g+
h
[a,b]

[a,b]

[a,b]

9. Let f : [a, b] → R be Riemann integrable
(a) Let p > 0. Show that g(x) := |f (x)|p is Riemann-integrable (Hint: Riemann-Lebesgue Theorem)
(b) Let q < 0. Is it true that h(x) := |f (x)|q is necessarily integrable (proof or counterexample)?
10. Prove the Cauchy Criterion:
If f is a bounded function on [a, b], then f is Riemann integrable on [a, b] if and only if for all ε > 0
there is a partition P of [a, b] such that U (P, f ) − L(P, f ) < ε.
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