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In Analysis
there are no theorems
only proofs
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These lecture notes take great inspiration from the lecture notes by Michael Struwe (Anal-
ysis 111, German), as well as by Piotr Hajlasz (Analysis I). We will also follow the presenta-
tions in Evans-Gariepy [Evans and Gariepy, 2015] (measure theory), Grafakos [Grafakos, 2014]
(Fourier Analysis) and wikipedia. Further sources are Piotr Hajlasz’ Functional Analysis,
Clasons [Clason, 2020] and everything available on the internet. Sometimes we follow those
sources verbatim.

Pictures that were not taken from sources mentioned above (or wikipedia) are usually made
with geogebra.
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Part 1. Analysis I: Measure Theory
1. MEASURES, 0-ALGEBRAS

A measure is a way to measure (hence the name!) volumes. So for some set X it should
be a map

w25 — [0, 0]
that to a subset A C X assigns the volume p(A). Here 2% denotes the power set of X i.e.
the collection of subsets of X.

2 ={A: AcCX}.

What would we want from a volume in R"? Well it seems to be a reasonable assumption
to axiomatically assume the following

e For any A C R™ we have pu(A) € [0, oo]
e (Invariance under translation and rotation) For any set A C R™, any rotation
P € O(n) and any vector x € R"™ we have p(x + OA) = pu(A) where we denote

r+0A:={x+0acR": acA}
e For any A, B C R" disjoint we have u(AU B) = u(A) + u(B)

As reasonable as that sounds, there are two problems here:

e For n > 3 the only map u : 28" — [0, 00] that satisfies our axiom is constant
(Hausdorft, 1914)

e For n = 1,2 there are indeed nonconstant maps p : 28" — [0, 00| that satisfy
the above axioms, however even if we fix u([0,1]") := 1 there is more than one
possibility for such a p (Banach 1923).

e the whole business about disjoint sets is really tricky, as illustrated by the Banach-
Tarski-Paradozon (1924):

Let n > 3, A and B be bounded sets with int(A) and int(B) # (). Then there
exist finitely many (x;)¥, C R, (O;)Y, € O(n) and parwise disjoint sets (C;)¥,
so that (x; + OZ-CZ-)?LI are pairwise disjoint and

N N
i=1 i=1
That is we can deconstruct any set A in R™ into disjoint sets, move them around
(without any scaling!) and obtain another completely different set B - see Fig-
ure 1.1.

This is crazy, so the axiomatic definition of a reasonable volume in R"™ has failed, and we
are back to square one.
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FiGURE 1.1. A ball can be decomposed into a finite number of disjoint sets
and then reassembled into two balls identical to the original

So instead of defining a volume in R™ axiomatically, let us generally define what a reason-
able notion of a volume should satisfy. Later we will then construct the Lebesgue measure
that has most of the desired properties on R™.

Clearly p(@) = 0 is a reasonable assumption. Ideally we would also like u(A U B) =
1(A) U u(B) — but this will be a surprisingly tricky, confusing, and paradox assumption,
so let us settle for the following notion

Definition 1.1. Let X be any set and 2% the potential set of X. A map pu : 2% — [0, o0]
is a measure on X if we have

gg Zggl)) §Ozz°:1 w(Ag) whenever A, A, C X, k€ Nand A C Upen Ak
Remark 1.2. Condition (1) and (2) implies monotonicity,
u(A) <u(B) YACB.
(simply set A; := B and Ay := () for k > 2).

In particular we could equivalently replace (2) above by o-subadditivity, namely
p(UJ A0 < 3 (Ao,
k=1 k=1

Remark 1.3. e A word of warning: we will use here the notion of an outer measure
that is defined on all of 2%, not only on its o-algebra of measurable sets.
e In particular we have pu(A U B) < u(A) + u(B) for any set A, B C X. However,
in general, we cannot hope for all disjoint sets A and B hope that u(A U B) =
p(A) + pu(B) (see above), this will lead to the notion of non-measurable sets.

Example 1.4 (Jordan content). e The outer Jordan content J.(F) of a set E C R"
is defined as follows.
For a product of bounded cubes C' = [a1,b1) X [ag,b2) X ... X [a,,b,) we set

vol(C) := (by —ay) - (by — az) - ... (b, — ay).

N N
J*(E) := inf {Z vol(C;) for some N € N, and cubes (C;);Y,; such that E C Ci}
i=1

=1
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Here we follow the convention that inf ) = +oo.

J(+) is not a measure: take any enumeratotion of Q N [0,1] = {q1,...,¢n,...}.
Set Ay, := {qu} and A := U2, Ap = [0,1]NQ. If (C;)Y, is a finite cover of [0, 1]NQ
then U; C; D [0,1]}, so J*(A) = 1. However J*(4;) = 0 for each k, we have
JH(A) £ 352 T (Ap).

However J* satisfies finite additivity,

1(AUB) < p(A) + w(B),

i.e.
N
u(A) < ZM(Ak) whenever A, Ay C X, ke {l,...,N},; Ne N, and A C U Ay
k=1 keN

Such a map J¢ : 2% — [0, 00) is called a content.
e The countable version of the outer Jordan content, is called the Lebesque outer
measure

(1.2)  m*(E) :=inf {ZVOI(CZ') for some , and cubes (C;);2; such that £ C | C’i}
i=1 1=1

It is again clear that m*(0) = 0. Let now A C U}_; Ax. We may assume that
m*(Ag) < oo otherwise there is nothing to show. Fix e > 0. For each k we can pick
(Cr:i)2, such that U2, C; D Ay and
[e.9] . c
;VOI(Ckﬂ') <m (Ak) + ?
Now U ien Cr,i O A and thus
* - * - 8
k,i€N k=1 k=1

That is, we have shown that for any € > 0,
m*(A) <Y m*(Ax) +¢
k=1

Taking ¢ — 0 we conclude that m*(A) < Y32, m*(Ax) — that is m*(A) is indeed a
measure.
Later the Lebesgue measure £ will coincide with m*(A).
e The inner Jordan content,

N N
J«(E) := sup {Z vol(C;) for some N € N, and cubes (C;);Y; such that | J C; C E}
i=1

i=1

Here we follow the convention that sup () = 0.

Indeed, take r € [0,1] then there exists g converging to r, g belongs infinitely often to the same
interval, so r € C; for some 1



ANALYSIS T & II & III VERSION: December 5, 2022

16

Still J.(+) is not a measure. Take A; := [0,1]\Q and for i > 2 we set A; = {¢;}
for {ga,...,} = QnNJ0, 1] any enumeration of QN [0, 1]. Since A; has empty interior
we have J,(A;) = 0. Similarly, J.(A;) =0 for i > 2. However A := 2, A; = [0, 1]

satisfies J,([0,1]) = 1. So we have J,(A) £ > | J.(A;).
o If we simply make the innter Jordan content countable, i.e. if we set

J.(E) := sup{ vol(C;) for cubes (C;)X; such that | JC; C E
i=1

=1

we run into the same problem as for J,, namely J,([0,1]\Q) = 0. So J,(E) is still

not a measure.

Example 1.5 (Counting measure). Let X be any set. Then #2% — NU {0} defined by

#A := number of elements in A,

is a measure, called the counting measure.

Exercise 1.6. Let X be a metric space and p : 2% — [0,00] a measure. Let A C X then

the measure jiA: 2% — [0, 00] given by
(W A)(B) = (AN B)

1S a4 Measure.

1.1. Example: Hausdorff measure. Let (X, d) be a metric space.

Definition 1.7. The s-dimensional Hausdorff measure, s > 0 is defined as follows.

Let ¢ € (0, 00|, then for any A C X we define

Hi(A) = afs) inf{i o AC D B(zy, 1), 711 € (0,5)}.
k=1

k=1
Here B(zy,r) are open balls with radius r centered at zy, i.e.

Bz, ) :={y € X : d(zp,y) < ri}.

Moreover?

where I is the ['-function.

Now observe that § — Hj5(A) is monotonce decreasing. So we can write
H(A) == lim H;(A) =supHi(A) € [0, o0].
d—0+ 5>0

Often one writes HO(A) := #A, the counting measure.
Hs, is called the Hausdorff content.

2Warning: Some authors set a(s) := 1. The main reason to not do that is so that H" = £" in R”
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Remark 1.8. e Observe that while H3(A) < oo whenever s > 0, 6 > 0 and A is
any bounded set, as 6 — 0 H*(A) will be infinite whenever s is smaller than the
“dimension of A” (a notion we will define more carefully below).

Lemma 1.9. H® is a measure in R™.

Proof. One can show similar to the argument for m* that Hj(-) is a measure for each § > 0.

We clearly have H*(0)) = 0. Moreover, since Hj is a measure for any ¢ > 0, we have for
any A C Up2, Ax,
H5(A) <D H5(Ar) <D H (Aw).
k=1 k=1
Taking the supremum over ¢ in this inequality we have o-additivity for H°.

HA) < S H(A).

k=1

Exercise 1.10. Show that
HI(Q) =% oo
Lemma 1.11. H?® is a metric outer measure that means that if A, B C (X,d) satisfy
d(A,B) = inf d(a,b) > 0.
a€AbeEB

then

H (AU B) = H*(A) + H*(B).
Proof. This is relatively easy to see. Take § < d(‘%’B), then since any covering B(x,r) with
r < 0 cannot contain points of both A or B at the same time, we have that H3 is a metric
outer measure. Taking 6 — 0" we obtain that H?® is a metric outer measure. U

Remark 1.12. One can, and we will in Corollary 1.78, show that the n-dimensional
Hausdorff measure in R™ coincides with the Lebesgue measure £", i.e.

L'(A) =H"(A).
Exercise 1.13. Let f : R" — R™ be (uniformly) Lipschitz continuous that is

[f(@) = f)l < Llz —y| Va,y € R
Then for any set €2 and any s > 0,
H(f(Q) < C(LH(Q)
where C(L) is a constant only depending on L.
Exercise 1.14. Show that

e H'=L'inR
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o HE(ANA) = NMHE(A) for all A > 0, where N\A={\z: x¢€ A}.
o H*(LA) = H*(A) whenever L : R — R" is an affine isometry, i.e. if L = Ax+b
for A€ O(n) and b € R™ constant.
Exercise 1.15. Let U C R" be any non-empty open set. Then H*(U) = oo for all s < n.

Exercise 1.16 (translation and rotation invariant). Let A C R™ and s € (0,00). Show
the following

(1) If p € R™ then H*(p+ A) = H*(A).
(2) If O € O(n) (i.e. O € R™™ and O'O = 1) then H*(OA) = H*(A).
(3) If ACREX {0} forO <l <mand w: (z1,...,2,) = (z1,...,2¢) is the projection
from R" =R x R to R, then H.(A) = Hi.(7(A)).
Lemma 1.17. Let 0 < s <t < o0.

(1) If H*(A) < oo then H'(A) =0
(2) If H'(A) > 0 then H(A) = oo.

Proof. Indeed, whenever r, < § and (B(xg,7)))ken cover A we have
H5(A) < alt) Y rp < alt)d > r.
k=1 k=1
Taking the infimum over any such covering B(zy, ) of A we find

HL(A) < Zggaf—mgm).

Taking lims_,o on both sides we obtain

t
w4 < 2o ).

a(s)
This implies that if H'(A) > 0 then necessarily H*(A) = oo, and if H5(A) < oo then
HI(A) = 0. O
Example 1.18. If k € N it is conceivable that H* measures something of “dimension k.
For example assume that C' = [0,1]* x {0} C R? is a 2D-square of sidelength 1. We need
~ 5 many balls to cover C. Then
1 S
ﬁé :
So if s > 2 we see that H*(C') < lims_,06°2 = 0. That is C has no s-volume for s > 2.

H5(C) < als)

For s = 2 one can argue that covering uniformly by balls of radius d is optimal and thus
we have

0 < H*(C) < .
In particular H*(C') = oo for any s < 2.

(this argument is easy to generalize to a f-dimensional manifold in R")
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Indeed, with the Hausdorff measure we can define a dimension

Definition 1.19. The Hausdorff dimension is defined as
dimy A:=inf{s>0: H'(A)=0}.
If H°(A) > 0 for all s > 0 then dimy(E) := oo.

Lemma 1.20. Let C be a set in a metric space and let s > 0

(1) If H*(C) = 0 then dimy(F) < s.

(2) If H*(C) > 0 then dimy(F) > s.

(3) If 0 < H*(C) < oo then dimy(F) = s.

(4) If H: (C) > 0 and H*(C) < oo then dimy(E) = s.

Proof. This follows from Lemma 1.17 and the definition of Hausdorff measure.

(1) follows from the definition of the Hausdorff measure as infimum. then dimy (E) < s.

(2) If H*(C) > 0 then by Lemma 1.17 HY(C) = oo for all t < s. Again from the
definition it is clear that dimy(E) > s.

(3) This is a consequence of the two above statements.

(4) Follows from the statement before since H3_(C) < H*(C)

g

Exercise 1.21 (Hausdorff dimension under Lipschitz and Holder maps). Let (X, d,) and
(Y,dy) be two metric spaces and let f : X — Y. Assume that A C X has Hausdorff-
dimension dimy(A) = s.

(1) If f is uniformly Lipschitz continuous, i.e. for some L > 0,

dy(f(z), f(y)) < Ld(z,y) Vr,yeX

then dimy(f(A)) < s.
(2) Give an example where dimy(A) < s
(8) Assume f is uniformly Hélder continuous, i.e. for some L >0 and o > 0

dy(f(z), f(y)) < Ld(z,y)" Vz,yeX
What can we say about the Hausdorff dimension of f(A) C Y ?

Cf Ezercise 1.13.

Example 1.22. The Cantorset is defined as follows.
C() = [0, 1]

Let Cp := [0,1]. In the k-th step we construct Cy by removing of each interval the open
middle interval of size 37". For exmaple

SITERY

01 = [0, 3 3
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See Figure 1.2.

FIGURE 1.2.

The cantor set

VERSION: December 5, 2022

Set C':= ;2 Ck. Observe that C' is closed and bounded, so compact.
Lemma 1.23. dimy(C) = 1282

~ log3-

20

Proof. For each k € N we have C' C C}. Observe that O} consists of 2¥ disjoint intervals
cach of diameter 37 (i.e. radius $37%). Thus for any § > 0 and for any k > 1 so that

%3_’“ < & we have

H3(C)<als) X537 =27

In particular we have

2k1

(=1

HH(C) =0 Vs>

log 2
log 3

So from the definition of the Hausdorff dimension we get

dimH C<

1
— 1

og 2

og3’

278

Now we need to show the other direction. From now on set s :=
any covering of C'. We claim that

(1.3)

=1

Zri22

Once we have (1.3) we are done, because (1.3) implies

In particular (recall that s =

log 2
log 3

Heoo(C) >

254

log 2
log 3~

S =
S >
s >

log 2
log 3
log 2
log 3
log 2
log 3

Let (B(.I'“ TL));ZI be

) we have co > H*(C') > HZ (C) > 0.

Let us make some notation. Denote by A, the intervals of C}, i.e. Ay consists of pairwise
disjoint, closed intervals in R such that Cy = Useqa, 1. E.g.

Cl - [0,*

1
3]

Ul

2
1
3

J

Alz

{[07 g]’ [5’ 1]}
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a—(k-1)
Ak, 3

AK.

537"

FIGURE 1.3. If a ball intersects three intervals of Ag, its diameter is at
least 5 - 37K

Proof of (1.3) Since C' is compact, we may assume that there finitely many, w.l.o.g. the

first N balls (B(x;, 7)), already cover C. We may assume that each r; < 1, otherwise
(1.3) is obvious.

Fixie {1,...,N}.

Let K; € NU {0} so that
2r; € [375iT 37,
Now we consider the construction step Ck,. Each ball B(x;,r;) has nonempty intersection

with at most 2 intervals of Ck,. Indeed, otherwise its diameter would be at least 5 - 375,
see Figure 1.3.

But then B(x;,r;) has nonempty intersection with at most 2 - 27=%¢ intervals of C; for any

j > K;. Since s = {223 we have

2. K — gitlo=Ki — giH13=Kis < 9it1gs (9} = 27+2(2p,)*.

Set now K := maxy—; . n} K;.

Then for any ¢ € {1,..., N} each of the balls B(z;,7;) has nonempty intersection with at
most 25+2(2r;)* many intervals of Ag.

So if we set I'; to be the number of intervals in Ay that intersect B, (x;) we have I'; <
2K+2(27,)% and thus

N N
Zrz 8 Z 2K+2 2,,,,2)
(1.4) = =
N
=42°) (ry)°
=1

Now for each & € C' there is exactly one interval I in A such that z € I. Since (B, (z;))Y,
covers all of C' we have the following: for each interval I in Ag there exists some i €
{1,..., N} such that B, (z;) NI # (. That is,

N

Z ['; > number of intervals in Ax = 25,
i=1
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1 1
—— — —— —
—— — — —— —— —
I . - .. N . I .
EEEE EEEN EEEE EREE EEEE EREN EEEE EEEE
FIGURE 1.4. The fat cantor set for a = i, see Example 1.24
Thus,
N
(1.5) S T3 > K3 s = 1,
i=1
Together, (1.4) and (1.5) imply (1.3). O

Example 1.24. The Smith—Volterra-Cantor set, aka fat cantor set is defined as follows.

Let Cp := [0,1]. In the k-th step we construct Cy by removing of each interval the open
middle interval of size a. That is

1—a 1+a
Ci=10 U 1].
1 [7 2] [2 7]
1l—a a? l—a a®> 1—a l4a 14132 42 14 te 42
Cy=10,— — —|U — U 2 _JuU 2 —. 1]

Cf. Figure 1.4.

Set C' := N2 Ck. For a = % this is the typical Cantor set. For a = i this is the Fuat
Cantor set.

Exercise 1.25. The fat Cantor above set has positive H-measure.
1.2. Measurable sets. As we have discussed, our definition of measure does not include

the “natural” condition that u(B) = u(B N A) 4+ u(B\A) for all A, B C X — because this
“natural” condition leads to incompatibility such as the Banach-Tarski Paradoxon.

So we will denote the class of sets A C 2% where we have the above “natural” condition
as the o-algebra of measurable sets.

Definition 1.26 (Carathéodory). Let 1 be a measure on X.
A C X is called p-measurable if
u(B) = pu(ANB)+ u(B\A) forany B C X
Remark 1.27. By additivity of the measure, measurability is equivalent to
w(B) > u(ANB)+ u(B\A) for any BC X
Exercise 1.28. Let X # () be any set
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e and assume () =0 and p(A) =1 for any A # 0. Then A is u-measurable if and
only if A=0 or A=X.
o [f v = +# the counting measure then any set A is v-measurable.

Clearly, whatever choice of measure we have, () and X are measurable sets. We also have

N
(1.6) (A;)L, are measurable = | J 4; is measurable
i=1

Proof of (1.6). We proof this by induction. Clearly this holds for N = 1. So to conclude
(1.6) we only need to show:
If Ay, Ay are py-measurable, then so is A; U As.
So assume A; and A, are p-measurable and B C X.
w(B) =p(B\ A1) + p(B N Ay)
= ((B\ A1) N Az) + p((B\ Ar) \ Az)
+u((BNA)NA) +p (BN AN\ A)
21 (B\ (A1 U As)) + (BN (A1 U Az))
In the last step we have used that
p((B\ A1) N Az) + (BN AN Az) + (BN A\ Az) 2 p(B\ (AU Ap)),
by sublinearity and the fact that
B\ (AjUA) =((B\A)NA)U((BNA)NA)U((BNA)\ Ay).

By Remark 1.27 we have that (4; U Ag) is also measurable. O

We have much more than that:
Lemma 1.29. Let X be a set and p be a measure on X.

The collection A C 2% of p-measurable functions
A={ACX: A ispu-measurable}
is a o-algebra, that s
(1) X € A

(2) A € A implies that X\A € A
(3) If (A2, C A then U2, A; € A2

In particular

3This is the o in o-algebra, o means for countably many. If we only had for any N € N: (4;)N, c A
then Ufil A; € A, A would be merely an Algebra (no o!)
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ecA
o if (A))2, C Athen N2, A€ A

Proof.

(2)

(1.7)

(1) For any B C X: since BN X = B and B\X = () we have
u(B) = u(B) + p(0) = n(BNX) + p(B\ X).
Assume that A € A. Set A := X\ A. For any B C X we have
ANB=(X\A)NB = B\A,
and .
B\ A=DB\ (X\A4) =BnA.
Since A is measurable we then have
(BN A) +u(B\ A) = p(B\ A) + u(BNA) = u(B).

Let (Ai)iGN C A Set A := Ufil A

Without loss of generality we have that A; N A; = 0 for i # j. Indeed, otherwise
we set A, := A; and A, := A\ UL AL By the prev1ously proven properties and
(1.6) each A, belongs to A and we have A= U, Ap — so we could work with Ay
instead of Aj.

We have by measurability of each A, and since Ay and Uy ;' A are disjoint,

u(BN LNJ Ay) =pu(B N <(VJ Ak) mAN)+/~L(<Bm tVJ Ak) \ Ax)

k=1 k=1 k=1
N-1
—u(BNAy) + (BN U A
k=1

Repeating this computation N — 1 times we obtain

W(BA U A) = 3 (B0 A,

k=1 k=1

By (1.6) and the monotonicity of u, Remark 1.2, we then have

u(B) = u(B U A +u(B\ U Ar) 2 Z (BN Ay + p B\UAk

k=1
This holds for any N, so we obtain

oo

Z (BN AL+ p B\UAk

k=1 k=1
By the o-subadditivity of i we then have

w(B) > u(B U A+ B\ U Ay

In view of Remark 1.27 this implies measurability of Uy, Ax.



ANALYSIS T & II & III VERSION: December 5, 2022 25

Definition 1.30. Let C C 2% any nonempty family of subsets of X, then

a(C)
denotes the o-Algebra generated by C, namely the smallest o-algebra containing C.
Exercise 1.31. e {0, X} is a o-algebra of X

o 2% is a o-algebra of X
o Let (X, d) be a metric space. Denote O C 2% the family of all open sets.

Let F be the family of o-Algebras that contain all open sets. That is, A C 2%
belongs to F if and only if A is a o-Algebra, and any open set O € O belongs to
A, ie O e A

Define

B:=(\{A: AecTF}

Show that (a) F is nonempty, (b) B is a o-algebra and (c) B is the smallest o-
Algebra containing all open sets, i.e. show that B = o(0O).
B is called the Borel o-Algebra and a set B € B is called a Borel set.

Definition 1.32. If y : 2¥ — [0, 00] is a measure on X, and ¥ is the o-algebra of yu-
measurable sets, then once calls (X, X, 1) a measure space.
Some author choose to define measures only on their o-algebra > of measurable sets, and

call our definition of a measure an outer measure.

There is a reason for restricting p only to act on measurable sets — a measure p acts in a
very intuitive way on its measurable sets!

Theorem 1.33. Let (X, X, 1) be a measure space.

Let (Ax)gen C X (ie. each Ay is measurable). Then we have
(1) If Ay N Ay =0 for k # (¢ we have
(o-Additivity) (U Ar) =D pu(Ar)
k=1 k=1
(2) If Ay CAy C...C Ap C ... then

p(U A = lim (4.

k=1

(3) If 1(Ay) < oo and Ay DAy D ... D A D ... then

u(() A) = Jim p(AL)

k=1
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Proof. (1) Above in (1.7) we computed (take B = X) that for finitely many pairwise
disjoint sets

N N

p(U Ar) = > n(Ap).

k=1 k=

[y

By monotonicity

By o-subadditivity,
u(g 4> 3 u(A) > (U A,
The number on left- and right-hand side are the same so we have
S () = (U A,
k=1 k=1

(2) Let Ay = A, and A, := A\Ag_1. Then (/le)z‘;l is pairwise disjoint, and each Ay
is measurable. So

(3) Set Ay = Aj\Ayg, k € N. Then () = A, C Ay C ... Moreover we have

(A = p(Ag) + p(Ar), ke
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By the above argument (observe that p(Ag) < u(A;) < o0)
p(Ay) — klim p(Ay) = lim p(Ay)
—00 k—o0

:M(G Ak)

k=1

—u(AN ) A

k=1
() — () Ap).
k=1
Since p(A;) < oo we can conclude.

U

Example 1.34. e There is no way we can assume (or should hope for) that for
uncountable unions we have (even sub-)additivity: For example R = J,cg{z}. The
Lebesgue measure would satisfy £'{z} = 0 for all z, so

LM(R) # lem LYz} =0.
e The assumption p(A;) < oo in Theorem 1.33(3) is necessary.
Let X = N and p the counting measure. Set for k£ € N
Then Ay D Ajy1, but p(Ag) = oo for all k£ € N. However Nyen Ax = 0, so

0= p(() A) # lim p(Ag) = oo.

keN
Lastly, from Advanced Calculus we are aware of sets of measure zero (there it was that
Riemann-integrable functions are continuous outside a set of Lebesgue-measure zero)

Definition 1.35 (Zero sets). A set N C X is called a set of p-measure zero if u(N) = 0.
We also say N is a p-zeroset.

A property P(x) holds pi-a.e. in X if P(x) holds in X\ /N where N is a u-zeroset.
Theorem 1.36. Let N C X be a pu-zero set. Then N is measurable.

Proof. Let B C X, by monotonicity we have u(B N N) < p(N) = 0. Moreover u(B\N) <
w(B). So we have

p(BNN)+ u(B\N) < p(N) + u(B) = pu(B).
This implies measurability. U

Exercise 1.37. Let X be a set and p be a measure on X.

(1) Let (N;)ien be sets of p-measure zero. Show that U;ey N; is a set of p-measure zero.
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(2) Let N be a p-zeroset. Show that any A C N is a p-zeroset.
(8) Show that is a property P(x) holds for p-a.e. x and a property Q(y) holds for u-a.e.
y then Q(x) and P(x) hold (simultaneously) for a.e. x.

1.3. Construction of Measures: Carathéodory-Hahn Extension Theorem. While
we already have constructed in (1.2) the Lebesgue (outer) measure, we are still interested
in finding a more axiomatic approach to construct the Lebesgue measure.

The idea is to define a pre-measure on some sets (like cubes!) and build a measure out of
that.

Definition 1.38 (Algebra). Let X be a set and A C 2X. A is called an algebra if
(1) Xed

(2) A € Aimplies that X\A e A
(3) If Al,AQ € A then AU A, € A.

Definition 1.39 (Pre-measure). Let X be a set, A C 2% an algebra (not necessarily a
o-algebral). A map A: A — [0,00] is a pre-measure, if

(1) M@)=0
(2) MA) =372, AM(Ag) for any A € A such that A = |2, Ay for some parwise disjoint

A pre-measure is called o-finite, if X = 32, Sk with Sx € A and A\(Sk) < oo for each k.

Exercise 1.40. Let A : A — [0, 00] be a premeasure

(1) Assume A C B with A, B € A then A\(A) < A\(B).

Example 1.41. An interval is the set (a,b) or [a,b] or (a,b] or [a,b), where —co < a <
b < oo (we allow fo0 if the set is open).

A block () in R™ is the cartesian product of n intervals Q = I; X Iy X ... X I,,.

A figure is made out of finitely many blocks

N
A= {A CR": A= U Q; some N € N, @; blocks with pairwise disjoint interior} :

i=1

Exercise: A is an Algebra

The volume of a block @) = I; x ... x I, is given by the n-dimensional volume, i.e.
vol(Q) = I, |14,
where as usual, |[a,b]| = |(a,b)| = |[a,b)| = |(a,b]| := |b — al.

Indeed, vol defines now a premeasure on A:
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Whenever A € A, i.e. A=Y, Q; for pairwise disjoint blocks Q; then
N
vol(A) ==Y vol(Q;).
i=1

One can check that this is independent of the specific choice of ;. L.e. if also A = Uj»v;l Q]‘
for another cobination of pairwise disjoint blocks Qj then

; vol(Q;) = Z:l Vol(Qj).

Indeed, now vol defines a pre-measure on A. vol is also o-finite, simply take Sy := [—k, k|™.

The important thing is that a premeasure extends (more or less uniquely) into a real
measure. This is called Carathéodory—Hahn extension.

Theorem 1.42 (Carathéodory-Hahn extension). Let X be a set, and A C 2% an algebra
with a premeasure X : A — [0, 00].

For A C X the Carathéodory-Hahn extension p : 2% — [0, 00] is defined as

1u(A) = inf {fj AAy): Ac G Ap, Ay € A}

k=1 k=1

Then

(1) p: 2% —[0,00] is a measure on X,
(2) u(A) = A(A) for all A€ A,
(3) Any A € A is p-measurable.

Compare this to the definition of the Lebesgue measure, (1.2).

Proof of Theorem 1.42. (1) Clearly u : 2% — [0, 00] is well-defined (observe that X €
A, so that u(B) < u(X) for all B C X, and u(0) = 0.
Now let B C U;2, Bx. Take any € > 0. By definition of the infimum, for each
By, there exist some (Ay.)52, C A such that B, C U2, Ak, and

[e.9]

Z )\(Ak,g> S /,L(Bk> -+ 271{8.
(=1
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Clearly, A C U= Ag;e so we have
m(A) <3 MAks0)
<M (,U(Bk) + 2_’“5)

This holds for any € > 0, so letting ¢ — 0 we find

(i>

Thus, p is o-subaddive, and thus p is a measure.
(2) For A € A we clearly have p(A) < A(A).

Now we show A\(A) < u(A). We may assume that u(A) < oo otherwise there is
nothing to show.

Take any (Ag)2, C A such that Up2; Ax D A. By the usual argument we
may assume (without loosing that A € A) that A, N A; = 0 for all k& # j. Set
Ay == A, N A k € N. Then (4;,)32, € A are pairwise disjoint, so since \ is
premeasure

- i A(Ay) < i AA).

Here we also used Exercise 1.40 (monotonicity of \) and Ay, C A
Taking the infimum over all covers (Ay)ren as above we obtain that

AA) < p(A),

as claimed.
(3) Let Ae Aand B C X.
Fix ¢ > 0 arbitrary. By the definition of yu, there exist (Bj)32; C A such that
B C U2, By and

> u(Bi) 2 u(B) 2 3 plBe) =

k=1

Since By € A we have p(By) = A(Bg). Since A, By € A and A is an algebra we
have BN Ay, and Bi\A € A. These are disjoint sets, and since A is a pre-measure
we have

So we have

B) > S ABAA) + 3 AB\) — <.

k=1 k=1
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Now observe that BN A C Upeny BkNA and B\A C U2, Bi\A (and both coverings
belong to A). By the definition of 1 we thus find

iA(BkﬂA) > u(B N A)

k=1

and
Y ABr\ A) > u(B\A)
k=1
Together we arrive at
p(B) = (BN A)+ p(B\A).
That is, A is p-measurable.
0
Definition 1.43 (Lebesgue measure). The Lebesgue measure £ in R™ is the Caratheodory-
Hahn extension of A in Example 1.41. Compare this with (1.2).
If the pre-measure is additionally o-finite, then the Carathéodory-Hahn extension g is
essentially unique (on the sets we care about: the measurable sets).

Theorem 1.44 (Uniqueness). Let A : A — [0,00] as in Theorem 1.42 be additionally
o-finite and denote by u the Carathéodory-Hahn-extension.

Whenever fi : 2% — [0, 00] is another measure such that
A(A) = AA) forall A€ A,

then indeed
f(A) = u(A)  for all p-measurable A

Proof. (1) We have ji(A) < p(A) for all A C X. Indeed, let A C Upey Ax for A, € A.
Then by o-subadditivity of fi,

A(A) < 30 () = 3 A(A)

Taking the infimum over all such covers (A;)72; C A of A we obtain
(1) A(A) < pu(4) VAC X

(2) Let ¥ be the o-algebra of p-measurable sets.
We now show:
f(A) = p(A) for all A C X such that there is S € A with A(S) < oo, and S D A.

So fix such A and S.
Then

(S\A) < i(S) "EA(S) < oo



(1.9)
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Consequently, since A € ¥ and S € A,

A) + A(S\A) £ p(A) + u(S\A) “ (S) 1 (S) < (A) + S\ A).
So we have equality everywhere, which leads to

[i(A) + (S\A) = p(A) + p(S\A)
With (1) we conclude

i(A) + a(S\A) = u(A) + A(S\A)

and thus fi(A) > u(A) (here we use that i(S\A) < o). Again with (1) we have
shown that

u(A)=p(A) VAeX: st.3SeA: ACS, AS) < .

f(A) = u(A) for all AC X

In comparison to (2) we need to remove the restriction A C S for some A(S) < oc.

We write X = U2, Sk with (Sk)ren pairwise disjoint, Sy € A, A(Sk) < oo for all
k e N.

Set Ay := AN Sy, which are pairwise disjoint sets that all belong to . From
(1.9) we have for any m € N

AU Ar) = n(UJ Ar).
k=1 k=1
Thus, by monotonicity of /i, and since each A € 3, we have

(4) > timsup () A) = limsup (| Ax) 5 3 (Ay).

From Theorem 1.33 (1) we obtain

Z 1(Ax) = pu( U Ap).
k=1 k=1
Thus we have shown for any A € X,
(A) = u(A),

and we have equality in view of (1.8).

g

Remark 1.45. Observe that in Theorem 1.44 it is not said that any p-measurable A was
also ji-measurable

Example 1.46. In general y and fi in Theorem 1.44 might be different for non-measurable

sets.

Let X

=[0,1], A= {0, X}, and set

AO) =0, M][0,1]) := 1.
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Then A : A — R is a pre-measure.

One can check that the Caratheodory-Hahn extension of A is given by

A =
HA) = {(1) A;«ég.

If on the other hand we consider fi the Lebesgue measure on [0, 1], i.e. the Caratheodory-
Hahn extension of A : A — [0, co] where A are the figures from Example 1.41 and \ is the
volume as defined. Then i coincides with p on A but not in A, because, e.g.

1

5 = M0,1/2]) = (10, 1/2]) # p([0,1/2]) = 1.

1.4. Classes of Measures.

Definition 1.47. Let X be a metric space and p be a measure on X. p is called a metric
measure if

WEUF) = pu(E)+ p(F)
whenever dist (F, F) > 0

Exercise 1.48. The Hausdorff measure H* on a metric space X is metric measures for
any s > 0.

Exercise 1.49. The Lebesque measure on R™ is a metric measure.

Definition 1.50. Let X be a metric space and i be a measure on X.

e Let B C 2% be the smallest o-algebra that contains all open sets of R”, that is?
B:=) {A c 2% . Ais o-algebra, all open sets belong to A} .

(Cf. Exercise 1.31). Any set A € B is called a Borel set and B is called the Borel
o-algebra.

e A measure p on X for which (at least) all Borel-sets are u-measurable is called a
Borel measure.

Exercise 1.51. If f : X — Y is homeomorphism then f(A) is Borel if and only if A is
Borel

Theorem 1.52. If i is a metric measure on a metric space X then u is a Borel measure,
i.e. all open sets are p-measurable. In particular Lebesque and Hausdorff measure are
Borel measures.

4t is an easy exercise to show that this indeed defines a o-algebra. Observe in particular that 2% is a
o-algebra which contains all open sets so the right-hand side is not an intersection of empty sets.
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Proof. 1t suffice to show that all open sets in X are py-measurable, since then the set of
measurable sets (which is a o-algebra) must contain the Borel sets 5.

Let G C X be open and A C X arbitrary. We need to show
1(A) = (AN G) + p(A\G).
If 1(A) = oo this is obvious, so from now on assume p(A) < oo.
For k € N define )
Gy = {x e G: dist(z, X\G) > k}
Then dist (Gx, X\G) > 1+ > 0.
We have by monotonicity,
pANG) + u(A\G) < (AN Gy) + p(A\G) + p(AN (G\Gy)).

Since p is a metric measure and dist (A N Gy, A\G) > 0 we conclude

PANG) + p(A\G) < p(A) + (AN (G\Gr)).
So the statement is proven once we show
(1.10) kh_)ngo (AN (G\Gg)) =0
To see (1.10) let

1 1
Dy, = Gpy1\Gi = {x e G: dist(z, X\G) € (ma k]}

We then have (here we use that G is open)

(1.11) G\Gy = UD so (AN (G\ Gp)) <> u(An D)
i=k
and whenever 7 4+ 2 < 7 we have
1
dist (D;, D;) > - —-=>0.
ist ( ;) T j>

Since p is a metric measure we can sum up even and odd D;’s i.e.

Y (AN Dyiy) = p(AN | Daioa) < p(A)

i=1 =1
and
k k
> AN Dy) = (AN Da) < u(A).
i=1 i=1
In particular we have

iu(A ND;) <2u(A) < co.

i=1
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From (1.11),
p(AN(G\Gy)) <> (AN Dy)

i=k
and since the series on the right-hand side converges
1(AN (G\Gp)) 222 0.
That is (1.10) is established and we can conclude. d

Theorem 1.53. Let X be a metric space and p any Borel measure. Suppose that X is a
union of countably many open sets of finite measure. Then for all Borel sets E C X

p(E)= _inf —puU)= sup  u(C).

UDE;U open CCE;C closed

The first part of Theorem 1.53 is a direct consequence of

Proposition 1.54. Let X be a metric space and p any Borel measure. Suppose that X is
a union of countably many open sets of finite measure. If we define fi : 2% — [0, 00] as

(1.12) a(E) = U:)El;gfopen pwlU) ECX

then [i s a metric measure and we have
a(E) = u(E) YBorel sets E C X.

The Hausdorff measure #* (which is metric and thus Borel) shows that we cannot skip the
assumption that X finite union of countably many open sets of finite measure.

Indeed if s < n for any nonempty open set H*(U) = oo, so (1.12) is certainly false.

Proof of Proposition 1.54. 1t is easy to see that [i is a measure (exercise).

We will show, it is a metric measure: let E, F' C X such that § := dist (E, F)) > 0. Set

1
VE = U B(.T, g
zeE

9),

and 1
Ve = J B, 55)

zeF
Vg and Vi are then disjoint and open. Fix ¢ > 0, let U D E U F' be open such that

uwU) <p(EUF)+e.

Since Vg NU and Vp N U are open they are p-measurable and since they are moreover
disjoint

w(VeNU)U (Ve U)) =p(VeENU) + pu(VrNU).
Since E=FENVgCcUNVgand F = FNVp CUNVg we have

(E) +i(F) < p(VeNU) +u(VeNU) = p(VENU) U (VENU)) < u(U) S (EUF) +e.
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Taking ¢ — 0 we obtain that f(F) + a(F) < a(E U F) which shows that i is metric.
Consequently, in view of Theorem 1.52, [ is Borel.

It remains to show ji(E) = u(E) for all Borel sets. Clearly,
A(E) > u(E) VE C X.

and
A(E)=pu(E) YE C X open.
By assumption we can write X = Up2; Xy with Xy open and pu(Xj) < co. We also may
assume that X C Xpyq.
Then we have for all set £ C X
and
WX N E) < (X,\E).
Now if E is Borel, we have
(1.13) p(Xn\E) = ((Xp\E) and  p(X, N E) = 4(Xn\E).
Indeed, if not, either u(X,\E) < i(X,\E) or u(X, N E) < f(X,\E), which leads to
p(Xn) = p(ENXn) + p(Xo\En) < A(E N Xy) + i(Xo\En) = (Xn) = 1(Xy)

the second to last equation is the ji-measurability of £ (since it is a Borel set and [ is a
Borel measure), the last equation uses that X,, is open. The above estimate is impossible
(since pu(X,), 1(X,) < 00), so (1.13) is established.

So in particular we have for any Borel set FE, u(X, N E) = (X, N E). In view of
Theorem 1.33 (recall: both p and fi are Borel!)
A(E) = lim [i(X, N E) = lim u(X,NE) = u(E).
That is, we have shown for any Borel set F,
(1.14) p(E)=p(E):= _inf  p(U).

N UDE;U open

U

Proof of Theorem 1.53 last part. Having from Proposition 1.54 (1.14), it remains to prove
that for Borel sets E

pw(E)= sup  u(C).

CCFE;C closed
We apply (1.14) to X,,\ £ and find an open set U,, such that

X, \E C U,

and
HUNKNE)) = p(Un) = (X \B) < o
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The set U := U2, U, is open and C' = X\U C FE is closed. Now it suffices to observe that

E\C=En | UsC L) G\UNE)

n=1 n=1
and hence pu(E\C) = u(E) — pu(C) < e. Thus, u(C) < u(E) < u(C) +¢e. Takinge — 0
the proof is complete. O

Corollary 1.55. Let X be a metric space and u,v Borel measure. Suppose that X is a
union of countably many open sets of finite measure. If v and pu coincide for open sets,
namely if
v(U)=w(U) Vopen set U C X,
then
v(E) = pu(E) VBorel sets E.

Proof. Twice applying Theorem 1.52, we find that for any Borel set E
pw(E)= _inf wU)= _inf v{U)=v(E).

o UDE;U open UDE;U open

On R™ we can simplify Corollary 1.55

Theorem 1.56 (Borel measures on R™ that coincide on rectangles). Let u and v be two
finite Borel measures on R"™ such that

for all closed rectangles R of the form
R:{.Z'GRTL alﬁxlﬁbl, 2:1,,71,}
where —oo < a; <b; <o0,i1=1,...,n.

Then

for all Borel sets B C R"

For the proof of Theorem 1.56 we need a essentially combinatorial observation, called the
m-A Theorem. m and A-systems are families of sets which are invariant under less operations
than the o-Algebras.

Definition 1.57. (1) A nonempty family P C 2% is called a 7-system if it is closed
under (finitely many) intersections, i.e.

A BeP impliess ANBeP.

(2) A family of subsets £ C 2% is called a \-system if
e XLl
e A,B€ L and B C Aimplies A\ B € L
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o if Ay € Land A, C A,y for k=1,..., then
UAkE,C
k=1

Exercise 1.58. Show that if P is a A-system and a mw-system, then it is a o-Algebra.

Clearly any o-Algebra is also a m-system and a A-system.

Theorem 1.59 (7-A Theorem). If P is a w-system and L is a A-system with
PcCL

then®

o(P)C L

Proof. Define S to tbe the intersection of all A\-systems £’ containing P
S= 2,
L'oP
We first claim that S is a m-system.
Indeed let A, B € S. We must show AN B € S. Define
A={CcX: AnCeS}.

Since § is a A-system, it follows that A is a A-system. Therefore S C A. But then since
B € S we see that AN B € S.

Next we claim that S is a o-algebra

Indeed, we only need to show that S is a A-system (cf. Exercise 1.58).
Since X € S, 0 = X\ X €S. Also A € § implies X \ A € S. So S is closed under

complements and under finite intersections, and thus under finite unions.

If Ay, Ay € S then B, :=Uj;_; Ar € S. Since S is a A-system we conclude that ;2 Ax =
1B, €S8. Thus S is a o-algebra.

Since § D P is a o-algebra it follows that
o(P)cScCL.

Proof of Theorem 1.56. Let

P:={ACR": forsomen €N, A= (] Ry, where (Ry)};_, are a rectangles},
k=1

Recall that o(P) is the o-Algebra generated by P



ANALYSIS I & IT & III VERSION: December 5, 2022 39

which a m-system. We also set
L:={BCR": BBorel: u(B)=v(B)}.
While it is not so clear that £ is a o-Algebra, one can check it is a A-system. Also P C L

by assumption (observe that each Ry is 1 and o-measurable).

By Theorem 1.59 we have o(P) C L. Since o(P) contains the Borel sets (any open set
can be written as countable union of rectangles, see Lemma 1.75 below), any Borel set B
satisfies B € £ and thus u(B) = v(B), and we can conclude. d

Definition 1.60 (Borel Regular measure). A Borel measure p is Borel regular, if for any
A C R™ there exists some Borel set B D A such that u(A) = u(B).

Corollary 1.61. Let X be a metric space and jv any Borel measure. Suppose that X is a
union of countably many open sets of finite measure. If we define i : 2% — [0, 00] as

a(E):= inf wlU) ECX

UDE;U open

then fi s a metric, Borel-reqular measure that coincides with p on Borel sets.

Proof. In view of Proposition 1.54 we only need to show that fi is Borel-regular.
Indeed, let F C X with u(F) < oo (otherwise u(E) = u(X) = oo) be arbitary. Let (Ug)?2,
be open sets so that U, D F and

pUx) = = < i(E).

| =

Set U := N2, Ux. Then we have £ C U and thus fi(E) < a(U). On the other hand we
have

~ X - 1
aU) = A U) < pl(U) < (E) + 7
k=1
This holds for any k£ € N so letting £ — oo we find
A(U) < i(E).
So i(U) = i(E), and since as an intersection of countably many open sets U is a Borel-set,
we can conclude. O

Example 1.62. The Lebesgue measure £" (as defined in Definition 1.43) is Borel regular.

Proof. In view of Corollary 1.61 it suffices to show that
L'(A) =inf {L"(G): G CR"openand G D A}.

< is obvious by monotonicity. For > assume £"(A) < oo, let € > 0 and take blocks (Q;)2,
such that

ivol(@i) < L'A)+e.
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To each block @); we can choose an open block )¢ O @); such that
vol(Q?) < vol(Q;) + 2.
Set G :=U2,(Qi)° D A. Then

LMG) < Z 1(Q7) <Zvol Qi) +22 €
=1
<L"(A) + 2e.
That is we have shown
LM(A) +2e>inf {L"(G): G CR"openand G D A}.
which holds for any € > 0, letting € — 0 we conclude. O

Example 1.63. Let X be a metric space. For any s > 0, H*(X) is Borel-regular.

Proof. In this case we cannot use Corollary 1.61, since we cannot assume that we can cover
X with countably many finite measure sets.

If s = 0 the claim is easy. Take any E C X. If H(E) = oo, then H(F) = H*(X) = cc.
If H°(E) < co then F contains finitely many points, thus E is closed and thus a Borel set.

Now let s > 0 and F C X. If H*(E) = oo then again H*(E) = H*(X) = oo and we
conclude. So assume H*(FE) < oo. In particular Hj(F) < oo for all 6 > 0.

So for each ¢ there exists a covering of E by open balls (B(ry)) ., with radius 7, < §
such that
1 1
(1.15) UB Thit)) SHS%(E)—FZgHS(E)—'—Z.
k=1
In the last step we used again H*(A) = sups-o Hj(A).
Then G := N2, Upey B(rkye) is a Borel set, and we have
o0 (1.15)
H*(G) = lim 7-[8 (G) <limsupH3 (] Blrie)) < H(E)+
{=o0 l—o00 £z

Since on the other hand G D E we have

H(G) = H(E).
We can conclude. O

Definition 1.64. Let X be a metric space and yu : 2% — [0, 00] a Borel regular measure.
w is called a Radon measure if u(K) < oo for all compact sets.

Example 1.65. e L" is a Radon measure on R”
e 7? is not a Radon measure in R” whenever s < n.
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Example 1.66. Let X is a locally compact and separable metric space® and p is a Borel
measure such that p(K) < oo for all K compact.

Then X is the union of countably many open sets of finite measure and thus p coincides
with a Radon measure fi on all Borel sets; cf. Corollary 1.61.

Exercise 1.67. Let X be a metric space and p any Radon measure. Suppose that X is a
union of countably many open sets of finite u-measure. Let A C X be p-measurable. Show
that u_ A is a Radon measure.

Theorem 1.68. Let X be a metric space and p any Borel-reqular measure. Suppose that
X is a union of countably many open sets of finite p-measure.

(1) If n is Borel-regular, then for any A C X we have
p(A) = _inf uG)

ACG, G open

(2) If X = R" and p is a Radon measure, for any p-measurable A C X we have
pA)y=_ sup p(F).

A, F compact

Proof. (1) Let A C X. By monotonicity we always have
pu(A) < inf  u(G).

ACG, G open
For the other inequality, since p is by assumption Borel-regular we find a Borel set
E D A such that u(A) = u(E). By Theorem 1.53 we have
pA) =p(E)= _inf p(G)= inf u(G)

ECG, G open ~ ACG, G open

(2) Follows from part (1), see Exercise 1.69.

Exercise 1.69. Show Theorem 1.68 (2).

Use the argument as in the proof of Theorem 1.53 last part and Theorem 1.68(1). Observe
we need measurability of A because we need to use that p(U\(X,\A)) = w(U) — u(X,\A4),
which is the measurability of X, \ A.

Theorem 1.70. Let X be a metric space . a Radon measure on X, and assume that X is
a union of countably many open sets of finite p-measure. Then the following are equivalent

for AcC X.

(1) A is p-measurable
(2) For every € > 0 there is an open set G C X such that A C G and u(G\A) < e

6Separable means, a countable set is dense. Locally compact means that ever point has a neighborhood
whose closure is compact. R™ is locally compact and separable, but also R™ \ 0 is locally compact and
separable
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(3) There is a Gs-set, namely a set H = ;2 G; for some open sets G; C R", such that
ACH and n(H\A) =0

(4) For every e > 0 there is a closed set F' such that F C A and u(A\F) < ¢

(5) There is a F,-set, namely a set M = \J2, F; for some closed set F; C R", such that
M C A and p(A\M) =0

(6) For every € > 0 there is an open set G and a closed set F' such that FF C A C G
and p(G\F) < e.

(7) A= BUN where B is a Borel set and N is a pi-zero-set.

Proof. By assumption we have X = U2, Xy with X} open and p(X}) < oo.

(1) = (2): Let € > 0. Set Ay := AN X then u(Ax) < oo and by Theorem 1.68 there
exists for each k£ an open set GG, O Aj, such that

3
wGr) < p(Ak) + 55
Since Aj, is measurable and G, D Aj, we have
€
(Ge\Ax) = (Gy) — pu(Ay) < o

Hence A C G := U;2; G, and we have
(o] o0 o0 6
G\ A) < ZMGk\A Z (Gr \ Ax) Ssz—
=1 = k=1

Letting ¢ — 0 we conclude. (2) (3). We set H := N2, U; where U; are open sets such
that A C U; and pu(U;\A) < 1. Then A C H and

1 1—00
p(H N\ A) < p(Ui \ A) < = == 0.
(3) = (1) Let A C H for some Gs-set H with u(H \ A) = 0. Then for any B C X we have

by monotonicity
W(BNA) < (BN H)
and since BNH C (BNA)U(H\A),
W(BOH) < (B0 A) + p(H\A) = u(B 1 A).
thus we actually have
w(BNH)=uBNA).
Similarly,
p(B\ H) < p(B\ A)
and since B\ AC (B\ H)U(H\ A),
p(B\A) <u(B\ H)+p(H\ A) = u(B\ H).
Thus
p(B\ H) = u(B\ A).
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Now since any Gs-set is a Borel set and p is in particular a Borel measure we have that H
is p-measurable. Consequently

w(B) =pu(BOH) +p(B\ H) = p(BNA)+ pu(B\ A).
Thus A is p-measurable.

(1) & (4) < (5) this equivalence follows from the equivalence of the conditions (1), (2),
and (3) applied to X\ A.

(1) = (6) If Ais py-measurable, the existence of the sets F' and G follows from the conditions
(2) and (4).

(6) = (3) Take closed and open sets £}, G; such that F; C A C G;, u(G;\F;) < 1. Then
the set H := N2, G; is Gs and u(H\A) = 0.

(7) = (1) If A= BU N where B is a Borel set and N is a p-zero-set, then clearly A is it
is the union of two p-measurable sets.

(5) = (7) We have A = M U A\M, where M is a F,-set, in particular a Borel set. and
A\ M is a p-zero set. O

From Theorem 1.56 we obtain the following uniqueness result

Theorem 1.71 (Radon measures on R" that coincide on rectangles). Let p and v be two
Radon measures on R™ such that

for all closed rectangles R of the form
R={zeR": a<z;<b, i=1,...,n}
where —oo < a; < b; <o0,1=1,...,n.
Then
w(A)=v(A) VYACR"
Proof. By Theorem 1.56 we have
u(K) = v(K)

for all compact set K (observe that then the measure is w.l.o.g. finite). By Theorem 1.68(2)
we obtain that

u(4) = v(A)
for all Borel sets (which are both p- and v-measurable).

If A C R"is any set, then there exists two Borel sets B, D A and B, D A such that
1(A) = u(B,)

and
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Observe that we have
w(A) <u(B,NB,) =v(B,NB,) <v(B,) =v(A).
Similarly we find v(A) < u(A). That is u(A) = v(A) and we can conclude. O

Proposition 1.72. Let p be a Radon measure on R™. Then for each x € R"™ there are at
most countably many r > 0 such that

u(0B(z, 1)) > 0.
Exercise 1.73. Construct a Radon measure p on R™ such that for countably many r > 0,

w(0B(z, 7)) > 0.

Proof of Proposition 1.72. For simplicity let us assume that x = 0.

Now consider

f(r) = p(B(r)).
Clearly f : (0,00) — [0,00) is increasing, so f has at most countably many points of
discontinuity.

Moreover we observe that
pw(B(r)) = lim f(F).

T—=r—
Indeed, this follows since for any increasing sequence r; < r9 < ... < r with limr; = r, so
by Theorem 1.33(2)

w(B(r) = p(J BG)) = lim u(B(r) = lim £(r,).

1—00 1—00

Next we claim that whenever r is a point of continuity for f then p(9B(r)) = 0. Indeed,

since B(r) and 0B(r) are compact and B(r) open (thus all are measurable),
0 < W(@B(r) = u(BE) — p(B(r)) = F(r) — lim f(7).
So if r is a point of continuity, then lim; - f(7) = f(r) and thus

u(@B(r) = 0.

Similarly we have

Exercise 1.74. Let u be a Radon measure on R™ and g € C°(R™,R) such that g = 0
outside a compact set K. Then there exist at most countable r € R such that

g™ (r)) > 0.
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FIGURE 1.5. An open set can be represented by a countable union of dyadic cubes.

1.5. More on the Lebesgue measure.

Lemma 1.75 (Dyadic decomposition of open sets). Any open set @ C R™ can be written
as

Q=
=1

where Q; are closed cubes with pairwise disjoint interior and each cube has sidelength 27
for some k € N.

Proof. See Figure 1.5 for a picture proof. We consider dyadic cubes of sidelength 27,
¢ € NU {0} which cover R™:

R"= (J a+[0,27"

ac2tzn
o

Q, = Q:a+[0,24]"2 aEZgZ"andQCQ\ U @
QEQe_1

Each Qy is a countable family of cubes, so Q := U2, Q, is a countable family of cubes.

By construction we have

Ueca.

QeQ
Observe also that by construction two cubes in Q intersect only along their boundary.

Now assume by contradiction that Ugeo @ # €2, i.e.
Q\ U Q2 {zo}.
QeQ
Observe that any point x € Ugeg @ belongs to at most 2" many cubes Q € Q.

We conclude that Jgeg @ is a closed set, even though it may be a countable union of closed
cubes. Indeed assume (x;);en C Ugeo @ converges to some . Then all but finitely many

z; belong to the same cube @ which is closed, so z € Q.
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By the argument from above, Q\ Ugeg @ is open thus there exists a small ball B(zg, p) C
Q\ Ugeo®@ D {mo}. Let ko such that 27" < £-. Then we can find a tiny cube
Q = a+[0,27%] C B(x, p) (each component of z, lies between some [2~%(F+1) 2=ko(]),

Contradiction because that cube would belong to Q. O
Exercise 1.76. Show that any open set U C R"™ can be written as a countable union of

open cubes.

The Lebesgue measure is essentially built from blocks, the dyadic decomposition shows that
the Lebesgue measure is then the only natural volume notion on R™: any other translation
invariant volume notion is the same.

Theorem 1.77 (Uniqueness of the Lebesgue measure). If u is a Borel-measure on R™
such that

e ula+E)
o 1([0,1]")

then u(E) = L"(E) for all Borel-sets E.

w(E) for all a € R™ and all Borel-sets E C R™ (translation invariance)
1

If p is moreover Borel-reqular (and thus a Radon measure) then u(E) = L"(E) for all
E CR".

Proof. Consider an open cube @ = (0,27%)" where k is a positive integer. There are 2"
pairwise disjoint cubes contained in the unit cube [0, 1]", each being a translation of Q.
Since the measure y is invariant under translation we have

1(Qr) <270

Now we can use a similar argument to cover 0@} by translations small cubes in such a
way that the sum of py-measures of the cubes covering 0Q) goes to zero as k — oo. Thus
1(0Q) = 0 for any cube Q.

Now [0, 1]™ can be covered by 2*" cubes which are translations of Q. So,
1= pu([0,1]") < 25" u(Qy)-

Thus, u#(Qr) > 275 and u(Qr) < 27, Since p(0Qk) = 0 we find that u(Qr) = u(Qr) =
27 for all k.

In conclusion: any cube @ of sidelength 27* satisfies

Q) = LM(Q)-

By dyadic decomposition, Lemma 1.75, any open set £ can be written as £ = |2, @); for
cubes which are translations of )y for some k, and with pairwise disjoint interior. Thus

W(E) = ul@) = Y £'(@Q) = £'(E).
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In view of Theorem 1.53 applied to p and the Lebesgue measure we conclude that u(E) =
L"(E) for all Borel sets E.

If 1 is Borel regular then the additional claim follows from Theorem 1.71. U
Since the n-Hausdorf measure H" a translation invariant, Exercise 1.16, Borel measure, we
obtain that it essentially coincides with the Lebesgue measure.

Corollary 1.78. Let n € N. Then n-th Hausdorff measure and Lebesque measure coincide
in R™ up to a multiplicative factor C,, for all Borel sets. That is

HY(E)=L"(E) VECR"
Proof. From Example 1.63, Exercise 1.16, Theorem 1.77 we have H"(E) = CL"(E) for
some constant C'. The fact that C' =1 one can check in by testing for £ = B(0, 1). O

Proposition 1.79. A set E C R" has Lebesgue measure zero if and only if for every e > 0
there is a family of balls (B(x;, 1)), such that

E C U B(Zl}z, 7’1')
i=1

and

x
Z r < €.
i—1

Proof. <. Assume

(1.16) E c | B(wi,m)
i=1
and
(1.17) d ol <e.
i=1

Obserserve that if Q(z;,2r;) denotes the cube with sidelength 2r; centered at x; then
B(zi,1;) C Q(x;,2r;) and thus by the definition of the Lebesgue measure, Definition 1.43,
L (B(wi, i) < vol(Q(w4,2r;)) = (41:)".

Consequently, by monotonicity
LME) <Y 4™ < 4%.
i=1
Thus if for every € > 0 there is a family of balls (B(z;,7;))$2, such that (1.16) and (1.16)
holds, we have
L'(E) = 0.
That is E is a L™-zero set.
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=: Assume L"(FE) = 0.

By definition of the Lebesgue measure, Definition 1.43, for any € > 0 there exist (Ax)3,
figures which each can decomposed into blocks of pairwise disjoint interior A = U?Q“l Qi
such that

FE C U = U
k=1 k=1
and
oo oo N
D vol(Ag) = D> vol(Quy) < ¢
k=1 k=1i=1

Denote by Ly, the sidelength of the cube Qg.,;, and by wzj,; the center of the cube Q..
Then Qk;i C B(.’L‘kﬂ', Lkﬂ) and
vol(Qr:i) = cn(Lii)"

for some dimensional constant c,. Thus,

oo Ng
E C U U B<xk‘;ia Lk,z)
k =1
and
oo 00 1 2 >
Z Lkl - ZZVOI le 7~
k=11i=1 Cn k=1i=1 Cn

Exercise 1.80. Use Proposition 1.79 to show that

(1) if f: R™ — R™ is uniformly continuous, then for any A C R™ with L*(A) = 0 we
also have L"(f(A)) = 0. This property of f is called the Lusin property.
(2) Whenever ¥ C R™ with L*(X) = 0 then R" \ X is dense in R", i.e. R*\ ¥ = R™.

So we know the Lebesgue measure is translation invariant (and that its pretty much the
only measure that does that). But we have not verified that this means that it is rotation
invariant. Namely what is the £ measure of a cube ) rotated? The following result shows
(in particular) that rotations do not change the measure.

Theorem 1.81. Let Lz := Ax+0b be an affine linear map R™ — R™ with a non-degenerate
matriz A € R™*", j.e. det(A) #0, and b € R". Then

(1) E C R™ is a Borel set if and only if L(E) C R™ is a Borel set.
(2) E is L"-measurable if and only if L(E) is L™-measurable
(3) We have L"(L(Y)) = | det(L)|(Q) for all Q C R™.

Proof. (1) L is a homeomorphism, so £ C R™ is a Borel set if and only if L(F) C R"
is a Borel set, see Exercise 1.51.
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(2) In view of Theorem 1.70(7), a set A is L"-measurable if and only if A = BUN
where B is a Borel set and N is a zero set. Since L and L~! are both Lipschitz
maps they map zero sets into zero sets, Exercise 1.13 and Corollary 1.78. Since L
and L~ also preserve the Borel property of set we get the claim.

(3) By Theorem 1.68 applied to the Lebesgue measure £" it suffices to show

L(L(Q)) = det(L)(2) for all open 2 C R”

Let

u(A) = L"(L(A)) AeR"
Then p is a Borel measure, and it is still translation invariant. So we apply Theo-
rem 1.77 to fi := 1y where a := p([0,1]") and have that

LM(L(Q)) = L"(L(]0,1]™)) L™(2) for all open sets €.
So it remains to show that
L'(A([0,1]")) = | det(A)] VA € GL(n).

So consider f : GL(n) — (0,00), f(A) := L"(A([0,1]™)). We observe two proper-
ties: first,

(1.18) f(AB) = f(A)f(B) VA,B € GL(n).
Indeed, we have
f(AB) = L"(AB([0,1]")) = f(A)L*(B([0,1]")) = f(A)f(B)L"(([0,1]")).
Secondly, for the identity matrix I € R™*"
(1.19) FAI) = A" ¥YA>0.

This is immediate from the definition of the pre-measure of the Lebesgue measure.
We conclude with the following Lemma, Lemma 1.82

g

Lemma 1.82. Let f: GL(n) — (0,00) satisfy (1.18) and (1.19). Then
f(A) = | det(A)].

Proof. Let A;(s) be the diagonal matrix with —s on the ith place and s on all other places
on the diagonal. Since A;(s)? = s*I we have f(A4;(s))* = f(Ai(s)?) = s*® and hence
f(Ai(s)) = |s"| = |det Ai(s)|. For k # £ let By(s) = (ai;)i; be the matrix such that
ape = 8, az = 1,1 = 1,2,...,n and all other entries equal zero. Multiplication by the
matrix By, (s) from the right (left) is equivalent to adding kth column (¢th row) multiplied
by s to ¢th column (kth row).

It is well known from linear algebra (and easy to prove) that applying such operations
to any nonsingular matrix A it can be transformed to a matrix of the form tI or A,(t).
Since multiplication by By(s) does not change determinant, t = | det A|*/™. It remains to
prove that f(Bkl(S)) = 1. Since Bkl<—8> = Ak(l) Bkl(8> Ak(l) we have that f(Bkl<—S>> =
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———————————

FIGURE 1.6. Let a;; = 3, a;p = 1, ag; = 1 and agy = 2 then [0, 1] (blue)
is transformed into A[0, 1]* (purple). The purple area is det(A) = 5.

f(Bi(s)). On the other hand By (s)Bie(—s) = I and hence f(By(s))? =1, so f(B(s)) =
1. The proof of Lemma 1.82 and hence the proof of Theorem 1.81 is complete. Il

Example 1.83. Let A € R"*" and let I = [0, 1]". Set
Al .= {Azx,x € I}.
Then the volume (in the elementary geometrical sense) of Al is

|AI| = |det(A)||I].

Exercise 1.84. Let Lz := Ax + b be an affine linear map R* — R™ for any matrix
A e R™™ and any b € R™. Show the following:

(1) If E is L™-measurable then L(E) is L™-measurable
(2) We have L"(L(2)) = | det(L)|(£2) for all Q@ C R™.

Hint: If det(A) # 0 this follows from Theorem 1.81. If det(A) = 0, what is L(E) or L(2)?
(compare to the Hausdorff measure H* for s = rank A)

Corollary 1.85. The Lebesque measure L™ is translation and rotationally invariant on
R™. Namely if A C R™ then L"(A) = L"(P(A)) where for some o € R" and R € O(n) we
have

O (z) :=x¢ + Rz
then L"(P(A)) = L™(A).

1.6. Nonmeasurable sets. Corollary 1.85 combined with the Banach-Tarski paradoxon,
(1.1) and Figure 1.1, implies the existence of nonmeasurable sets (w.r.t. £") in R": Any

set A and B such that for some pairwise disjoint and measurable C; they are represented
by

N N

i=1 =1
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(where O; € O(n) is a rotation and xz; a point, and (z; + O;C;)Y., are pairwise disjoint)
would satisfy

N N
LMA) =) LYC;) =) Lz + 0,C;) = L™(B),
i=1 i=1

so if A =1[0,1]" and B = [0,2]" this would mean the impossible £L"(A) = L"(B) — so one
of the C; must be nonmeasurable.

We will not prove the Banach-Tarski-paradox, but instead show the R!-version.Observe
below that the existence of nonmeasurable sets requires the the axiom of choice (and
suitable invariances of the underlying measure).

Theorem 1.86 (Vitali). Let : 28 — R be translation invariant’, i.e.
plr+A)=u(A) vz eR, ACR.
If moreover u([0,1]) € (0,00) then there exists a Vitali-set A C [0,1] that is not p-
measurable.
Proof. Construction (Vitali) Fix £ € R\Q, and set
Ge:={k+/0 klelZ}

We use G¢ to define an equivalence relation ~ on R.

r~y e r—yeE Ge.
For = € R denote by [z] the set
] =24+ Ge={yeR: y=x+k+ klcZ}.

Let A C R be a set such that for each class [z] there exists exactly one element y € AN|[z].
The set A exists by the aziom of choice: if we set

X :={[z]cR: zeR}

then the axiom of choice says there exists a choice function f : X — R such that f([z]) € [z]
for all [z] € X. Then A := f(X).

Without loss of generality, A C [0,1]. Indeed if we can adapt the choice function f above

such that 3
f([z]) == f([z]) — &,
where k € Z is chosen such that f([z]) € [k, k + 1).

The Vitali-set A is not p-measurable

Since £ ¢ Q the set G¢ N[—1, 1] contains infinitely many points. Indeed: if k+0£ = k' + ¢

then k = k' and ¢ = ¢’ (otherwise £ = ’z,__kl; € Q). Thus we can find infinitely many different

k+ (¢ € [—1,1] (choosing k = —[¢¢] or similar)

7yes, if © is moreover Borel then it is pretty much the Lebesgue measure, Theorem 1.77, but the main
point of this theorem is: invariances mean non-measurable sets
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Also, G¢ is clearly countable we can write Ge N [—1, 1] = U2, gr where (gi)72, are pairwise
different points. Set Ay :== g, + A C [-1,2], k € N.

We claim
(1.20) AcNAr=0 k#L.
Indeed, assume that x € A, N Ay then

T — gr,x— gy € A.

Observe that © — g, ~ « — gy, that is [x] = [z — gx] = [x — g¢]. But by definition of A there
is exactly one element of [z — gx] = [x — g¢] in A, which implies that = — g, = z — gy, that
is gr. = go, that is k = £. This establishes (1.20).

Next we claim that

(1.21) 0.1 | Ar.
k=1

Indeed, let y € [0,1]. By the construction of A there must be exactly one z € AN [y]. In
particular y —z € G¢. Since z,y € [0, 1] we have y —z € [—1,1] N G, and thus there must
be some g = y — x. Consequently

y=x+ g C A+ gr = As.
This establishes (1.21).
Now assume A is u-measurable, i.e.
uw(B)=pu(ANB)+u(B\A) VBCR.
Then by translation invariance, so is Ay, indeed for any B C R,
u(B) =p(B = gr) = p(AN (B = gr)) + p((B — gr) \ A)
=gk + AN (B = gi)) + plgr + (B = gr) \ A)

=u((A+ gi) N B) + u(B\ (A+ g))
=u(Ax N B) + u(B\ Ap).

Then we have by (1.20) and o-additivity of disjoint measurable sets, Theorem 1.33,
> m(Ar) = p(J Ap).
k=1 k=1
Since [0, 1] C U A; C [—1,2] we have again by translation invariance
Z (A) < ([0, 3]) < ([0, 1]) + p([1,21) + (2, 3]) = 3p([0, 1))

On the other hand, again by translation invariance

p(Ax) = n(A).
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That is if A was measurable we’d have

u((0.1)) < 3 u(A) < 3u([0, 1)).

k=

[y

This is only possible if 1([0,1]) = oo or ([0, 1]) = 0, both are ruled out by assumption. [

So in general even for very ‘reasonable’ measures p (in the sense that they measure indeed
something like area, volume, length etc.) we cannot really hope to avoid the existence of
non-measurable sets. The way to deal with that fact is to shun non-measurable sets, and
only work with measurable sets.

This strategy will propagate throughout this course: we only care about functions that
stay (in a reasonable way) within the category of measurable sets.

2. MEASURABLE FUNCTIONS

Our goal is integration, and for this purpose it is convenient with functions that can be
infinite (think of 7). We will use the notation

R:=RU {400} U{—00}.

Definition 2.1. Let (X, 3, 1) be a measure space. We say that f : X — R is a measurable
function, if f~' maps open sets of R into pu-measurable sets (where we consider {+oc},
{—o0} as open sets). That is

f1(U) €Y Vopensets U CR and U = {+o0o} and U = {—oc}.
More generally if € is p-measurable then f: Q — Y is a measurable function if f~1(U) is
p-measurable for any open set U C Y (and U = {400} and U = {—o0})
For consistency we observe

Lemma 2.2. Let (X, %, 1) be a measure space Q C X p-measurable and f : Q — R.
Recall the notation of the measure pu €2,

pL2(A) == u(Q N A).
Denote the p2-measurable sets by Yq. Then
Yo ={ACQ: A pu-measurable} = {QNB: B p-measurable}

And in particular the following are equivalent

(1) [ is p-measurable with respect to (X, 3, u)
(2) [ is uQ-measurable with respect to (0,3, u Q).
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Exercise 2.3. Let X be some set, ;i a measure on X. Assume f: X — R.

Show that
G := {B CR:fY(B): s ,u-measumble} c 2®

is a o-Algebra in R.
Lemma 2.4. Let (X,%, 1) be a measure space ) C X p-measurable and f: Q — R.

The following are equivalent

) is p-measurable for any open set U C R
) is pu-measurable for any Borel set B C R

Proof. (1) = (2) Observe that
g := {B CR:f'(B): is ,u—rneasurable}

is a o-Algebra (Exercise 2.3) which in view of (1) contains the open sets. So G contains
the Borel sets.

(2) = (1) and (2) = (3) are obvious since any open set and any interval is a Borel set.

(3) & (2) follows the same way as above, since the Borel o-algebra are generated by the
infinite intervals. 0

We can (usually we don’t want to) extend a bit the notion of measurability to a topological
space as target.

Definition 2.5 (Topological space). A topological space is a set X and a collection 7 C 2%
of “open sets” which satisfies the following axioms

eerTand X € 7.
e Let I be a (finite or infinite) index set and let A; € 7 for alli € I. Then U;c; 4; € 7.
e Let NeNand A, e 7forie {1,...,N} then

N
ﬂ AZ €T
i=1

T is called a topology.

For two topological spaces (X, 7x) and (Y, 7y) amap f: X — Y is continuous if f~1 maps
open sets to open sets, i.e. f~(U) € 7x for any U € 7y.

If (X,d) is a metric space then the collection of open sets (w.r.t. the metric) form a
topology.
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Continuity between two metric spaces (w.r.t. topology) is the same as continuity w.r.t
metric structure.

Remark 2.6. When talking about measurability of a map f : {2 — R we actually consider
R as a topological space, where the open sets A C R are

e the open sets in R
e the “open neighborhoods” of +o00 and —oo, i.e. [—00,a) and (a, oc] for a € R

and unions thereof.

Then f : Q — R is g-measurable if and only if f~!(U) is y-measurable whenever U C R is
open.

In particular we have that f : Q — R is measurable if and only if f~'([—o0,a)) and
f~Y(a,40o0]) are measurable for all a € R.

This leads to the following definition:

Definition 2.7. Let (X,%, ) be a measure space, @ C X measurable, and (Y,7) a
topological space. A map f : Q — Y is called measurable if f~!(U) is measurable for
any open set U C Y (i.e. for any set U € 7).

Example 2.8. Let (X, d) be a metric space and p be a Borel-measure. Then any contin-
uous function f : X — R is y-measurable.

Proof. f~'(+00) = f7'(—o0) = 0 which is clearly pu-measurable. Moreover since f is
continuous f~'(U) is open whenever U is open, so f~'(U) is pu-measurable since pu is
Borel. U

Exercise 2.9. Let (X,%,u) be a measure space, Y and Z topological spaces. Assume
f: X =Y is a measurable function and g :' Y — Z is continuous. Then go f : X — Z is
measurable.

Example 2.10. Let (X,X, ) be a measure space and Y a topological space. If the
functions uq, us, ..., u, : X — R are measurable and ® : R” — Y is continuous, then the
function

h(z) = ®(uy(x), uz(x), ..., us(x)) : X =Y

is pu-measurable.

Proof. We only discuss the case n = 2, and write u; = v and uy = v.

Set f(x) := (u(x),v(z)). In view of Exercise 2.9 it suffices to prove that f is measurable.
We observe that if R = (a,b) x (¢,d) is an open rectangle, then

fHR) =u((a,b)) Nu"((c,d))is measurable.
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Since any open set U C R? can be written as a countable union of open rectangles (Exer-
cise 1.76))

v—=JR
we have :1
) = Ulf_l(Ri)?
so f~Y(U) is p-measurable. : O

Exercise 2.11. (1) If f = (fY % ..., f") : X = R™ where f,...,f": X — R are
p-measurable, then f is p-measurable (take ®(f*, ..., f*) = (f* ..., "))
(2) If f: X — R"™ is u-measurable, then its components f': X — R are u-measurable,

i=1,...,n. (take ®;(f) := f*).
Also |f| is p-measurable (take ®(f) :=|f]).
(3) If f,g : X — R are u-measurable then so are f +g, f —g, —f, and fg: X - R®

Example 2.12. (1) A set £ C X is p-measurable if and only if its characteristic
function xg

1 fzekl
Xe(T) =

0 otherwise

is pu-measurable. Indeed

0 if0Z U and 1 ¢ U
E if0gU and 1 €U
X\E if0eUand 1 €U
X if0eUand 1 €U

(xe)'(U) =

(2) There are non-L!'-measurable functions f : R — R. Indeed take the Vitali-Set V'
from Theorem 1.86. Then f := xy is not measurable.

Theorem 2.13. Let f, : @ — R p-measurable, k € N. Then
Fi(e) = inf fu(0)

Fy(z) = Sup fr(x)

F3(x) := liminf f(x)

k—o0

Fy(x) := limsup fr(x)

k—o0

are all p-measurable.

8observe that product is pointwise defined since f (z), g(x) # £o0, so we have no problem with 0 - co
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Proof. Observe that
[e.e]
(inf fi) ™' ([~00,a)) = U fi ' ([~00,)),

keN

(06,50 ((0,00]) = [ fi"((a,00]).

so F}) is measurable. Since
sup fi(w) = —mf(=fi)(z)

we see that F5 is measurable. For F3 and Fj observe

liminf fx(z) = lim (inf fk($)> = sup (inf fk(@) ;

k—o00 l—o00 \k>/ teN \k>{
and similarly

limsup f = }2}% (ili% fk> .

k—o0

U

The following theorem says that any p-measurable function can be approximated by simple
functions. Simple functions (sometimes called step functions) are functions

f(.??) = zn: AiXAz‘
=1

where \; # A; for ¢ # j and A; are disjoint measurable sets.

Theorem 2.14. Let f : (X,d) — [0,00] be a p-measurable function. Then there are
p-measurable sets A, C X, for all k € N such that’
=1
f@) =Y pxale) VeeX.
k=1

Proof. Let
Ar={zeX: flx)>1}=f([1,00]).
Since f is p-measurable, A; is p-measurable. Now define inductively the p-measurable sets
1 ki e\
Ay = {x eX: f(z)> & + Z jXAj(f)} = (f - Z jXAj) ([%,oo]), k=23....
j=1 j=1
Now let x € X. We first show

(2.1) flz) > i_o: x4, (z) VrelX.

| =

9Yobserve that the sum of the right hand side either converges absolutely or is infinite
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If #{k e N: z € Ay} = oo then f(z) > Z§:1 %XAj (x) for infinitely many &, and thus

> 1
= Z 7XAk<x>
k=1 k

If1<#{keN: z¢€ A} <oo then set ky := max{k € N: z € Ay} € N. Since
x € Ay, and x € Ay, for k > ko we have

1 ko—1 1 1 ko— 1
f(x) > . + Z —X4,(T) = k*XA,C0 r) + Z XA ) + Z - X4, ( Z =X 4, (
0 j=1 J OT j= ko T

If{keN: =z A} =0 then

§ X
(2.1) is now established.
We can conclude once we show that also

(2.2) flz) < i_o: liXAk(JU) Vo e X.

Let z € X. If f(z) = oo then x € A, for all £, so

o0 oo 1

=25 = Ll

k=1 k=1 TR

If f(x) =0 (2.2) is obvious since the right-hand side is nonnegative.

If 0 < f(x) < oo, then we may assume that x ¢ Ay for infinitely many & € N. Indeed,
otherwise there exists some kg such that z € A, for all £ > kg and thus

> ]
Z —xa,(x kaAk _Z%:oozf(x),
kko kkO

and (2.2) is established.

So the only remaining case is that f(x) € (0,00) and x ¢ Ay for infinitely many k£ € N.
Now take an increasing sequence k; — oo with = € Ay, for each 7. With the definition of
A, we then have

That is,
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(2.2) is now established.

Another way to approximate by simple functions is
Exercise 2.15. Let f: X — [0,00) be u-measurable and bounded

sup f(z) < o0
zeX

Set
() = {n if f(x) >

o i g < fla) < B <.

Show that s,, converges uniformly to f.

59

So we can approximate nonnegative measurable function f : X — [0, 00] by step functions,

Fla) = Jim 3 5, ()

L—o0

e Observe that this approximation is monotone increasing.

e Splitting a p-measurable function f : X — R into f = f, — f_ and we can

approximate any measurable function by step-functions.

Exercise 2.16. Let X be a metric space. A function f: X — R is upper semicontinuous

limsup f(z) < f(zo) Yforallzg e X

T—rx0

A function is lower semicontinuous if

liminf f(z) > f(xo) for all zo € X.

(1) Show that upper semicontinuity is equivalent to saying
f([a, 0])is closed Va € R.
and this in turn is equivalent to

f 1 ([~o0,a))is open Va € R.

(2) Show that any step function f(z) = S5, X4, 1S upper semicontinuous if Ay are

closed

(3) Show that any step function f(x) = S i, xa, is lower semicontinuous if A, are

open

(4) Show that if u is Borel measure then any upper or lower semicontinuous function

s p-measurable.
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3. INTEGRATION

In integration theory we will follow the notation that 0 - oo = 0.

Definition 3.1. Let X be a metric space and g a measure.

e Let f: X — [0,00) be a (nonnegative!) simple function of the form

=) aixa, ()
=1

where o; # o for ¢ # j and A; are pairwise disjoint py-measurable sets.
For any p-measurable set 2 C X we define

/Qfd,u =Y apu(4;NQ).
i=1

(Recall that if u(A) = oo we still, by assumption, set 0 - u(A) = 0. And if @ = oo
but p(A; N Q) =0 then still ap(A4; NQ) :=0.)

e [t is easy to see that if f is a simple function represented by two different sums

Z aixa,( Z Bixs,(x

then . .
i=1 j=1
so the integral notion is well-defined.
e Clearly if f(z) < g(x) for all z and both f and g are simple functions, then

[ fan < | gdp.

e Thus, if f: X — [0,00) is a (nonnegative!) simple function as above then

/fdu—sup/sdu

where the supremum is taken over all simple functions s such that 0 < s < f.

e So we can extend the above notion to all nonnegative measurable functions. If
g : X — [0,00] is a p-measurable function and €2 C X is p-measurable we define
the Lebesgue integral of g over €2 by

/gdu = sup/ sdp
Q s JQ

where the supremum is taken over all simple functions s such that 0 < s < g a.e.

It is worth to note that this defines the Lebesgue integral for all nonnegative measurable
functions (it may just be infinite). This is reminiscient of the lower Darboux sum approxi-
mation of the Riemann integral, the main difference here being that we use step functions
not on blocks but on measurable sets.
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We observe the following properties

Exercise 3.2. o IfOLS f<gthen [ fdu < [ gdp

IfAC B and f >0 then [, fdu < [g fdu.

If f(x) =0 for all x € E then [ fdu =0, even if u(E) = co.
If u(E) =0 then (g fdu =0 even if f(x) = o0 forallz € E.
if f =20 then [pdp =[x xefdp.

The following is an easy observation

Exercise 3.3. Let g and g be nonnegative, pi-measurable simple functions on X and A > 0

a constant. Then
/(f+g)du=/ fdu+/ gdp
X X X

/XAfdM:A/deu.

It is easy to conclude homogeneity

and

Exercise 3.4 (homogeneity of the integral). Let f : X — [0,00] be p-measurable and
A > 0. Show, without using the Lebesque monotonce convergence theorem, that

/X)\fdu:)\/deu.

So we have reason to believe the integral is linear, i.e.

//\f+gd,u:)\/ fdu—l—/gdp.
X X X

We will prove this below, Corollary 3.7, with a technique that can be generalized to one of
the most fundamental theorems of integration theory, the Lebesgue monotone convergence
theorem

Theorem 3.5 (Lebesgue monotone convergence theorem). Let (f,), be a sequence of p-
measurable functions on X such that

e 0< fi < fo <...< 00 for almost every'® z € X
o lim, o fu(x) = f(z) € [0,00] for almost every x € X.

Then f is p-measurable and
lim / Fudp = / fdp.
n—oo Jx X
Before we can prove Theorem 3.5 we need the following

10recall Definition 1.35
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Lemma 3.6. Let f be a nonnegative p-measurable simple functions on X. Denote by X
the p-measurable sets. The map v : ¥ — [0, 00] given by

v(E) ::/Efd,u VE p-measurable

is a premeasure, cf. Definition 1.39.

Its Carathéodory-Hahn Extension v of U, cf. Theorem 1.42, in symbols
v:= fLpu,

is called the concatenation of f and p.

In particular any p-measurable set E is fLp-measurable.

Proof. Since X is a o-Algebra, it is is in particular an algebra.

To confirm that o is a premeasure, let A = U2, Ay, where (A)72, are pairwise disjoint
p-measurable functions.

We need to show

P(A) =3 5(Ay).

k=1
Let f be given as
f= anaz‘XBi-
Then :
54 = [ =3 (B, A,

i1
For each i € {1,...,n}, the collection (Ax N B;)ren consists of measurable and pairwise
disjoint sets. By Theorem 1.33(1) we find

> p(A) = 3 an(Bi0 A = (B 4) = [ fau=(4).

k=1 k=11i=1

This proves that 7 is a pre-measure. U

Proof of Theorem 3.5. f is measurable in view of Theorem 2.13. We can replace the “al-
most every” in the assumption by “every”, by changing f; and f on zero sets (observe that
a countable union of zeroset is a zeroset).

By monotonicity of [ du the sequence

QO 1= /and,u € [0, o0
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is monotonically increasing and hence it has a limit o = lim,, o [y fndp € [0, 00]. Since
fu(z) < f(z) everywhere we have

(3.1) o= lim /and;zg/deu.

n—oo

To conclude we need to show “>" in the above inequality.

Let 0 < s < f be a simple function. For a fixed constant 0 < ¢ < 1 we define
E,={zxeX: fuzr)>cs(x)}, neN.

n—oo

Since f, is increasing, Fy C Ey C .... Since ¢ < 1 and f,(x) —— f(x) for each x we have
that U,, B, = X.

Since the F,, are p-measurable sets (f,,(-) — ¢s(-) is measurable!) we have

(3.2) /X fudp > /En fudp > C/En sdp = csLp(Ey).

Now we have by Lemma 3.6 that s_pu is a measure and each F,, is s_u-measurable. Since
E, C E, 1 we find by Theorem 1.33

sLu(Ey) 2225 s G E,) =s.u(X) = /X sdj.

n=1
Taking the limit in (3.2) we have
o= lim/ fndMZC/ sdju.
X b

n—oo

Recall that this holds whenever s is a simple function with s < f. Taking the supremum
over such s we conclude

a>c / fdu.
X
This holds for any ¢ € (0,1), taking the limit as ¢ — 1 we find
a> / fdp.
X
Combining this with (3.1) we conclude. O

Corollary 3.7 (Linearity of the integral). Let f, g : X — [0, 00| u-measurable and X\, o > 0.
Then

/)\eragd,u:)\/ fd/Hra/ gdji.
X X X

Proof. We only show
/ f+gdu:/ fdu+/ gdp.
X X X

the general case then follows from this and Exercise 3.4.

Let s; and t; be monotonically increasing sequence of simple nonnegative functions such
1—00 i—00

that s; —— f and t; Lmica fo (existence follows from Theorem 2.14). Then s; + t; —
f+g.
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From Lebesgue monotone convergence theorem, Theorem 3.5 and Exercise 3.3

g =lim [ (si+t)dp = lim [ s+ [ tdp= [ pdpr [ gy
X 1— 00 X 71— 00 X X X X
O

Indeed, we have more than Corollary 3.7 we can take out infinite sums (recall that all
functions considered are nonnegative, so series always absolute converge (or are infinity))

Corollary 3.8. Let f, : X — [0,00] be a sequence of pu-measurable functions and set for
reX

fa) = i ful) € 0,00,

Then f is measurable and we have
du=3" [ fudp
/X fdu ; [ Fudp

Proof. By induction and Corollary 3.7 we have

ﬁ;/anduz/XiV;fndu

Now observe that f, are nonnegative so >V, f, is a monotonce sequence in N with
limpy_oo ZfL fn = 22721 fn- So by Lebesgue monotone convergence we conclude that

00 N N [e's)
;Anwzgggéﬁm:gﬁégnwzégnm

i

Then next important consequence is called Fatou’s lemma, which essentially tells us lower
semi-continuity of the integral under pointwise convergence

Corollary 3.9 (Fatou’s Lemma). Let f, : X — [0,00] be a sequence of p-measurable

functions, then
/X (hggg}f fn> dp < lim inf /X fodp.
Proof. Let g, := inf{f,, fus1,...}. Then g, < f,, and hence
[ gndin < [ pudn

Since 0 < g1 < g2 < ..., all the functions g, are measurable, Theorem 2.13. Taking the
liminf in the above inequality we have

lim inf/ gndp < liminf/ frndp.
X n—oo X

n—oo
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By Theorem 3.5
lim inf / Gndp = /X lim g dp.

We conclude since lim,, ,+ g, = liminf;_, f. O

Exercise 3.10. Construct a sequence of measurable functions f, : R — [0, 00| such that
the inequality in Fatou’s Lemma, Corollary 3.9, is sharp.

Hint: the conditions in Theorem 3.26 below must be violated.

We can also extend Lemma 3.6

Theorem 3.11. Let f be a nonnegative p-measurable function on X. Denote by X the
pu-measurable sets. The map U : 3 — [0, 00| given by

v(E) ::/ fdu YE p-measurable
E
is a premeasure, cf. Definition 1.39.

As before, we denote by fLp its Carathéodory-Hahn Extension (concatenation of f and p).

Moreover for every measurable function g : X — [0, 00] we have

(3.3) | gdtsemw = [ gf dn.

Proof. As in the proof of Lemma 3.6 we only need to show that whenever E;, Ey,... € X
are disjoint p-measurable sets and E = |J;2; E,, then

fon(E Z Son(E
Now observe that
xef(x ZXEn f(z) VreX.
Thus

(fep)(E /fodu /ZXEn

By Lebesgue Monotone Convergence theorem, Theorem 3.5, we can take out the sum, and
have

(fem)(E Z v = z fo)(E

For (3.3) observe that it holds by deﬁmtlon if ¢ = xg whenever F is p-measurable. Since
any nonnegative p-measurable function can be approximated by simple functions, The-
orem 2.14, we conclude the (3.3) again from Lebesgue Monotone Convergence theorem,
Theorem 3.5. U
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3.1. LP-spaces and Lebesgue dominated convergence theorem. We now want to
discuss not only nonnegative measurable functions f : X — [0, c0], but want to integrate
general measurable functions f : X — R.

Definition 3.12. Let (X, %, 1) be a measure space and f : X — R.
e We say that f is u-integrable if | f] : X — [0, 00]'! if

1l = [ 1] < oo.

If f is integrable we write

[ gani= [ fedp— [ fodp

where as usual f, := max{f,0} and f_ = —min{f,0}. Observe that f integrable
assures us that [y fidu < oo and [y f_dp < oo so there is no issue with co — oo.
e More generally for p € (1,00) set

e = ( [, |f<x>|ﬁdx)’l’.

If | fllr(x,p) < 00 we say that f € LP(X, ).
e We also have the L?-scalar product or the L*-pairing

(f.9) = [ (@) glw) dp

Let us remark (although we make no substantial use of this) that for complex
functions f, g : X — C the scalar product is

(f.9) = [ F@)gla)dp

where g is the complex conjugation.
Clearly

<f7 f> = ||f”%2(X,u)

e For p = 0o we define the essential supremum (often still denoted by sup)
1l oo (X ) = sg{p |f| :=inf{Ae€[0,00]: p{xreX:|f(x)]>A}=0}

In words, supy | f| is the smallest number A such that the superlevel set of {f > A}
has zero measure.
e If X C R™ and p is the Lebesgue measure we drop the p and simpy write LP(X).

Exercise 3.13. Let p € [1,00], f,g € LP(X, ) and X € R. Show that

(1) (Homogeneity) | A fllrexm = M FllLrx
(2) (Minkowski-inequality ) || f + g|zex,p) < || flleox,m) + 191 2e x5

Hwhich is p-measurable
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(3) (Holder-inequality) | fglliscxp < 1 lzeces I9lliroeg, where g, € [1,00] are such
that

(Here - :=0).
In particular,

1
I fllze ey < (X)) || fl zax

(4) (generalized Holder’s inequality) || fi-. .. fallee(xmy < N fillea -« || fall an (x),
where q;,p € [1,00] are such that

(5) (Jensen) Let u(X) < oo, f: X — (—o00,00) and ¢ : R — R convez, then
o (O™ [ F@ydi) < 00 [ ol ()dn

Hint: Adv.Calc or Wikipedia
Exercise 3.14. Let p € [1,00). Assume (fi)ren C LP(X, p) with

sup | full o x p) < 00
keN

Assume moreover there exists f : X — R such that f(z) = limy_o fr(x) for p-a.e. x € X.

Using Fatou’s Lemma, Corollary 3.9, show that f € LP(X, ) and we have
. < T , .
11l ey < Himmind {| fifl 2o (x )

Exercise 3.15. (1) If f is continuous and p is the Lebesgue measure on an open set
show that the essential supremum coincides with the usual supremum. (Show also
this is not the case if Q contains e.g. isolated points)

(2) Give an example of measurable f where essential supremum and supremum is not
the same.

Exercise 3.16. Assume u(X) < oo and f: X — R is u-measurable. Show that

lim <M(X)_1/X |f|pdﬂ); = || fllzx)-

p—00

Exercise 3.17. We have

(1)
|f(x)] < ||f||LOO(M) p-a.e. T.
(2) If | f(z)| < A for p-a.e. x, then || f]lr~ < A.
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Exercise 3.18. Let 1 < p <r < g < oo and assume f € LP(X) and f € LY(X). Then
f e L' (X) and we have

1Nz ey < 1A Loy + 1120 -
Hint: Let A= {x: f(x) <1}. Then f(x) = f(x)xa(z) + f(x)xx\a(z)

So the collection of p-measurable functions f: X — R such that f € LP(X,p) is a linear
space: if f,g: X — R satisfy || f|loo(x,u)» [|9]lr(x,0) < 00 then for any Ay, Ay € R we have
||/\1f + )\29||LP(X7M) < Q.

| - ||LP(X7M) is a pseudonorm on this linear space. Recall that for a linear space L a map
|-l : L —[0,00) is a norm iff

(1) ||f]l =0 if and only if f =0

(2) [l + gl < [[f[| + llgll for all f,g € L
(3) [IMfIl = [A[IfI| for all f € L, A € R.

If the first property (1) fails, i.e. if there are f € L such that ||f]| = 0 but f # 0, then || - ||
is a pseudonorm.

We don’t want to work with pseudonorms. (Don’t worry, this looks more complicated
than it is). We will instead work with classes of functions. From now on we say that two
p-measurable functions f,g: X — R are equal

f=9g < f(r)=gx) pae.

(check: this is an equivalence relation).
In particular we will often define a function only in X\ N where p(N) = 0.
The integral does not see differences on zero-sets.

Exercise 3.19. Let f,g: X — R be u-measurable and f = g in the above sense. Then

/deuz/xgd/z

o f e LYX) if and only if g € L*(X).
o If f € LY(X) (or equivalently g € L*(X)) then

/ Jdp = / gdp.
X X
Then we define

LP(X, p) = {f : X — R : g-measurable and || f|| o(x,) < oo} /=

in the following sense:

That is: an element in L”(X, ;) is not a single function, but a class of functions (two
functions belong to the same class if they only differ on a zero set). We often brush over
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this fact by saying f is a function (but actually meaning f’s class). We don’t even need to
define a function everywhere, defining it outside a zero-set is enough. A specific function
f in a class [f] is called a representative.

While most of the time we don’t bother whether we talk about a specific representative f
or its class [f] — sometimes we do care. For example if f is a continuous representative of its
class [f]. The good news is that there cannot be two different continuous representatives
of a class [f], Exercise 4.51 for the Lebesgue measure.

Example 3.20. e The function
1
flx) = H
is L"-measurable in R” and LP-integrable in B(0,1) C R™ if p < n.
Clearly the f(0) is not defined, but {0} is a L£"-zeroset, so it does not matter. A
proper representative of ﬁ could be

g@%z{é r70

0 z=0
or
1
= 0
oo =0
or
Lo #£0

g(z) == lxl) x=0
736 x=(7,0,0,...,0).
o Let f € C°Q) for some bounded open set Q. Take any set A with u(A) = 0, and
set
9:=1[+Xxa.
Then g = f p-a.e. — that is not every representative of a class containing a contin-

uous representative is continuous. Indeed, quite the opposite: there is at most one
continuous representative in each class if p is the Lebesgue measure, Exercise 4.51.

Lemma 3.21. Assume f € LP(X, u) for some p € [1,00]. Then (for any representative of
f)7 ’f(x)‘ < o0 l-a.e.

Proof. Set A :={x: |f(x)| = co}. Then we have (assume p < oo, exercise for p = oo!)

p(A) o0 = [ If@Pdn < [ 1F@Fdu =111, < oo

The only way this is possible is if u(A) = 0. O

Lemma 3.22. (1) Suppose f: X — [0,00] is measurable and E is measurable. Then
Jg fdp =0 if and only if f =0 a.e. in E.
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(2) Suppose f € L'(X, u) and [z fdp =0 for all E measurable. Then f =0 a.e. in X

Proof. (1) Set A, :={x € E: f(z) > *}. Then"™

) = [ taps [ 'S [ ran=o

Thus u(A,) = 0 for all n € N. Therefore the set {x € E: f(z) > 0} = U2, A, has
measure zero.

(2) Define F ={z € X : f(z) > 0}. Then

0= /Efdu.

By part (1) we conclude that f = 0 a.e. in E. Arguing the same way for X\E =
{f(x) < 0} we conclude.

g

Exercise 3.23. For the classes of functions f € LP(X, p), || - ||lLr s indeed a norm. (Hint:
Use Lemma 3.22)

Definition 3.24. Let p € [1,00] and f : X — RY g-measurable. We say f € LP(X, u, R")
(meaning there is a class of which f is a representative) if and only if |f| € LP(X, ). We
can also define the integral componentwise

/deﬂ:(/xfld'“"“’/xfnd/i)

Lemma 3.25. If f € L'(X, u, R") then

[ ranl < [ 171an

Proof. Since [y fdu € RY there exists'® a vector v € RY with |v] = 1 such that

1= [ =30 [
So we have )
|/Xf|:/X;Uifidu:/X<v,f>du

Now pointwise (Cauchy-Schwarz)

(v, AL <111,

which implies the claim. ]

2The first inequality will later be called the Chebycheff inequality, Lemma 3.48
13if 4 € R™ is a vector then v := ol (if |w] # 0) or v with |v| =1 if w = 0) satisfies (v, w) = |w|
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Theorem 3.26 (Lebesgue dominated convergence theorem). Suppose (fn)nen s a sequence
of u-measurable functions f, : X — R and f : X — R a function with f(x) = lim, o fn(x)
for p-almost every x € X'
If there exists g € L*(X, 1) such that

|fo(2)] <g(x) p-ae ze€X,VneN

then f € L'(u) and
lm [|f = fullLrcew =0,

n—o0

I /nd :/ dp.
Jim | fadpe= [ fdp

Proof. By setting f,, f, g to be zero on a zeroset we can assume that all the “almost
everywhere” above can be replaced by everywhere.

in particular

f as a pointwise limit of measurable functions f, is measurable, and clearly |f| < g¢
everywhere in X. Thus [y |fldu < [y gdu < oo, i.e. f € LY (X, u).

Moreover we have 2g — |f — f.| > 0, so we can apply Fatou’s lemma, Corollary 3.9,
29dp = [ lim (291 = ful)d
/X gdp = | lim (29 = |f = fal) du

<liminf [ (29— |f = ful)du

:/ 2gdyu + lim inf (—/ |f—fn|du)
X n—o0 X

:/ 2gdp — lim sup (/ |f — fn|du)
X n—00 X

The integral [y 2gdp < oco. Subtracting it form both sides of the above inequality we find
timsup ( [ 1 = fuldic) < 0.
n— 00 X

Since the integral is nonnegative we conclude
T I = fullssoegy = Jim ([ 1F = fuldn) =0.

The last claim follows from Lemma 3.25,

[ i [ gan| < [ 15 = sl =0

X b's X
O

The next theorem, while it is now not extremely difficult anymore, is one of the main
advantages of the Lebesgue integral: it leads to complete LP-spaces.

Mobserve without additional assumptions there is no hope of having lim,, e Jx fndp = [y fdu, Exer-
cise 3.10
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Theorem 3.27 (L is complete). Let (fi)ken be a Cauchy sequence in LP(X, u), that is
Ve>0 dK eN: ”fk—ngLp<€ Vk, 0> K.
Then there ezists f € LP(X, ) such that

k—o00

| fr = fllzex,py —— 0.

Proof. By assumption, for each k there exists a number ¢(k) such that
1fe = fillee < 27% VL5 > p(k).
W.lo.g. p(k) <e(k+1).
We claim that
f(a) = lm fou (@)
exists p-a.e., and that this limit is actually an LP-limit. To show that we write

k—1

Foty = (Foten) = Fon) + Fotr)

J=1

Now define
G(a) =3 |fotirn(@) = foi (@)
j=1

As a limit of p-measurable functions, G is p-measurable.

Either by monotonce convergence theorem (if p < oo or by hand if p = c0) we have

G rxp < D o) = fo vy < D277 < o0

That is G € LP(X,pu). Thus G is p-a.e. finite, Lemma 3.21. Consequently, we have
absolute convergence of the series

o0

F(z) =3 (foen (@) = fo(@)) €R  prace,

j=1
so F'is p-measurable as limit of y-measurable functions. And we also have
|F(z)] < G(z) prae..

In particular, || F||zr(x,,) < 0o. Since the series is p-a.e. absolute convergence we can set
for p-a.e. x

k—1
f(@) = lim fou(r) = lim > (o = Fo) @) + fo (@) = F(@)) + fom (@),
=1

which exists and is a finite number p-a.e.. As a sum of LP-functions f € LP(X, u).
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Using again the telescoping sum we have

o0

|f - fcp(£)| = Z |f¢(k+1) — fsp(k)| <F VY/eN
k=¢

Then we can apply dominated convergence, Theorem 3.26, and have
T [1f = foollzreo = || lim (f = foo) lznoo = 0.
That is (fy())e converges in LP to f.

This is only a subsequence, but with the Cauchy-condition we can conclude. Fix ¢ > 0,
then there must be some K such that

1 fi = fellzr <& Yk, > K.
Now let & > K and pick any ¢ such that ¢(¢) > K. Then

I fe = fllee <Nk = fowllee + 1 fowy — fllze <€+ fow) — flloe-
Taking ¢ — oo we find
I fi = fller <e VE>K.
Thus fj converges to f in LP. g

Theorem 3.28. Let X be a locally compact metric space and p a Radon measure on X.
Then the class of compactly supported continuous functions C.(X) is dense in LP(u) for
all 1 < p < o0.

Exercise 3.29. Show that Theorem 3.28 is false for p = oo (hint: L is uniform conver-
gence. What do we know about continuity under uniform convergence?)

For the proof of Theorem 3.28 we need the following Lemma:

Lemma 3.30. Let S be the class of finite, measurable, simple functions s on X such that

p{z : s(z) # 0}) < occ.
If 1 <p<oo, then S is dense in LP ().

Proof. Clearly S C LP(u). If f € LP(u) and f > 0, let s, be a sequence of simple functions
such that 0 < s, < f, s, — f pointwise. Since s, € LP it easily follows that s, € S. Now
inequality 0 < |f — s,[P < f? and the dominated convergence theorem implies that s, — f
in LP. In the general case we write f = (u™ — «~) and apply the above argument to each
of the functions u* , u~ separately. O

Proof of Theorem 3.28. According to Lemma 3.30 it suffices to prove that the characteristic
function of a set of finite measure can be approximated in LP by compactly supported
continuous functions. Let E be a measurable set of finite measure. Given ¢ > 0let K C F
be a compact set such that u(E \ K) < (¢/2)P — this is possible by Theorem 1.68. Let
U be an open set such that K C U, U is compact and pu(U \ K) < (¢/2)P. Finally let
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¢ € C.(X) be such that suppe C U, 0 < ¢ <1, p(z) =1 for z € K — for example if we
set d := 1dist (K, X \ U) we can choose ¢(z) := M. We then have

|ME—Mm=</ ME—MW@ S(/ hﬂwo +</ WWW)
X\K X\K X\K
<p(E\K)YP + p(U\K)'P <e.
0

If X = R" (or any smooth manifold) it is easy to change C?(X) to C°(X) in Theorem 3.28,
by choosing a suitable smoother version of ¢ (see also Exercise 4.34).

Definition 3.31. A set A C X for a metric space X is called dense if for any x € X and
any € > 0 there exists a € A with d(a,x) < e.

A metric space X is separable if there is a countable dense set.

Theorem 3.32. Let 2 C R™ be open, p a nonzero-Radon measure, and 1 < p<oo, then

(1) LP(Q, ) is separable
(2) CO(Q) is dense in LP(Q, ), where

COQ) = {f € CUQ): supp f € O,
and supp f denotes the support of f,
supp f = {z € Q: f(x) # 0}.
(3) C(Q) is dense in LP(S2, p), where
C(Q) ={feC>(Q): suppfCQ}.
Exercise 3.33. Show Theorem 3.52.

Hint: for (1) use Theorem 3.28 and Stone-Weierstrass. (2) and (3) can be proven similarly
to Theorem 3.28.

By Stone-Weierstrass C°(Q) is a separable space if  is a bounded open set, moreover
C°(Q) is a closed subset of L>=(2) with Lebesgue measure. It is a strict subset, because
L*>(£2) is not separable (so C? is not dense, and the Theorem 3.32 does not hold for p = 00).

Exercise 3.34. Let Q = [0,1], p = L. Set fi := o, 0 <t < 1. Show that

(1) || fi = fslle = 1 whenever s # t.
(2) (f)tepoq is uncountable
(8) Thus L™ is not separable.
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3.2. Lebesgue integral vs Riemann integral. How do we actually compute the Lebesgue
integral? Well, if we really want to compute the Lebesgue integral chances are we can just
use the Riemann integral. They coincide on Riemann-integrable functions.

Theorem 3.35. Let f : —o00 < a < b < oo — R be Riemann-integrable (in the clas-
sical Darbouzx sense. No improper Riemann integrability allowed!). Then f is Lebesgue
integrable, i.e. f € L'([a,b], L") and we have

Ri — /[ fla)da = / ,J@ac (@),

) a,

Proof. W.lo.g. a =0 and b =1. Clearly Riemann integral and Lebesgue integral coincide
on constant functions.

Since f is Riemann-integrable it is bounded, and by adding a constant to f (changing the
integrals equally), we may assume w.l.o.g. that f is nonnegative.

The Riemann-Lebesgue theorem states that a function f is Riemann integrable if and only
if f is bounded, and f is continuous outside of a set N of zero Lebesgue measure.

Then f : [0,1]\N — [0, 00) is continuous and thus £'-measurable (because f~! maps open
sets to open sets). But then f : [0,1] — [0, 00) is also measurable since

) = (f

) @uE@n.

zeroset

Thus f is measurable and nonnegative, and since it is also bounded it is indeed L£!-
integrable with
| f@)ac! (@) < sup f £1(]0,1]) < o0
[0,1] [0,1]
We still need to show that the two integrals coincide.

Fix ¢ > 0. By the Darboux sum definition there exists a partition 0 = xop < 21 < ... <
xy = 1 such that for m; :=inf.cp, | ., f(2) and M, := supze[xi 1) f(2) we have

N
Z(Zﬁz—.rz_l)Mz—&fSRl/[ } dl’<z —x11m2+6
= 0,1
Set
g(x) :=m; where i is such that x € (z;_1, ;)
and

G(z) := M; where i is such that x € (z;_1, ;)
(observe g; and G; are a.e. defined only, but that is enough).

Since g; and G; are step functions, we have

/0 0.1 Qdﬁl Zﬁ (Ti1, 1)) My = Z(% — Ti_1)m;
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and
N N

Gdﬁl(l') = ZEI ((I’Z‘_l,l‘i)) Mz = Z(ZEZ - fEi_l)Mi-

[0,1] i=1 i=1
That is we have

GdL (z) — ¢ < Ri / flo)de < [ gdC'(z)+ e

[0,1] [0,1] —Jo1]

Now observe that by definition ¢ < f < G a.e. . So we end up with

fdcl(z) —e < Ri/ flz)dz < fdct(z) +¢

[0,1] [0,1] [0,1]

This implies that

<e.

fdL(z) — Ri / fla)de

[0,1]

[0,1]
This holds for any € > 0 and by letting ¢ — 0 we obtain

/M fdL)(z) = Ri / f@)dz.

[0,1]

g

So we conclude that for many situations the Lebesgue-integral is just the Riemann integral.
But the Lebesgue integral allows often for more functions (they have usually no practical
meaning, but are theoretically important).

Example 3.36. The Dirichlet function

)1 7eQ
{1 758

is not Riemann-integrable, however since f(z) = 0 L'-a.e. (exercise!) we have that f is
Lebesgue integrable and [ f(z)dL! = 0.

Since the n-dimensional Riemann integral is just (by Fubini’s theorem) several 1-dimension
integrals one can extend this theorem to any dimensions and domains as long as they are
Riemann-measurable domains (once we have the Fubini theorem for measures, Section 4).

One can also conclude that the improper integrals for nonnegative functions coincide (by
dominated convergence theorem for the Lebesgue integral and definition for the Riemann
integral).

However this is not true for general improper integrals:

Exercise 3.37. Show that Ri — [ Sinxﬂdx is finite, but show that SIHT(“;) is not Lebesque-
integrable.
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So we conclude that Lebesgue integral and Riemann integral are pretty much the same
from a practical point of view (i.e. “I want to compute the integral” — indeed the Riemann
integral is easier to compute e.g. numerically).

The Lebesgue integral however are better theoretical spaces, the main advantage being
that many limits of integrable functions are integrable (under mild assumptions — because
even the a.e.-limit stays measurable), whereas for Riemann-integral you need something
like uniform convergence. So one of the main reasons of doing all of this is the completeness
above Theorem 3.27. Another reason is that we have much more variety for measures (and
thus integrals), we can integrate w.r.t Hausdorff measure etc.

3.3. Theorems of Lusin and Egorov. We have seen in Theorem 2.14 that measurable
functions are “infinite step functions”. But more is true. Measurable functions are continu-
ous on large parts of their domain (Lusin). Moroever pointwise convergence of measurable
functions is uniform convergence on a large set (Egorov).

Theorem 3.38 (Egorov). Let X be a metric space and p any Radon measure. Suppose
that p(X) < oc.

Let fi, f: X — R p-measurable and p-a.e. finite'®, i.e. |f(z)| < oo for p-a.e. x € X.

Moreover for p-a.e. x € X assume

lim fi () = f(x).

Then for any 6 > 0 there exists a compact set F' C X such that
p(X\F) < 4§

k—o0 f

, namely
F

and we have uniform convergence fy

sup | i) — /()] = 0.

zeF
Remark 3.39. e Taking fi := Xp(o,) Which converges pointwise to f = 1 in R",
however there is no compact set L"(R"\F') < co. So the assumption p(X) < oo is

in general needed necessary.
e The result of Theorem 3.38 is not possible for § = 0 (i.e. uniform convergence
outside of a zero-set may not be true), take the usual fi(z) = ¥ in [0, 1] which
does converge pointwise but not uniformly in [0, 1], nor any dense subset of [0, 1],

Exercise 1.80.

15 Alternatively we could assume fj, or f in L'(X, u). Indeed, if f € L'(X, u) then f is p-a.e. finite,
Lemma 3.21.
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Proof of Theorem 3.38. Fix 6 > 0. For each i,j € N set
Ciji=U{r € X |fi(z) = fla)| > 27"}
k=
Observe that pointwise convergence fi to f a.e. u(N;Ci;) = 0 for each i. Indeed, if

zeU{z € X1 |fu(z) = f(2)] > 277} for every j, then there are infinitely many k such
that © € {z € X : |fi(z) — f(2)] > 27"}, so there is a subsequence (fx, )een such that

| fiee(2) = f(2)] = 27"
But by a.e. convergence of fj this means that x belongs to a zero set.

The pointwise limit of measurable functions is measurable, so f and also C; ; is measurable,
Theorem 2.13.

Moroever we have C; ;11 C C; ;.

Since pu(X) < oo we can apply Theorem 1.33 (3) and have

lim p(C ﬂ Cij;)=0.

j—oo
In particular for any ¢ € N there exists N (i) such that
/L(Cz’]v(z)) < 927
Set A := X\ U2, C;n() then we have

) < e

Also, by definition of C'(i, N(i)) we have

swp|fule) — f@)| < swp |fule) - f@) <27 V> NGD).
r€EA x¢C(i,N(3))

That is: fi converges uniformly to f in Al

l\.’)\%

Since A is measurable and p(A) < u(X) < oo, we apply Theorem 1.68 and find some
compact F' C X such that

J

wA) = u(F) + 5,

i.e. (as a Radon measure, u is Borel-measure, so F' is p-measurable)
)

WANE) < 7.

In particular we have
P(X\F) < p(X\A) + p(A\F) <6

Since fj uniformly converges to f in A we can conclude. U
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Theorem 3.40 (Lusin). Let X be a metric space and p any Radon measure. Suppose that
w(X) < oo.

Let f: X — R be a p-measurable and p-a.e. finite, i.c. |f(x)] < oo p-a.e.
Then there exists 6 > 0 and F C X compact such that

o u(X\F)<d

e f| : F — R is continuous.
F

Remark 3.41. Observe that

fl +F— R is continuous
F

and
f: X — R iscontinuous in F

are not the same.
For example if we take X = [0,1], f := Xxjo1p\q then f is nowhere continuous in [0, 1].

However f : is constant and thus continuous as map [0, 1]\Q — R.
[0,1\Q

In particular this example also shows (for the Lebesgue measure) that Theorem 3.40 may

not hold for 6 = 0 (i.e. outside of a zero-set) because in general one cannot find a compact
F for 6 = 0.

Proof of Theorem 3.40. Step 1 We show the statement for simple functions

I
g = Z biXBiv
i=1
where B; are measurable, pairwise disjoint sets with X = Ule B;, and b; € R.

Fix § > 0. By Theorem 1.68 for each B; (since u(B;) < co) there exists a compact F; C B;
such that

p(Bi) < p(F;) + 627",
In particular F; is pu-measurable since F; is a Borel set and p is Borel measure. Thus,

p(B\F;) <627 1<i<IL

Since (B;); are pairwise disjoint, so are the sets (F;);. Since each Fj is compact this implies
dist (F;, Fj) > 0 for each i # j. So if we set

I
F:UFZCX

=1
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then we have that g’ is locally constant (namely: for each xzy € F' there exists a radius

p = p(xg) > 0 such that g

is constant). This implies g| is continuous as a map
FNB(zo,p) F

F — R (and thus in particular bounded).

Moreover,
HXAF) = (U (BAF)) < 3 p(BAR) <

Step 2 Since |f(z)| < oo for p-a.e. z, up to Changmg f on a p-zero set (which does not
influence the result, because we can always pass to a smaller (compact) set if needed to
get rid of the zero-set). Now if we write f = f* — f~ and apply Theorem 2.14 to f, and
f— then we have

Z -X A+ Z XA7 (x) everywhere in X
In particular by writing
fk(x) = Z - Xat (1') - Z —XA- (:U)
ot =

Since these are finitely many sets, we can make them disjoint, that is we can write

I,
r) = Z bix B,
i=1

where (B;)$°, are pairwise disjoint, and by adding X\ U/t, B; (which still has finite mea-
sure) we have that fj satisfies the conditions of Step 1.

So fix again d > 0, apply Step 1 to fi and we find compact sets Fy, C X such that for each
ke N.

w(X\Fy) < 627+
and

frl : Fp — R is continuous
F
We furthermore find a compact set Fy C X from Egorov’s theorem, Theorem 3.38, such

that
)

WX \Fp) < 5
and

sup | (@) = f(w)] =20,

Now set F':= 7=, I, C X. Then F' is compact and

W(X\F) < u(@ (X\F)) Zu X\Fy) <
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Since F' C Fy we have uniform convergence of fj

to f ‘ . Since each fi| is continuous,
F F

its uniform limit f| : F' — R is continuous. U
F

Corollary 3.42 (Lusin in Euclidean space). Let E C R"™ be Lebesque-measurable. Then a
function f: E — R (i.e. f is pointwise finite!) is Lebesgue measurable if and only for any

e > 0 there is a closed'® set F C E such that f| : F — R is continuous and L"(E\F) < .
F

Proof. = Fix ¢ € (0,1).

Let Ay := B(0,1) and Ay := B(0,k0)\B(0, k(1 —27%72)4), k > 1.
Observe that this way

~0 10— k| >2

LA, N A
(4 é){g C(n)27*ksm |0 —k| = 1.

Apply Theorem 3.40 to each Aj. We then find a compact F}, C Ay, such that LM(A\Fy) <

27%§ and f| is continuous. Setting F, := F}, N B(0, k(1 — 27F-1) we have that the (Fy)
F

is continuous and still we have

Uk B
L(AN\FR) < L"(AN\FL) + L£7(B(0,k6)\B(0, k(1 — 27F-18)) < C(n)627"(1 + k).

are pairwise disjoint compact sets, so f

In particular R” = (J3°, Ay, so if we set F':= (3%, F}, then f| is continuous and
F
LMRNF) <37 LY(A\F) < C(n)d.
k=1

However F may not be closed. But in view of Theorem 1.68 there exists an open set
G D R™\F such that

LM(G) < 2L"(R™\F).
Set F':= R"\@ then F is closed and F C F. So f| is continuous and
F
LR F) = L"(G) < 2C(n)d.
If we chose ¢ so that 2C'(n)d < € we can conclude.

< f is measurable iff E, := {x: f(x) > o} is measurable for each «a, (cf. Lemma 2.4, and
observe that f is pointwise finite)

16it clearly can’t be compact. Namely L (R™\F) = oo for any bounded set F
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is continuous and L"(E\F') < €. Then the set

Fl—{zeF: f‘ )>a) = E.NF

is closed (this follows from the continuity of f). Thus
LMEN\F,)) = L"EN\F) < L'(E\F) <e.

Since this argument works for any ¢ > 0, from Theorem 1.70(3) we obtain that E, is
measurable.

U

3.4. Convergence in measure. For sequences of p-measurable functions f : X — R,
we have learned about pointwise convergence

k—00
felw) == f(x) Va
slighly weaker, p-almost everywhere convergence

fio(z) 2% f(2)  prae. m,

then (way stronger) than a.e. uniform convergence
k—o00
i = Fllzcem = sup|fi(w) = f(2)] —=0.

Recall that from now on we consider sup to be the essential sup esssup.

From the definition of LP-spaces we also have LP-convergence,

1

I = Fllsoean = ([ 1) = F@)Pd)” 2220

Uniform convergence is then very similar to L*>°-convergence if the functions in question
are continuous and the domains are open sets.

Now we introduce a weaker notion of convergence than pointwise, namely convergence in
measure.

Definition 3.43. Let (X, ) be a metric measure space. We say that a sequence of p-
measurable functions (fx)ken, fx : X — R converges in measure to f: X — R is for every
e>0

lim g ({o € X5 |fule) = f(a)] > 2}) =0,

Some people (us including) will write sometimes f, & f. As usual we assume that the
functions f,, and f are defined a.e.

Theorem 3.44 (Lebesgue). Assume u(X) < oo and a sequence of measurable functions
fn: X = R converges to f: X — R p-almost everywhere. Then f, & f.
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Proof. Fix any € > 0. Set
E;,:={zxe X :|fi(x)— f(x)| > e}

The sequence of sets A,, := U2, E; is decreasing sequence of measurable sets, all with
finite measure, and hence, Theorem 1.33,

o [0.9] [e.9]
i=n n=1i=n

The last set has measure zero, because if x € U;2, E; for every n, then z belongs to

infinitely many FE;’s, so there is a subsequence f,,, such that

i) = fz)| = €

which is only true on a set of measure zero, by the a.e. convergence.

Hence
p{a = [fule) = f(2)] > e}) = u(En) < p(lJ Ei) =0,

i=n

which proves convergence in measure. U

The converse of Theorem 3.44 does not hold (see Exercise 3.47 below), but it holds up to
subsequence.

Theorem 3.45 (Riesz). If f, & f then there is a subsequence (fy,)ien such that f,, — f
a.e.

Observe that here pu(X) = oo is permissible.

Proof. For every ¢+ € N there exist n; such that

it 1) - sl = 33) <2

We can assume that ny < ny < ns. Let

° 1
Fo= X\ U £ @) — (@) > )
i=k
and
F = U Fk.
k=1
Then
p(X\Fy) <> 27 =27%
i=k
and thus

w(X\ F) < limsup u(X \ Fy) < limsup 2"~ = 0.

k—o0 k—o0
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We claim that
(3.4) Fo,(2) 2% f(x) forany z € F.
Since X \ F' is a p-zeroset we can conclude once we have proven this.

It suffices to prove (3.4) for each Fj, and actually we will show that for each Fj we have
uniform convergence.

Indeed, if 2 € Fy, then z then o & U2 {z : |f,,(z) — f(z)| > 1}. That is

|foj(@) = f(2)| <= Vj=k, Vzelk

This is uniform convergence in Fj. U

Remark 3.46. We actually proved not only convergence a.e. but also uniform convergence
on subsets of X whose complement has arbitrary small measure. Note that Lebesgue’s the-
orem Theorem 3.44 combined with this stronger conclusion of Riesz’ theorem Theorem 3.45
implies Egorov’s theorem for sequences of real valued functions, Theorem 3.38.

One does indeed need to pass to a subsequence in Theorem 3.45, as the following example
shows.

Exercise 3.47. Let f(x) := xj01). For each n € N there exists exactly one m € N and
ke {0,...,2™ — 1} such that n = 2" + k. Set

fu(z) == f(272x — k).
Show

e f, converges to 0 in L*([0,1])
o f.(x) does not converge to 0 for any x € (0,1).

3.5. LP-convergence and weak LP. Next we want to consider convergence in LP-norm.
For this we first show

Lemma 3.48 (Chebyshev’s inequality). Let f : X — R be p-integrable. Then for any
A >0, any p € [1,00)

1
z: f(z) > A g—/ x)|P dex,
plas f@ > <5 [ @)
and in particular

il () > AD) < 1y
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Proof. Since f is measurable the set {z : f(z) > A} is measurable and thus

pl{o: f(2) >0} = | e

{z:f(z)>\}

AP / Ndy
{z:f(z)>N}

AP / fIPdp.
{r:f(x)>>\}| l a
]

As a slight digression, Chebyshev’s inequality leads to a space very similar to LP, but
weaker — hence called weak LP-space, denoted by LP°).

Definition 3.49 (weak LP). We say that a p-measurable f : X — R belongs to weak L?,
f € LP>®) (X 1) if there exists A > 0 such that for all A > 0

1
p{z : flz) > A}) < A%
The minimal value of A such that the above inequality holds is denoted by || f| 1,m.c0)(x -

1 f1 oo (x ) 2= sggk (n({z = f(x) > A}))

One can check that || f|| ;. (x,,) i3 not a true norm (triangle inequality is only true up to
a multiplicative constant).

3=

Chebyshev’s inequality implies that || f|| ;@) < ||f|lze. The other direction is not true.
Exercise 3.50. Show that for o € (0,n] the function f(x) = |z|=° belongs to Lz (R™).
Show that f ¢ LY(R™) for any q € [1, o).

Weak LP-spaces become very important in Harmonic Analysis, they can also be generalized

to so-called Lorentz spaces L®9).

As a corollary of Chebyshev inequality we get

Theorem 3.51. Let p € [1,00] and assume that f, LmiN ferr(X,u), ie
k—00
£ = Fllzr o —— 0.
Then
o fu = f

o there exists a subsequence k; — oosuch that fy, AN f p-a.e.

Proof of Theorem 3.51. The second claim follows from the first one from Riesz theorem,
Theorem 3.45. For the first claim observe that by Lemma 3.48

w{lfe — f1 > e} <P fe — fIlh, 2225 0.
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Here is another criterion for convergence

Theorem 3.52. Let p € [1,00) and assume f, fi, € LP(X,u) for some metric space X.
Then the following are equivalent

(1) || fe = fllr(x) LtaNY)
k—oo
(2) fr & f and || full ey = | f]l£e(x)-

Exercise 3.53. Show Theorem 3.52 is false for p = oo (hint: continuous functions)

Proof of Theorem 3.52. (1) = (2): The convergence in measure follows from Theorem 3.51.
Moreover we have by reverse triangle inequality

’kaHLP(X) - ||f||LP(X)‘ < Ifi = fllzo) =2 0.
(2) = (1): First assume that fy(z) 2= f(z) for p-a.c. .
Observe that by convexity (here we need 1 < p < 00)
27Nl + 27HAP = I fe = fIP 2 0.
Moreover, by pointwise convergence
liminf 27| fi(2) P + 207 (@)l = | fulw) = fIP = 2277 f(2)]  pae. @

By assumption (2) we have

liminf/ |fk|p=/ | f17,
k—oo JO 0
so by Fatou’s Lemma, Corollary 3.9,

2 [ |y —timsup [ |fi— f17d
Q k—o0 Q
—tiinf [ (27l + 2P = |- 1) dp
k—o0 O
> [ liuinf (271 fif? + 27 1P |~ f17) di
QO k—oo
=2 [ |firdp
Q
Subtracting the (finitel) 27 [, | f|Pdp from both sides of this inequality we find

timsup | fy = 1% 00 = limsup [ |fi = fPdu = 0.
k—o00 k—o0 Q

This proves (1) under the assumption that fi(z) £=°% f(x) for p-a.e. = and | fellLe(x) LEEN

1 fllzecx)-
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Assume now f, - f and | frllze () = || fllLr(x). Assume to the contrary that there
exists some subsequence fi, such that

(35) kal — fHLP(X) >¢e VieN.

By Theorem 3.45 we can find a subsubsequence ( i, ); such that i, (x) EimiaN (x) for
p-a.e. x. But then we have by the above arguments that

fe, = Fllmeo 225 0.
This contradicts (3.5). O

We will later discuss another way to decide when the convergence in measure implies
LP-convergence in Theorem 3.59 below, but first we need to talk about absolute continuity.

3.6. Absolute continuity. Let f : X — [0,00) p-integrable. For p-measurable A C Q
set

V(A) = uu_f:/Afdu.

Cf. Theorem 3.11. Observe that then p(A) = 0 implies v(A) = 0 — an effect which we call
absolute continuity.

Definition 3.54. Let p, v be measures on X such that

e any p-measurable set is also v-measurable
o if (A) =0 then v(A) = 0.
Then we say that v is absolutely continuous with respect to u, and write v < p.

Lemma 3.55. Let ji and v be Radon measures on R™7

Then

(1) Assume that for all A C R™ it holds that if u(A) = 0 then also v(A) = 0. Then
any p-measurable set is also v-measurable.
(2) In particular, p < v if and only if for all A C R™ if u(A) =0 then also v(A) = 0.

Proof. We use Theorem 1.70: any p-measurable set A can be written as A = BU N where
B is Borell and p(N) = 0. So v(N) = 0 and consequently A = BU N is v-measurable.

O

The notion of continuity is justified by the following (important on its own) absolute con-
tinuity of the integral, and Exercise 3.57.

17easily extendable to more general sets that satisfy the assumptions of Theorem 1.70
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Theorem 3.56. Let f € L'(u). Then for every e > 0 there is & > 0 such that [ |f|dp < e
whenever E is measurable and p(FE) < 0.

Proof. We argue by contradiction. If the claim was false, there would exist ¢y > 0 and
p-measurable sets [, such that pu(E,) < 27" but [ |f|du > eo.

The sequence of sets A, := U2, F, is decreasing and
/l( n Ak) =0,
k=1

since

n() Ar) < p(Ay) <37 u(E;) <207 22200,
k=1 =n
Now

Fln(B) = [ |fld

is a measure, Theorem 3.11, so we have

o k—o0 X o .
17l = Ve S5 VeV A = [ 1l =0,

k=1“F

since (N Ax) = 0.
On the other hand from the choice of E,, we have

> >
[ 171z [ 1 fldn > <o,

a contradiction. O

More generally we can reformulate Theorem 3.56 in the following way

Exercise 3.57. Let i, v : 2% — [0, 00| be two measures with v < p and assume v(X) < oo.
Then

Ve>0, 30>0: VACX p-measurable:u(A) <= v(A) <e.

3.7. Vitali’s convergence theorem. We know that if f; converges to f in LP then the
convergence is also in measure, Theorem 3.51. Vitali’s convergence theorem is a charac-
terization when the other direction is true, i.e. when convergence in measure (or in view
of Theorem 3.44 a.e. convergence if on a sets of finite measure) implies LP-convergence.

Definition 3.58. A family F of u-integrable functions f : X — R is said to have uniformiy
absolutely continuous integrals if

Ve>030>0: VfeF: VACX: p-measurable: M(A)<(5:>/A\f\du<s.

(Compare this notion with Arzela-Ascoli!)
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Theorem 3.59 (Vitali convergence theorem). Let X be a metric space and p a Radon
measure. Assume p(X) < oo and let ( fi.)ren be a sequence in L' (X, du) and f € LY(X,du).
Then the following are equivalent

(1) fo & f and (fi)ren has uniformly absolutely continuous integrals
(2) limysoo [x | fx — fldp = 0.

Example 3.60. The assumption p(X) < oo is needed in general. E.g. take p = L™, X =
R", fr = k™"Xpox). Then fi & 0 (because the convergence is a.e.). (fi)x has uniformly
absolutely continuous integrals, but [g. |fi|du = ¢ > 0 with a constant ¢ = L£"(B(0, 1))
independent of k£, but [0 = 0.

Proof of Theorem 3.59. (2) = (1): If ||fx — fllz1 2222 0 then fy & f by Theorem 3.51.
To get the uniform absolute continuous integral property fix € > 0.
In view of L!-convergence there exists a K € N such that

5
[fr = fllre < 5 Vk > K.

Moreover, by absolute continuty of the integral, Theorem 3.56, there exists a ¢ > 0 such
that any p-measurable set A C X with pu(A) < § satisfies

g
keglﬁ;;K}/Aw +/A|f| <3

SRl [ 1= £+ [ 1fldi < i = Flen + [ 1F1d
A A A A
we find that for all £ > K we have

[1fl <.

A

The same holds also for k € {1,..., K}, so we have shown the uniform absolute continuity

(1) = (2): Let fi & f with uniform absolute continuous integrals.

Since

Assume by contradiction that
limsup/ |fx — fldu > 0.
k—oo Q
By passing to a subsequence we can assume w.l.o.g.
(3.6) hminf/ fx — fldp > 0.
k—oo JQ
Passing yet to another subsequence, applying Theorem 3.45, we may assume that

fx ]H—Oo>f a.e. in X.
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Fix ¢ > 0. Since fj are uniformly absolutely continuous and f is integrable we can find
9 > 0 such that for any p-measurable A C X with u(A) < d we have

/A|f|du<€, /A|fk|du<s Vk € N.

For this 0 we can apply Egorov’s theorem, Theorem 3.38, and find a compact set F' C X
with u(X\F) < d and

sup | fi(z) — f(z)] 222 0.

zeF
In particular there must be K € N such that

R = T < 5,05

Consequently, for any k > kg we have

Jo M= fldw = [ 1= Tt [ 1~ flan

< [ Afd 1 fldut [ supsup | i~ fldy
X\F F k>K z€F
<e+e+e,

the first two estimates are because of absolute continuity, the last one because of uniform
convergence.

In particular we conclude that
liminf/ fr — fldu < 3e,
k—oco JX
since € > 0 was arbitary this is a contradiction to (3.6). O

Exercise 3.61. Formulate and prove a Vitali-type condition for LP-convergence.

In the calculus of variations Vitali’s theorem can be used for minimization.

Definition 3.62. Let Q C R". Amap F = F(z,y) : QxR — Ris a Carathéodory-function
if
e for all y € R the function x — F(z,y) is p-measurable

o for pra.e. x € Q the function y — F(z,y) is continuous.

Exercise 3.63. If F' is a Carathéodory function and v : @ — R s p-measurable then
f(z) :== F(z,u(x)) is p-measurable.

Example 3.64. Let Q C R” with u(Q) < oo, F = F(x,y) : @ x R — R a Carathéodory-
function as above. Assume moreover that F' has a p-growth for p € [1,00), namely

|F(z,y)| < C(1+ylf’) pae zeQ yeR
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Let furthermore u, u; : € — R be p-measurable functions with
/ |ulPdp < oo
Q
/ |ug|Pdp < oo VEk
Q

/ lup — u|Pdp Lt}
0

Then
/F(x ug(x duk_}—oo>/ x,u(x
Q

(This is much easier if F' is also Lipschitz or Hélder continuous in y but we assume only
continuity (and ug(€2) is not a k-uniformly bounded set!) We also cannot use dominated
convergence, since we do not have a dominating function.

Solution. Set
f(z) = F(z,u(z)), fi(z) = F(z,ug(x)).

In view of Exercise 3.63 f and f; are y-measurable.

Also
[ 1f@)ldn < € [ 1+ fune))du < oo,

so fx (and similarly f) are p-integrable.
We want to argue with Theorem 3.59 and thus need to check its assumptions. fi, = f.

Assume this is not the case, then there exists some ¢ > 0 such that
limsuppu({z: |fx — f| >€}) > >0

k—o0

By the definition of lim sup there must be a subsequence fj, such that
(3.7) liminf u({z : |fx, — f]| > €}) > ¢ > 0.

71— 00
We will find that this leads to a contradiction.

Since uy, converges in LP to u by Chebyshev inequality, more precisely by Theorem 3.51,
we have uy, % u.

. . j— .
Since ug, 2 w there exists a further subsequence uy, such that uy, Rty p-a.e. in €2,
J J
. . . . j—
see Theorem 3.45. Since F' is continuous in the second entry we see that f, 72 f peae.
J

Since p-a.e. convergence implies convergence in measure, Theorem 3.44 we found that
fkij £ f — but this implies

Jim p({z: | fu, = fl>€}) =0,

a contradiction to (3.7).
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So indeed fiy = f.

[ | feldp is uniformly absolutely continuous

Fix ¢ > 0. Since u; LP-converges to u by Vitali’s theorem, Theorem 3.59, we have that
J |ug|? is uniformly absolutely continuous, i.e. there exists § > 0 (and w.l.o.g. § < §) such

that for all g-measurable sets A
pu(A) < oo = / lulPdp + sup/ |ug|Pdp < =
A k JA 2

Then we have

/fkdué/ 1+\uk\pdu=u(z4)+/ N —
A A A 2 2

This proves uniform absolute continuity for [, frdu.

4. PrRoDUCT MEASURES, MULTIPLE INTEGRALS — FUBINI’'S THEOREM

Fubini’s theorem is essentially saying that if we want to integrate on a cube [0, 1]? then we
can write this as an integral on [0, 1] x [0, 1],

[z, y)dedy = [z, y)dady.

[0,1]2 [0,1] J]0,1]

Since we now work with more abstract measures, we first need to discuss what is dx dy...
Recall that the cartesian product of two spaces X and Y is given by
XxY={(z,y): z€X: yeY}l

When measuring a set A x B it is easy to think that we somehow should multiply p(A)v(B).
But not all sets S € X x Y are of the form A x B. What do we do? We take the best
cover!

Definition 4.1 (Product measures). Let p : 2% — [0,00] and v : 2¥ — [0, 00] be two
measures. The product measure p X v : 2°*Y — [0, 00] for S C X x Y is defined as

(uxv)(S) := inf {Z w(A)v(B;): S c|JAi xB;; A; C X p-measurable, B; C Y v-measurable
i=1

i=1

In the (most relevant) case of Lebesgue measure one can see now easily that £¥ x £f on
R* x R is indeeed L£¥* on R

Theorem 4.2 (Fubini’s theorem). Let u, v be Radon measures on metric spaces X andY .

(1) If A C X is p-measurable, B C'Y is v-measurable then A X B is p X v-measurable
and we have

(1 x v)(Ax B) = u(A)v(B).

}
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(2) Let S C X XY be u x v-measurable and p x v(S) < co. Define for y € Y the set
Sy € X as

Sy:={z: (x,y) €S}

then S, is p-measurable for v-a.e. y. Moreover the map

v a(S,) = [ xslay)du()

is v-integrable and

(1 x v)(S) Z/Yu(sy)dV(y) :/y (/X xS(%y)du(aﬁ)) dv(y).

Similarly for S,.
(8) p x v is a Radon measure
(4) Is f : X XY — R p x v-integrable then

yH/Xf(:c,y)du(:v)

s integrable w.r.t v, and

xﬁ/yf(:r,y)dV(y)

is integrable w.r.t. p and we have

/nyf d(p x v) :/X (/Y f(z,y) dV(y)) dp(x) :/Y (/X flz,y) du(q;)> dv(y).

This is a very technical statement, and we shall not go through the proof here (see
[Evans and Gariepy, 2015, Theorem 1.22] for this). More instructive is to look at warnings:

Example 4.3. e Aset S C X xY such that
x+— xs(x,y) is p-measurable for v-a.e. y

and
y = pu(Sy) = / Xs(z,y)du(x) is v-measurable
b

may not be measurable.
Indeed let X =Y =R and p = v = £ and take A C [0,1] the non-measurable
Vitali set. Set

Si={ww): bl <y yebi

We have Sy either |z| < § or [z — 1| <  (both measurable), so S, is y-measurable
for all y with p(S,) = 1.

However when z > % then S, = A. So S, is not measurable for £'-a.e. z.

If S was L£?-measurable then both S, and S, would need to be measurable (by
Fubini’s theorem).
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e Similarly (take for example f := xg for the S from above) there is no reason that
if [ fdu exists and is integrable that then f : X x Y — R is integrable (or even
measurable).

A slight variant of Fubini’s theorem is the following Tonelli’s theorem

Theorem 4.4 (Tonelli). Let f: X XY — [0,00] be p X v-measurable, and assume that

the iterated integral
/X (/Y f(z, y)dv(y)) dp()

exists. Then f is v X u integrable and we have

[ sawxv=[ ([ s at) dute) = [ ([ st pdnt)) aty)

For the Lebesgue measure and f € L'(R", L") we often use as an application from Fubini’s
theorem

/n 2)dL" (z / /fxl,..., VL ey dL s .. ALY,
This uses
Theorem 4.5. The Lebesque measure L on R™ satisfies
L =LFx " VYeeo,...,n}
In particular

Lr=C'x L x . ..o x L

Proof. Both measures coincide on rectangles R (by construction), so for the application of
Theorem 1.71 we only need that both measures are indeed Radon measures, which follows
from Fubini’s theorem Theorem 4.2. Il

A consequence of Fubini’s theorem

Proposition 4.6 (Slicing). Assume f € L'((0, R)?) (take a representative and fix it).
Then there exists r € (0, R) such that x — f(x,r) belongs to L*((0, R)) and moreover

/(OR)| flz,r)|de < = / f(z,y)|d(x,y).

More precisely, consider for A > 1 the set Yy C R

Y,\::{TE(O,R):/(OR)\ (,7r)|de < = / xy|d:cy)}

then LY(Y)) > (1 — })R.
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Proof. 1f
d =0
e ), )
from Fubini’s theorem we have
/ \f(z,r)|dz =0 Llae. re(0,R),
(0,R)
and we can conclude.

So assume from now on
;y)ld(z,y) > 0.
JARCRIILCRY
Let
X,\—{TE(O,R):/ |f(z,r)|de>—= / |f(z,y)|d(z, y)}
(0,R) R

By Fubini’s theorem X, is £'-measurable and £'(X,) = £'((0,R)) — £*(Y)). For any
r € X, we have

A
B Lo M0l G) </ F(a,r)|dz
So integrating this in r we find
A
El(XA)—/ \f(x, y)|d(z,y) </ / (, 7| dadr </ @, y)|dedy
R Jo,r)2 Xy J(0,R)
Dividing the integral on both sides we find
R
LX) < %
Consequently, for any A > 1
R
LYY2) > LY((0,R)) = LX) = R - 3o

g

The measure estimate £'(Y)) > (1 — )R in Proposition 4.6 is useful to show that several
slicing properties hold on the same set simultaneously.

Exercise 4.7. Show that there exists a uniform A > 0 such that the following holds:

Take any (representative of) f,g € L'((0,1)?). There exists an L'-measurable set Y C
(0,1) with LY(Y) > 0 (depending on f and g) such that for each r € Y we have

(1) x +— f(x,r) belongs to L*((0,1))
(2) z v+ g(x,r) belongs to L*((0,1))
(3) f(o,l) | f(z,7)|dz < Af(o,l)2 |f(z,y)d(z, y).
(4) f(o,l) lg(x, r)|dx < Af(0,1)2 |f(z,y)]d(x, y).
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Hint: Use Proposition 4.6 for both f and g and obtain Yy and Y, where the above state-
ments hold. To show that L'(Y; NY,) > 0 use Ezercise 4.8

Exercise 4.8. Let (X, u) be a measure space with u(X) < oo. Assume A, B C X are
p-measurable with 1(A) > 2p(X) and p(B) > 2p(X). Show that (AN B) > tu(X).

Exercise 4.9. Let f € L'((0,1)?) then for L'-a.e. r € (0,1) we have f(r,-) € L'(0,1).

Hint: Apply Proposition 4.6 to

Y, = { € (0,1) /() |, 7)|dz < 2 /() !f@w)'d(f”’y)}

and show (0,1) \ Uy Y is a zero-set.
4.1. Application: Interpolation between LP-spaces — Marcienkiewicz interpola-
tion theorem. If f € LP*(R")NLP2(R") then f € LP(R") for p € (p1,p2), cf. Exercise 3.18.

So what if we have some information about a map 7" acting on LP*(R") and acting on
LP2(R™) — do we know something about how the maps acts on LP(R™). Under certain
conditions yes.

As a first step observe that any LP-map can be decomposed into an LP*-map and LP2-map.
Lemma 4.10. Assume 1 < p; < p < py < o0 and assume f € LP(R"™).

For each fixed A > 0 there exists f1, fo with the following conditions

o fie LP(R"), i=1,2.
o f=fi+ frae inR".

Moreover we have

-2 e

| fill o1y < X7 Pi || f

fi can be chosen explicitely:

f@) i lf(@)] > A

fi(@) = f(@)xp50 = {0 if |f ()] < A

and
flx)  iflf(@)] <A

fo(z) == f(2)x)510 = {O if |f(z)] > A

Proof. We may assume p; < p < py otherwise there is nothing to show.

Observe that since { f > A} etc. are measurable sets, so f; and f, are measurable functions,
and we have f = f1 + f; a.e..
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It remains to compute (and here is where we use p; < p < p2)

1

Pl ny — pld "
Il = ([ 1r0Pas)
_)\1—* A\PP1 2P dr =
(/{w} £ )

S)\k% (/ x pdx) "
{UfI>A} (@)

1

N ([ @)

1—2
=\ ||f||LP(]R"

1

Similarly,

Fillpes n:</ fxpzdx>p2
| f1ll ez (mm) {\f|9}| ()]

= </{f|§,\} Ap“D|J"'(ac)V’dx>

1

N ([ |f<x>|pdx)”

1— 2
=\ ||f||LP R™)

1

U

Now assume T is a linear operator from L”*(R") to L% (R") for i = 1,2. That is, fori = 1,2
if f,g € LP/(R") and A, u € R then

TAf+pg) =ATf+uTy.
(this definition assumes that for f € LP* N LP2(R™) the T'f is well-defined).

Then if p € (p1, p2) the operator T naturally is defined for f € LP(R™). Namely if we split
f = fi+ f2 where f; € LPi(R™) (we can always do that in view of Lemma 4.10) we set

Tf = Tfl + TfQ

Now assume that f = f; + f» is another decomposition but still f; € LP: (R™),i=1,2. To
make the operator well-defined we need to ensure that

(4.1) THh+Tf=TfH+Tf ae. inR"
Equivalently, we need to show

TfH—ThH =Tfo—Tfo.
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Observe that ) ) )
h=h=f—f-(-f)=f-/f

In particular, fi — f; € LP* N L.

So, by linearity,

Th=Th=T(h-h)=T(f~f) =T~ Tf.
This establishes (4.1), that is T'f is well defined for each f € LP(R™) as long as p € (p1, p2).
There is more, we get also an estimate on ||7'f|| £ &n).

Theorem 4.11 (Marcienkiewicz Interpolation Theorem (“diagonal”)). Let 1 < p; < py <
oo™

Assume that T is a bounded linear operator from LPi(R™) to LPi(R™) for i =1,2. That is,
fori=1,2

o There exists N; > 0 such that for any f € LPi(R™) we have Tf € LPi(R") and
moreover

1T fllrimry < Nill fl] 2rs -
o if fig€ LPi(R") and \, u € R then

TAf+pg) =ATf+pTg.

Then for each p € (p1,p2) the operator T is a bounded linear operator from LP(R™) —
LP(R™), and we have

1T f e @y < Apl[ £l @)
where Nyis a constant depending only on Ay and Ay and 6.

Remark 4.12. e The constant A, here is not sharp in general, a technique called
complex interpolation gives a sharper estimate
e We don’t need linearity for 7', only sublinearity, i.e. Tf < T f + T f.
e Of course this works in much more generality.

Before we come to the proof of Theorem 4.11 we record a crucial tool, an amazing appli-
cation of Fubini’s theorem.
Proposition 4.13. Fiz p € [1,00) and Q C R"™ be an open set.
Let f: Q2 — R be L"-measurable. Then f € LP(Q) if and only if
A= WL (L e Q| f(2)] > A})  in LY((0,00)).
Moreover, in either case

L1r@pde=p [~ wter (e e Q:17(@)] > A} da

18diagonal refers to the fact that ¢; = p;
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Proof. Since |f]| is £L™-measurable, also
A= NTILY ({2 e Q| f(x)] > A})
is L1-measurable (exercise).

So all we have to obtain is the identity.

» :OO NI (f € Qs |f(2)] > AY) dA

=p )\p /X{lf ysap(@)dr dA

Now we use Fubini’s theorem (rather. Tonelli), Theorem 4.4. One easily checks that
A X = XN psar (@) is £1 x L"-measurable (and nonnegative). So,

:p/Q A=0 /\pilx{|f(')|>>\}(l’)d)\ dz

@
:p// NN da
Q JA=0
7@
:/ N d
Q A=0
_ P dr.
[ 1@ da

Proof of Theorem 4.11. Observe that p € (1, 00).

Fix f € LP(R™). For a fixed A > 0 we apply Lemma 4.10 and split f = f; + fo. Then
Tf=1Tf +T/f; which is measurable.

Since |Tf| < |T fi] +|T fal,

A A
{141 > X} C{ITHI > SHO{ITR| > 5}

X

i e qrs > ) < £ (Al )+ £ (1Tl > 33

By Chebyshev inequality, Lemma 3.48, for ¢ = 1,2 and boundedness of T,

e (ara=3) <(3) e

NG
<(3) W
By the definition of f; we have

A - —p1 o
(3) Wk = (5) L P

Rn

| >
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)\ - )\ —p2

2 2 oy = | = x)|P?dx

(2) 121 e (2) Ly @
And thus

. i —p1 o é P2 .
ern=ws(3) [ e (5]

This estimate holds for any A > 0. In view of Proposition 4.13 we then have

IT ey <p [~ N71L" (€ Q2 [T (@)] > A A

<c [T (A—m / 2)Prda + AP / . mdx> A
A=0 oy 1@ ey @)1

Again by Fubini

e
IT 118y <C / )P (/A ) ”d/\) da
e, / z)[Pe < / Ap—lxmcu) dr
A=l (@)

Since p; < p < po the integrals in A converge and we have

1Ty <C [ 1@ (11 )\p|f<x>y—p1) da
w0 [ 1@ (I @V @) 7dr) do

—C’/ x)|Pdx
=C|| fII%» zny

We can conclude. O

Exercise 4.14. Prove Theorem /.11 under the weakened assumptions

HTfHL”i(R") < AinHLpi’OO(R )
(Cf. Definition 3.49)

The ideas of the Marcienkiewicz-interpolation theorem can be vastly generalized. As partic-
ular version we record (without proof) the following “off-diagonal” version of Theorem 4.11.
“off-diagonal” means that the LP-spaces in the domain and target may not be the same.
For a proof see [Grafakos, 2014, §1.4.4].

Theorem 4.15 (Marcienkiewicz Interpolation Theorem (off-diagonal)). Let 1 < p; < py <
o0 and 1 < q; < g < 0.

Assume that T is a bounded linear operator from LPi(R™) to L%(R™) fori=1,2. That is,
fori=1,2
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o There exists A; > 0 such that for any f € LP(R") we have Tf € L%(R") and
moreover

1Tl Lo my < Al S| ri ).
o if fig€ LPi(R"™) and \, ju € R then

T(Af +pg) =ATf + pTg.
Then for each p € (p1,p2), i.e. whenever 6 € (0,1) and
p=(1—0)p: +0Ops,
then for
q¢:=(1—=0)q +0g
we that T is a bounded linear operator from LP(R") — L4(R"), and we have
1T f | Lawny < gl f | o rm)

where A, is a constant depending only on Ay and Ay and 6.

4.2. Application: convolution. Let us start with an observation that since the Lebesgue
measure in invariant under translations and under the mapping x — —u for any f € L'(R")
and any y € R" we have

/n u(z)dr = /Rn u(z+y)dr = /n u(—z)dz.

Also, since for every measurable set F and any ¢ > 0 the set t£ = {tF : x € E} has
measure L™ (tE) = t"L"(E), Theorem 1.81, we conclude that the Lebesgue integral has the

following scaling property

/Rn u(z/t)dx = t" /Rn u(z)dz YVt > 0.

Observe that in the case of the Riemann integral the above equalities are direct con-
sequences of the change of variables formula. We will prove a corresponding change of
variables formula for the Lebesgue integral later, but as for the proof of the above equalities
we do not have to refer to the general change of variables formula as they follow directly
from the properties of the Lebesgue measure mentioned above.

Definition 4.16. For measurable functions f and g on R™ we define the convolution by

frg) = [ fla—y)g)dy

The convolution plays a crucial role in Analysis, in particular in Partial Differential equa-
tions,

e convolutions can be used to “mollify functions” (approximating non-differentiable
functions by differentiable ones, we will discuss this below)
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e representing solutions to linear differential equations, e.g. for n > 3
Au(z) = f(x) in R"

is (under suitable assumptions on f and u equivalent) to

u@) = c [ o=y f () dy
(where ¢ is a suitable constant)

To start with our analysis, the first question is under what conditions the convolution is
well defined. If f € L'(R") and ¢ is bounded, measurable and vanishes outside a bounded
set, then the function y — f(z —y)g(y) is integrable, so (f * g)(z) is well defined and finite
for every z € R . If f,g € L'(R"™), then it can happen that for a given z the function
y — f(z —y)g(y) is not integrable and hence (f * ¢g)(z) is not defined. However as a
powerful application of the Fubini theorem we can prove the following surprising result.

Theorem 4.17. If f,g € L*(R™) then for a.e. x € R" the function y — f(x —y)g(y) is
integrable and hence f * g(x) exists. Moreover f x g € L*(R") and

1f * gllor@ry < I fllzr @y |9l @ny-

Proof. The function |f(z — y)g(y)| as a function of a variable (z,y) € R*" is measurable
(because (z,y) — f(z —y) and (z,y) — g¢(y) are both £2-measurable). Hence Fubini’s
theorem (rather: Tonelli Theorem 4.4), implies

// (& —y)g(y)|dz dy = Rn(/ﬂ%nlf(fc—y)g(y)!dx)dy

= [ (L 15— wlde) o)y = 17110 s e

Therefore

I1F 5 gl < [ [ 1@ =yg@ldwdy < £l gl

Theorem 4.17 is a special case of Young’s convolution inequality

Theorem 4.18 (Young’s convolution inequality). Let p,q,r € [1,00] satisfy the following

relation
1 1 1
1+ ; = 5 + 6
(where = =0).

If f € LP(R"), g € LY(R™) then f*g € L"(R™) and
1f g

Exercise 4.19. Proof the statement for p = 0o or ¢ = oo and r = oo (what does each
imply for the other coefficients?).

rrny < [ flleen) 91| Lagen).
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Proof. We consider only the case 1 < p,q,r < oo.

Set s 1= * p, t= f. Observe that then

1 1 1 1 (1 1) (1 1)
-—+-+-=4+\|-——|+({-——-) =
T S t T D r q T

1f(@—y)gw)| = f@ =) g7 [fz—y)|" lgy)]"

€L (dy) €L(dy) Lr(dy)

We write

From (generalized) Holder’s inequality we then have

1-2 1—

[5G = ewldy < ([ 17 -la) T ([ lotpay) "

1-2 1-4 » ot
=\ fll ey 191l Loy (1P N9l )™

=3I

([ 11 = nPlawray)’

Now from the L'-case,

1 1
LA #1917 lzremy =P #1915y < (WP emy g1 23

=l 1120 @y 191 Za gy

S =

Plugging all this together we find

L (L 1@ =09l dy) " do < (1715 Nalladeny 1117 ¢ 1917 ey )

(Hf”LP(R" ”gHZ(ER” ||f||Lp (R™) ||9||Lq R >
(I£ 11z @ gl o))

Thus,
I1F gl < [ ([ 17 =9)9@)dy) do < (1f s gl o)

Taking this inequality to the power ()* we conclude. O

Now let us look at algebraic properties of the convolution
Exercise 4.20. (L*(R"),*) is a commutative algebra. Namely, if a,3 € R, f,g,h €
LY(R™) then

(1) fxg=gxf
(2) f* ( ) (fxg)xh
(3) fx(ag+Bh)=af xg+Bf*h.

Hint: Fubini
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Let us also record

Exercise 4.21. Let f,g € L'(R") and h € C>*(R") then
L Grgh= f@xn
Rn R"

where
Hint: Fubini

So, nice algebraic structure, nice! But now lets move towards serious business, namely
“mollification”.

For the “mollification aspect” we need a further definition

Definition 4.22. (1) We say that f € L} (R") if for any x € R™ there exists some

ball B(x,r) such that f € LP(B(z,r)).
(2) For g € C°(R™) the support is “where the function lives”, more precisely

suppg := {x € R*: g(x) # 0}.
A continuous function g is said to have compact support if supp g is compact.

(3) This can be generalized for £"-measurable g : R™ — R.
Fix such a g, and define the family of (measurable!) S as follows

SeS & Sisclosed and g(x) =0 for L"-a.e. x € R"\ S

suppg = [] S
ses
So a L"-measurable function is said to have compact support if and only if supp g

is compact.

Exercise 4.23. Show that whenever f € Lj .(R™) then f € L} (R™) for any1 <q<p

loc loc
Hint: Hélder’s inequality.

Exercise 4.24. Show that the two definitions of support in Definition 4.22 coincide for
continuous functions.

If f € L,.(R") and g is bounded, measurable and vanishes outside a bounded set, then
the function y — f(x —y)g(y) is integrable, so (f *g)(x) is well defined and finite for every
x € R™. If g is better, then f x g is as good as g.

Theorem 4.25. If f € L} _(R") and g is continuous with compact support then

loc

(1) [ *g is continuous on R"

(2) If additionally g € C*(R™) then f * g € C*(R"), k € N, and we have
Ou(f*xg)(x) = (f % 0a9)(x) « multiindex: |a| < k.
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Proof. (1) Since g is bounded and has compact support, (f * g)(z) is well defined and
finite for all x € R". Fix z € R" . The function y — f(y)g(x — y) vanishes outside
a sufficiently large ball B (because g as compact support). Let x,, — x. Then there
is a ball B (perhaps larger than the one above), so that all the functions

y= f(y)g(zn —y)
vanish outside B. Hence

1F ) g(zn — )| < gl |f ()| xB(y) € L*(R™)

and the dominated convergence theorem, Theorem 3.26, yields

(f <)) = [ F@glan—y)dy = [ gl —y)dy = (f *9)x)

which proves continuity of f * g.
(2) Picki € {1,...,n} and |h| <1 and fix z € R"
We have (observe all terms exists since g € C'(R") and ;g still has compact
support)

(f #g)(@ + hei) — (f = g)(x) — (f = Dig)(x)h
= /R f(y) (9(x + hei —y) — gz —y) — Dig(x —y)h) dy

Observe that if supp g is compact then supp g(z — -) is still compact (for a fixed z).
It is easy to check that the following set is compact

K, := |J suppg(z +2z—).
|21<1

Moreover,
g(x +hei —y) —g(z —y) —diglz —y)h =0 y & K.
Since ¢ is continuously differentiable on R™ we have
l9(z + hei —y) — g(z —y) — Oigx —y)h| < Culh| Vy € R, |A] < 1.
and moreover by differentiability for every y

lg(z + he; —y) — g(x —y) — Oig(x — y)h| |r—o0

7 0.
Thus
(f *g)(@ 4+ he;) — (f xg)(x) — (f * 0ig)(x)h
A
g(x +he; —y) — glx —y) — dig(x — y)h
= . fW) 7] dy
and

g(x+ he; —y) — g(x —y) — Oig(x — y)h |hl—0

f() 7]

Opointwise for a.e. y
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and

g(x + he; —y) — g(r —y) — dig(x —y)h
| (y) 7] | < Clf ()l
We conclude by the dominated convergence theorem that
(f * 9)(x + hei) = (f = g)(x) = (f * ig)(x)h |ni—0
|
Thus f * g has a partial derivative at every x. That by itself is not enough to
conclude differentiability! However, since morevoer f x 0;g is continuous (by (1))

we can conclude that f g is continuously differentiable everywhere. Repeating this
argument for higher derivatives gives the claim.

0.

g

Let n € C*(B(0,1)) be a function such that n > 0 and [z n(z) = 1. E.g. take
1
_ elel-1 lz] <1
4.2 x) = -
“2) i) {0 M

One can show that 77 € C°(B(0,1)), and we set 5 := (fgn )" 7. 1 is often called a bump
function (because thats what it is) or a mollifier (reason: below).

For € > 0 we set
ne(x) ==& "n(z/e)
Exercise 4.26. Show that suppn. C B(0,¢), n- > 0 and [gnn. = 1.

For f € L},.(R™) we set
fa = f * 7
In view of Theorem 4.25, f. € C*°(R"™). This is called the mollification of f.

Observe that as € — 0 we have in a very handwaving sense

0 {0 r#0

e —
T’ (x) 00 - ((n(o)// T = 0

More precisely we have for any measurable A C R”
L. = n(0)d
where dq is the Dirac measure

1 De A
0 otherwise.

50(14) = {

Above, (weak™) convergence is understood in the following sense:
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Lemma 4.27. For any f € C°(R™) N L=(R™) we have

/Rn fd(Lrin) =% /Rn fddy = £(0).

Proof. We have
L rdern) = [ f@n(a)ac

So all we need to show is that
[ F@pn.(a)der = f(0).
Now observe since [ 1. = 1 we have
| f@m@)de = £0) = [ (f(2) = £(0)) n.(x)da.

Since f is continuous at 0, for any 6 > 0 there exists a radius r > 0 such that | f(z)— f(0)] <
§ for all z € B(0,r). If we take ¢ < r we then have

L (@) = ) ne()da| <6 [ n(ade =3

This holds for any ¢ and € < r(d) so we have

[t (a)ds  FO) =0

lim
e—0

g

What does this mean for f.(z) = f*n.(x) = [ f(x — y)n-(y)? It converges to f(x). And
it does so quite nicely.

Theorem 4.28. Let f: R" — R.

(1) If f is continuous then f. converges uniformly to f on compact sets as e — 0, i.e.
for all K compact

0
| f = fellpe ey = 0.

(2) If f € C*R") then D®f. converges uniformly to D*f on compact sets for any
la| <r ase— 0, i.e. forall K compact

max || D f — Do‘f8||Loo(K) =20 0.

o<k

Proof. (1) Uniform continuity of f on compact sets implies that for any compact set

K

sup sup |f(z) — f(x —y)| = 0 ase— 0.
lyl<e zeK
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Since [gn M:(y)dy = 1 we have [z f(2)n:(y)dy = f(x) and hence for any compact
set K,

sup f(z) = Jo(x)| =sup | [ (7(@) = F(z = u))n:(u)dy

<sup | o @) = @ =)l ne)dy 0 ase =0

 2eK
(2) Follows from (1) by an induction argument and the fact tat D(fn.) = (D*f) ..

U
Exercise 4.29. (1) If f € C* for a € (0,1] show that f. converges to f in C” for any

b < a, ie.
o (@) = £(2) = 1) ~ )] o
zFy |z —yl?
(2) Show that this may not be true for B = a = 1 (it is also not necessarily true for
f=a<1)
Hint: Lipschitz functions may not be everywhere differentiable

0.

Now we want to get convergence also in LP(R").

Lemma 4.30. If f € LP(R"), 1 <p < oo then f. € LP(R™) and || fo||Lrwny < || fllr@ny-

Proof. Follows from Theorem 4.18:

[ fellzo@ny = |Lf * nello@ny < N flloo@ny (106l 1) -
=1

U
Theorem 4.31. If f € LP(R") and 1 < p<oco then f. € LP(R™) and || f — f-|| r(mn) =% 0.

For the proof of Theorem 4.31 we need the following lemma

Lemma 4.32. If f € LP(R"), 1 < p < oo then
lim [ [f(z+y) — f(z)|Pdx = 0.

y—=0 JR

Proof. For y € R™ let 7, : LP(R™) — LP(R™) be the translation operator defined by
(ryf)(2) = flx+y) for f e LP(R").

The lemma claims that 7, is continuous, i.e. ||7,f— f||r» Y% Dasy — 0. Givene > 0 let g
be a compactly supported continuous function such that || f—g||z» < /3, see Theorem 3.28.
Then

|7y f = fllze <ll7yf — 7y9lle + 1799 — gllee + If = gllze =2/ f — gllze + [I7y9 — gllLr
<2e/3 4+ ||7y9 — gllrr
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Since 7,9 — g converges uniformly, and K := U, <; supp 7,9 is bounded, there is § > 0
such that

1709 = glls@m = 79 — gl < CK) I7yg — gl < /3 for ly| < 6.
Hence,
Irf = fller < 5 for ly] <.
which proves the lemma. Il

Proof of Theorem 4.31. Assume first that 1 < p < oco. Hoélder’s inequality and Fubini’s
theorem yield

15 = Flo = [ [ (@) = £ = )ty
< [ ([ 15@) - @~ ) o) ody) de

< [ 05~ 1 —wentwiy) ([ ntidy)” o

=1

- /n /B(O,e) [f(2) = f(z = y)["n-(y)dydz
_Am@(énﬁw%—ﬂw—wwwﬁnxw@rigo

In the last step we used Lemma 4.32. If p = 1, then the above argument simplifies, because
we do not have to use Holder’s inequality. O

P
dx

Corollary 4.33. Let 1 < p < oo. If f € LP(S2) for an open set ) then for any open
compactly contained Q" CC Q (i.e. Q' is open, ' is compact and Q' C Q) we have

f- € C(Y) for all smalle < 1 and || f- — f||zeo) =% 0.

Proof. Set d := %&m) > 0. Let 7 € C(B(§Y,50d),[0,00)) be a bump function with

7= 11in B({,20d)"
Set )
=nf.
Clearly f € LP(R™), and by Theorem 4.31 we have that f € C*°(R") and
If- — f||Lp(Rn) =0 .

In particular f. € C=(Q') and (using that 77 = 1 in )
-0

I1fz = flleey = I f- = Fllvy ===0.

YHere: B(A,r) := {z € R" : dist (z, A) < r}
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We now claim that for ¢ < d we have f. = f. for z € . Indeed if z € ' then
denoting the mollification kernel for f. by n € C*(B(0,1)), f. = f * e "n(-/¢) then
suppe "n((z —-)/e) C B(z,e) C B(,d). Consequently, for any z € ¢/

fole) == [ Fm(e—y)/dy = [ fn(e—y)/2)dy

(.d)
== [ o MW@~ 9)/e)dy = L),
Thus

r 0
If- = Fllzo@y = 1 = Fllzey 2= 0.
The proof is complete. -

One can use convolution to obtain another proof of density, see Theorem 3.32(3). See
Lemma 4.38 for a version for any open set (2 C R™.

Exercise 4.34. Use convolution to give another proof of Theorem 3.32(3) on R":
Namely show that C°(R™) is dense in LP(R™) for all 1 < p < oo. That is for any

f € LP(R™) there exists (gi)ren € CZ(R™) such that

k
gk — fllo@n) —= 0.

(1) Approzimate f by convolution with some f. € C*(R™) (but there is no reason that

fe e CZR))
(2) Take 1 € C*(B(0,2)), n =1 in B(0,1) and ||7]|zem@ry < 1 a bump function and

set

9u(2) = (e /k) f1 ().
(3) Show that
(/%) (fuge = £) llncen == 0.
(4) Show (Hint: dominated convergence!)
11 = /) fllzreeny 225 0
(5) Conclude that
k—o0

lgk = Fll e ny == 0.
Exercise 4.35. Show that Exercise 4.3} is false for p = oo

(Hint: continuous functions)

Exercise 4.36. Let p € [1,00). Show that for any f € LP(R"™) with f > 0 a.e. there exists
fr € CX(R™), fr > 0 everywhere such that

k—oo
I fe = fllzo@ny —= 0.

Proposition 4.37. Let p € [1,00) and f : R™ — R be any function. Then the following
are equivalent:
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(1) | € LP(R")
(2) There exists f, € C(R"™) with fr, — f a.e. and

SUp || fil| o gy < 0.

In either case we have
43 D n)y — lnf hm lnf P n
(4.3) 1fllze @y = Inf Timinf || fi | 2e e

where the infimum is taken over all sequences (fx)r as in (2).

Proof. = This follows from Theorem 4.31. Since f € LP(R") we find approximations
fr € CX(R™) and

[ fello@ny < A1F = fello@ny + 1| Lo @n).-
We also get one part of the inequality

Hkli lininf | fu| o ey < Vi inf {| fi [ 2o ey < Timinf {| f—=fi| o) Hliminf || £ 2o eny = 04[] F 2o n)-

< Let fx be as in (2). In particular f are £"-measurable, so as a pointwise limit f is
L™-measurable, Theorem 2.13. In particular |f| is £"-measurable.

We can apply Fatou’s lemma, Corollary 3.9, to |fx|P and by pointwise convergence

/ mp:/ lim \fk\pgliminf/ | fal?.
R Rn k—o0 k—oo JRn

Since [gn |f|P < 0o we have f € LP(R™). The above inequality holds for any approximating
sequence (fx)r so we get the remaining part of (4.3), namely

my < inf limi .
I fllzrmny < (;lz)fk hlggglfﬂkaLp(R )

One can also get another proof of Theorem 3.32(3) on any (.
Lemma 4.38. Let Q C R" open and f € LP(Q)). Then there exist fr € C°(S2) such that

Ife = fllerc k=0,

Proof. Extend f by zero outside of 2. We first show that there exist g € LP(R™) with
supp g C 2 and
k—o0
If = gellr@ny — 0.
Any open set can be decomposed into a countable union of closed dyadic cubes U2, Q;
with pairwise disjoint interior. Let g := XUt o f. By the dominated convergence theorem
i=1 ¥

k—o0

gk — fllLp@ny —— 0. Observe that supp g, C UY_; Q; which is a closed subset inside 2.
Since (2 is open 0 := dist (supp g, R"\Q2) > 0.
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Now set fi o, := 1, * gi, for 0 < 9. Fix ¢ > 0. Then there exists ¢ > 0 so small such that
€

7

Also we can take k € N (independent of o actually) such that

170 * f = fllorny <

g
176 % g — 1o % Il < llgr — fII < 3
Then we have f;., € C(92) and

| feo = flloe@wny < 00 % g — 10 * fI| +|Ine* f = fll <e.
O

Exercise 4.39 (Censored Mollification). Take three radii 0 < r < p < R and assume

u € C°%B(0,R)). Show that there is an approximation u, € C°(B(0, R)) with

k—o0
||Uk — UHLOO(B(O,R)) _>—> 0

that satisfies the following conditions for all k € N

e u, =u in B(0,R)\ B(0,p)
o u, € C(B(0,1))

For this use the following definition of a “censored” mollification

us(x) ::/ n(z)u(x + 00(x)z)dz,

RTL

for some choice of € C>(B(0, p), [0,1]) and 8 = 1 in B(0,7), and a typical bump function
n e C>*(B(0,2),n=11in B(0,1) and [n=1.
4.3. A first glimpse on Sobolev spaces. From the approximation Exercise 4.34 we
have the following equivalent definition of LP(R™).
Proposition 4.40. Let p € [1,00).

Consider the space LP(R™) as all f € C(R™) with the norm | f||Lrwn). Every norm

induces a metric deo(f,9) == ||f — gllo@wn). Denote by LP(R™) the metric completion of
LP(R™) under the metric des(f,g).

Then LP(R™) = LP(R") in the following sense:

The uniformly continuous linear functional id : LP(R") — LP(R") given by id f = f
extends to a (unique) isometric isomorphism LP(R™) — LP(R"™).

Proof. Since (by definition) £P(R") is dense in LP(R") and id is clearly Lipschitz contin-
uous with Lipschitz constant 1 (and thus uniformly continuous) id extends uniquely to
a continuous map id : LP(R") — LP(R"), given by id f := lim_ o id f; where f; is any
sequence in LP(R™) converging to f.
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Clearly id is injective and isometric. It only needs to be shown that it is onto. So let
f € LP(R™) then by Exercise 4.34 there exists f, € LP(R™) with || fx — f||z» — 0. But then
fr is a Cauchy sequence also in £P, and thus id f, = fi converges on both sides. O

Exercise 4.41. Let p € [1,00]. Show that (C(R™), || - lwirmny) is a normed space where
[ llwre@ny == [[fllee@ny + IV Fllzr@ny.

This leads to a (first, there are several) definition of Sobolev spaces WP (R™).
Definition 4.42. Let p € [1,00). Consider C°(R"™) equipped with the norm
[ lwre@ny = [ fllLon) + IV fllogn).

We denote WP(R™) as the metric completion of C2°(R™) under this norm.

So what kind of functions are in this Sobolev space W'P(R™)? Since the || f]|zrrn) <
| fllwreny we see that W*(R™) must be a subspace of LP(R"), i.e. a first equivalent
notion is

Definition 4.43. Let p € [1,00). f € W'P(R") if and only if f € LP(R") and there exists
fx € C°(R") such that fj is a WIP(R")-Cauchy sequence and

k—oo
I fe = fllzo@ny —= 0.

Alright, so what does that mean: W? consists of LP-functions that satisfy an additional
condition: their distributional derivative belongs also to LP. That needs some explanation.

Definition 4.44. A distribution is a linear map 7' : C°(R™) — R (it should also be
continuous, but we discuss this later, when we talk about distributions in detail).

The (distributional) derivative of a distribution 7" is given by
OaT(p) := (=1)°T(dap), ¢ € CZ(R).
Every L},.-function f is (equivalent) to a distribution:
Usually we think of functions f : R" — R as function evaluated at some point .

If we know for all x € R™ what f(x) looks like, then we know what f is. More precisely,
we can test when to functions are the same: f = g if f(x) = g(x) for all x € R"

But we can evaluate functions differently, with other test-functions. For example, for
v € C(R™), we can consider f as distribution, i.e.

116l = {f9) = [ F@)ple)da
Still: if we know for all p € C2°(R™) what (f, ) looks like, then we know what f is.

More precisely we can test when to functions are the same: f = g if (f,p) = (g,p) for all
p € CF(R)
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Lemma 4.45 (Fundamental lemma of the Calculus of Variations). Let f,g € L}, .(R™) and
assume that

(fr0) =(g.9) Ve eCZR")
then f = g almost everywhere.
In particular if
(fro) =0 VeeCZR"),

then f =0 almost everywhere.

Proof. Since
(fro)={99) & (-9 =0,
we only need to show that if
(fio) =0 VoeCFR),
then f =0 a.e.

First assume that f is continuous around a point xg € R™. If f(z¢) # 0 then w.l.o.g. f(zo) >
0. By continuity there exists a small ball B(zg,r) such that f(z) > 1f(zo) for all
x € B(xg, 7).

Now let ¢ be a bump function in B(zg,7), i.e. ¢ € C°(B(x0,7)), ¢ > 0 everywhere and
infgzgr/2) 0 > 0; e.g. @ = @((x — x0)/r) where ¢ is from (4.2).

Then .
0=(fe) = [ fezsfa) [ e

B(zo,r) (zo,r)
a contradiction. So f(xg) = 0. This holds for all xy € R™ where f is continuous.

General case: In the general case we cannot argue with continuity — but we will argue with
convolution.

Let n be a typical bump function, n € C>*(B(0,1)), n > 0, [n =1 and set 1. := e "n(-/e).
Fix x € R". Then the assumption imply

fa(x) = <f7 778(1‘ - )> =0.
That is f.(z) = 0 for all x € R™. On the other hand we have by Corollary 4.33,

e—=0

[ fllrey = 110 = flloraey = 1fe = fllrge —=0.
That is f =0 L"-a.e. in K, and since K was arbitary f = 0 in a.e. in R". U

Alright, so we can describe Lj -functions as distributions. And all distributions have
distributional derivatives.

What is the relation to Sobolev space? Here it is.

Theorem 4.46. Let p € [1,00) and f € LP(R"™). The following are equivalent.
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(1) f € WP(R")
(2) for each o € {1,...,n} there exists g, € LP(R™) such that the distributional deriv-
ative O, f coincides with g, in the following sense:

0 flel = =(f,0%) :/RRngasa-
We will simply write this as Onf = Ga-

Proof. = Let f € W'P(R"). By definition there exists f;, € C>°(R") which is a W1?-
Cauchy sequence converging in LP(R"™) to f.

Let gox := Oafr. These are LP-Cauchy sequences! So they have a limit g, € LP(R™).

Now let ¢ € C*(R™). We have from the integration by parts formula (for Riemann

Integrals!)
| dafio == | fidue

Taking the limit £k — oo we find

/ ga@:_/ faaQO:aaf[SO]-
R™ Rn
That proves the first direction.

<« Now assume that
/Rngaﬁpz _/Rnfaa90 Vi € C°(R™).
Since g, and f are LP-maps we can approximate them with convolutions

Goe = Ga * e
and
fe = F*ne.
We may assume that n(x) = n(—z), and then we have by Exercise 4.21

/ (9a % 11c)p = / Ja (% 1)
Rn Rn
Since (¢ *n.) € C(R™) we have

:_/Rnfﬁa(gp*na):/Rnaa(f*na)SD-

That is, we have
(9o * 11, ) = (Da(f *11c), ).
This holds for all ¢ € C°(R™), so by the fundamental theorem of Calculus of Variations,
Lemma 4.45,
Ga * e = aa(f * 776)-

Thus we have
e—0

10a(f *7me) = gallLo®n) = 1ga * n- = gallLr@n) — 0.
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That is f 1. is a W1P-Cauchy sequence that converges to f.
However f xn. € C*°(R") , not in C°(R™). But this can be remedied easily.

Let x € C*(B(0,2),[0,1]), x = 1 in B(0,1) (this can be done similar to the bump
functions). Set

Jol@) == x(@/k) (f *mye)(x).
We have
1 = Fllzoeny < (L= x(@/k)) Fll oy + I /R) (f = (F xm)) llzogen.

The first term tends to zero by dominated convergence, the second by the LP-convergence
of the convolution.

100 fie = gallLo@n) <IN = x(@/k))gall o) + 1x(2/k) (9o = 0alf *muyn)) lzr@n)
+ 106 (x(/F) Lo 1 # mye) (2) = fllzr @y

k—00

Observe that |0,x(z/k)| < C/k —= 0. So everything converges.
U

So for now we take with us: Sobolev functions f € W'P(R") are maps f € LP(R") such
that 0, f € LP(R") (where 0, denotes the distributional derivative).

13

Let us stress that distributional derivatives are not the same as a.e. derivatives. “a.e.
derivatives are not a good object, since they “forget” things.

Example 4.47. Let h be the Heaviside function

1 z>0
H(x)::{o v <0

Then clearly for almost all x € R we have H'(z) exists and H'(z) = 0 a.e. — however H is
not a constant map.

What is the distributional derivative? By definition for ¢ € C°(R),
H'[p] = = /R H(z)¢' (z)dr = — /OOO ¢'(x)dz = ¢(0) = ¢p(00) = ¢(0).
(Here we can use the Riemann integral since ¢ is continuous).
What does that tell us? Well if we denote dy again the Dirac delta, then
2(0) = | pla)ddo(x).

That is we have
HI - (50

in distributional sense.
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Proposition 4.48. Let 1 < p < oo and assume that f € W'P(R") satisfies O,f = 0 for
all o =1,...,n. Then f is constant a.e., that is for some ¢ € R we have

f(z)=c ae xzeR"

(actually ¢ = 0 since any constant function in LP(R™) is zero).

Proof. By definition there must be f;, € C°(R™) such that

1

I fe — fllzr@ny + | D fellLr@ny < Z

By the classical fundamental theorem we have
1 n
ful@) = fily) = [ 32 dufulw+tly —2)(y — 2"t
a=1

Integrating this inequality in both z and y in B(0, R) (for some fixed R) we have
Lo [ 1fele) = fuly)ldedy
B(0,R) /B(0,R)

: 1
<9R // / D ty — 2))|dzdydt // / D ty — 2))|dy dzdt
< ( oo Dty = aDasade + [ [ [ Dty )

Now for ¢ € (0,3) by the substitution rule (we use also the convexity of B(0,R)) and
Holder’s inequality

|=

! " Pdz e -3
/B(QR) | D fi(z+t(y—a))lde < (=T /B(O’R) D fi(2))|dz < 2 (/B(&R) D fr(2))| d,> (L"(B(0, R)))

Doing a similar argument for the [ g—integral we obtain

— dxdy < C(R)||D » .
Lo o @) = filaldedy < CORID filsocsiony

Now since f converges to f in LP(R") we have that f, converges to f in L*(B(0, R))
(Holder inequality again!), so by taking the limit we find

— dxdy < lim C(R)||D p =0.
Lo Joo o @) = F@ldrdy < Jim CR)ID S0

Consequently, |f(x) — f(y)| = 0 for £L*™a.e. (z,y). By Fubini’s theorem (e.g. the version
in Proposition 4.6)there must be some = € B(0, R) such that f(y) = f(z) for L™-a.e.
y € B(0, R). Setting ¢ := f(x) we find that f(y) = c a.e., that is f is constant in B(0, R).
This holds for any R > 0 so f =ca.e. in R". U

Exercise 4.49. Use Proposition 4.48 to show that xjo1 ¢ W'P(R) for any p € [1,00),
where as usual
1 ze€]|0,1],
X[o,1) () = { 0.1

0 zeR\I0,1].
More precisely show that
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(1) X1 € LP(R) for any p € [1, 0]
(2) If there was f € Li,.(R) such that

xoal-¢]1 = - [ f@)e Vo eCE®)

then f(z) =0 for L'-a.e. x € R (Hint: Fundamental theorem: Lemma 4.45)
(8) Conclude with Proposition 4.48.

We will treat Sobolev functions in way more detail later (next semester), let us just give
one more application of the approximation.

Lemma 4.50. Let f € WYY(R) (1 dimension only!) then f is continuous. That is, there
exists f : R — R continuous such that f = f a.e.

Proof. Let fi, € C°(R) be the approximation of f. By the fundamental theorem we have

fiol@) = fuly) = /x ' 1 (2)de.
That is
(@) = fily)] < /m] |£1(2)]dz.

Restricting ourselves to a ball [—R, R] we can apply Vitali’s convergence theorem, The-
orem 3.59: since f, converges in L'[—R, R] to f’ we have that the integral is uniformly
absolutely continuous. That is, for any ¢ > 0 there exists a 6 > 0 such that for all
x,y € [-R, R] with |x — y| < ¢ we have

[ 1Nz <e.
[z,y]
Thus for any € > 0 there exists a § > 0 such that

\fe(z) = fily)| <e mye[-R,Rl: |v—y|<é.

This is uniformly equicontinuity of (fx)s, : [~ R, R] — R. If only we had uniform bound-
edness, then we could use Arzela-Ascoli!

But don’t despair. Since f;, converges to f in L'([—R, R]), by Theorem 3.51 there exists
a subsequence fi, which converges a.e. to f in [—R, R|. Let xy € [—R, R] be a point such
that f,(zo) — f(zo). Then we have from the equicontinuity

| fri(2) = fri(z0)| < C,
or rather
| fr(x)| < C +sup|fy,(20)| <00 Vx€[-R,R|

This is uniform boundedness, so by Arzela-Ascoli, taking yet another subsequence if neces-
sary we conclude that fkij uniformly converges to a continuous limit function ¢ : [~ R, R| —

R. Since on the other hand sz.j converges a.e. to f we have that f = g a.e. in B(0, R).
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Since the continuous representative® of a Lebesgue-integrable function is unique, Exer-
cise 4.51, we can let R — oo to find a continuous representative of f. O

Exercise 4.51. Let f € L},.(Q) for some open set Q C R™ (and the Lebesgue measure).
Assume there exist g, h : Q — R which are continuous and f = g a.e. and f = h a.e. Show
that g = h everywhere.

Exercise 4.52. Use Lemma 4.50 to essentially reprove Ezercise 4.52: show that xjo1] &
WLP(R) for any p € [1,00), where as usual

)1 2 el0,1],
Xo)(@) = {o z e R\ [0, 1].

5. DIFFERENTIATION OF RADON MEASURES - RADON-NIKODYM THEOREM ON R"

5.1. Preparations: Besicovitch Covering theorem. If a set A is covered by closed
balls, we would sometimes like it to be covered by countably many disjoint closed balls
(e.g. so we can sum of u(B)). One very useful theorem is the

Theorem 5.1 (Besicovitch Covering theorem). There ezists a constant N,, depending only
on the dimension n with the following property.

If F is a family of closed balls B(x,r), r > 0 in R™ with finite mazimal radius, i.e.
sup{diam B: B € F} < o,

and if A is the set of centers of balls in F, then there exist N,, countable families Gy, ...,Gn,
of balls where each family G; C F consists of pairwise disjoint balls in F such that

ACB U B.

i=1 Beg;

Proof. The proof is lengthy and technical and we skip it here. See [Evans and Gariepy, 2015,
Theorem 1.27]. O

As an application of Besicovitch covering theorem we have

Theorem 5.2. Let pu be a Borel measure on R™ and F any collection of closed balls B(a,r)
for a € R™ and r € (0,00).

Let A denote the set of centers of the balls in F and assume pu(A) < oo.
Moreover assume that for each a € A
inf{r: B(a,r) € F} =0.

20more on this later: see Definition 5.17
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Then for each open set U C R™ there exists a countable collection G of disjoint balls in F
such that

UBcU

Beg
and

,u((AﬁU)\ UB) = 0.

Beg
(observe there are no assumptions on the measurability of A).

Proof. See [Evans and Gariepy, 2015, Theorem 1.28]. O

5.2. The Radon-Nikodym Theorem. In this section?! let v and p be always two Radon
measures on R™. Fxtremely formally we could hope to write

du
5.1 A= [ an= [ Zav.
(5.1) wA) = | du= | —dv
And then (as we do in calculus), we could interpret ‘;—‘Ij as the derivative of p in direction v
dp
d7 = D“V.

In some sense (5.1) is the fundamental theorem of calculus for measures.

Definition 5.3. For each point x € R" set

Dv(z) = {hm P % if p(B(z,7)) > 0 for all r >0

+00 if u(B(z,r)) =0 for some r > 0

=

and

n(B(z,r))
+00 if u(B(x,r)) =0 for some r > 0

{lim inf,_,o 48&r) if u(B(z,r)) >0 for all » >0

If D,v(z) = D,v(z) < oo we say that v is differentiable with respect to p. We also call
D,v the density of v with respect to u. 2

Example 5.4. o If v(B) := A\u(B) then D,v(z) = A

21We follow to a substantial extend [Evans and Gariepy, 2015].
22This indeed has some features of a derivative, because we could believe that for “a.e” z, v(B(z,0)) =
w(B(z,0)) =0 (where B(z,0) = {«}) and then write
B
i int 2@ ) _ ,
m=0 w(B(x,r) 20 w(B(z,r)) — p(B(z, 0))
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e We will later see (Theorem 5.15, as a consequence of the Radon-Nikodym theorem
Theorem 5.13) that if for a p-integrable function f

v=fLu
i.e. for y-measurable A,
A ::/ d
v(A) = | fdu
then
D,v(z) = f(z) p—ae.

This is easy to see for u = L™ and f continuous in z:
Then

W(BGen) = [ fdu=p(Ble @)+ [ (7~ () dn

B(z,r)

By continuity for any e > 0 there exists r > 0 such that sup,c 5, |f(2) = f(2)] <,
so we have

v(B(w, 1) = p(Blw, 1) f(x)| < ep(Blw,r))

So we have

Our first goal is to understand when D, exists and when (5.1) holds.
For this the following observation is useful

Lemma 5.5. Let o be a Radon measure on R™ and v be any other measure on R™ (not
necessarily Borel regular or anything).

Assume that A C R™ is a (possibly not measurable) set such that
v(ANV) < u(ANV)  for all bounded Borel sets V C R"

Then
v(A) < p(A).

Proof. If 4(A) = oo there is nothing to show. So assume p(A) < co. Then there must be
an open set U D A such that

u(U) < p(A) +e.
We can write R" = J;2, V; where each V; is a bounded Borel set and V; N'V; = ) and thus
w(V;) < oo for i # j (e.g. take partially open and closed cubes).

We then have

o0

J(A) S S HANY) S T pANV) < 3 (U NV = p(0).

i=1 =1 =1
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In the last step we used the measurability of UNV; (but A may not be measurable!) Thus,
V(A) < p(A) +e.
This holds for any € > 0 and we can conclude by letting ¢ — 0. U

Lemma 5.6. Let p,v be Radon measures on R". Fiz 0 < o < oo0. Let A C R”

(1) fAc{zeR": D,(r)<a} then v(A) < au(A)
(2) fAc{zeR": D,v(x)>a} then v(A) > au(A)

Observe that we don’t assume A to be v or y measurable!

Proof. (1) Fixe > 0 and assume A C {z € R": D, v(x) < a}.
Let V C RY be any bounded Borel set (in particular u(V),v(V) < o0).
We are going to show

(5.2) v(ANV) <(a+e)u(ANV).

Since this holds for any bounded Borel set V', in view of Lemma 5.5, we find ((a+¢)u
is still a Radon measure!)

v(A) < (a+¢)u(A).

Letting ¢ — 0 we can then conclude.

Take any bounded open set U C R" with ANV C U (this exists, because V is
bounded). Then v(U) < co.

We define a family of balls:

F = {B(a, r): wherea€ ANV,r>0: B(a,r) C U,v(B(a,r)) < (« —i—e),u(B(a,r))}

Since for each a € A we have

lim inf v(B(a, 1))

— <
=0 pu(Bla,r))

we find that in particular for each a € ANV

inf{r >0: B(a,r) € F}=0.

By Theorem 5.2 there is a countable subfamily G C F of pairwise disjoint balls
such that

UBcU

Beg
and

v(ANV)NU\ U B)=v((AnV)\ U B)=0
Beg Beg

Then, for each Be€ G C F

v(B) < (a+¢e)u(B)
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and summing this up over B € G (observe the B are all measurable as closed balls)
we have

v(ANV) = v(ANVNU) < Y v(B)+0 < > (a+e)u(B)+0 = (a+e)u( | B) < (ate)u(U).
Beg Beg Beg

We have this inequality for any bounded open set U C R™ with ANV C U. Taking
the infimum over all such U we find in view of Theorem 1.68 Equation (5.2) holds

and we can conclude.
(2) (similar)

|

Theorem 5.7 (Differentiating measures). Let p and v be Radon measures on R"™. Then

(1) D,v(z) exists and is finite for y-a.e.*® x € R and
(2) D,v is p-measurable.

We may assume that u(R") and v(R") < oo. Otherwise we consider uc K and vi K for
compact sets and show (1) and (2) in open sets U C K with dist (U, K') > 0. Then we can
argue by exhaustion.

We split the proof of Theorem 5.7 into different parts.

Lemma 5.8. Assumptions as in Theorem 5.7. Then D, v exists and is finite p-a.e.

Proof. Let A:={x € R": D,v(z) = oo}. Then for each a > 0
Ac{zeR": D,(z) > a},
and we can apply Lemma 5.6(2) to obtain

pA) < (A)

If v(A) < oo we can let @ — oo to conclude u( ) = 0. f v(A) = oo then since v(AN
(B(0,R))) < oo (v is Radon) we find u(AN B(0,R)) = 0 for all R > 0 and thus again

n(A) = 0.

Dyv(z) <oo p-ae.
Now let 0 < @ < b and set
R(a,b) :={z eR": D, v(z) <a<b< D,w(r)<oo}
We apply again Lemma 5.6 and have
bu(R(a, b)) < v(R(a,b)) < ap(R(a,b)).

23this p-a.e. takes care of pathological examples. E.g. assume p(R™) = 0 then D, v = oo, but still
D,v(z) =0 for p-a.e. x € R™ since p(R™) =0
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Since b > a and (w.l.o.g. otherwise again intersect with balls) u(R(a,b)) < oo we conclude

w(R(a,b)) = 0. Thus
{x eR": D(zr) <Dyw(x)< oo} =JU U R(ab).
a€Q beQN(a,00)

The right-hand side is a countable union of p-zerosets, so
0 ({m eR": D,(r) <Dyw(x)< oo}) =0.
Since we always have D, v(x) > D,v(z) we conclude that

0 ({x eR": D,v(x)# Eﬂy(:c)}) =0.
That is D,v(z) # D,v(x) < oo for p-a.e. z. O

One ingredient is the upper semicontinuity of  — u(B(z,1)).

Lemma 5.9. Let y be a Radon measure, x € R™ and r > 0. Then

liréljgp 1(B(y, 7)) < w(B(z,r))

Proof. Since B(x,r) is Borel, it is measurable and xzg 5 is p-integrable since B(x,r) is
compact.

Let yr — y and set fi := XBorr) and f := XBan): While it is not so clear whether f, — f

everywhere we certainly have for any z € R"”

(5.3) lim sup fi(2) < £(2)

k—o00
Indeed, the only case we need to consider is z € R"™ with f(z) = 0, otherwise the inequality
is obvious. But then z € R"\B(z,r), and thus dist (z, B(z,r)) > ¢ for some 6 > 0. Now if

lyr — x| < & then z & B(yx, ), so since y, — = we have fj,(z) = 0 for all but finitely many
k € N. So (5.3) is established.

From (5.3) we conclude
liminf(1 — fx) > (1 — f).
k—o00
Applying Fatou’s lemma Corollary 3.9 on X = B(z, 2r)

1—fdp < liminf(1 — fi)dp < liminf 1— fr)d
Sy A= < [ lmind (= fi)dp < it [ (0= fe)dp
That is
p(B(z,2r)) —p(B(z, 7)) < liminf (u(B(z, 2r)) — p(B(yk, 7)) -
N————— —00
<o
Subtracting the constant p(B(z,2r)) from both sides we conclude. d

Lemma 5.10. Assumptions as in Theorem 5.7. Then D,v is pu-measurable.
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Proof. By Lemma 5.9, the functions z — p(B(z,7)) and x — v(B(z,r)) are upper semi-
continuous. In view of Exercise 2.16 both functions are then p-measurable. Consequently
for each r > 0

v(B(z,r)) .
f(2) = d #(Bl) if w(B(x,r)) >0
+o0 if w(B(x,r)) =0
is p-measurable. Since by Lemma 5.8 D, v(x) = lim,_ f.(x) for p-a.e. we have by
Theorem 2.13 that D,v is u-measurable. U

Exercise 5.11. Let ju, vy, 5 be Radon measures. Show that

D, (1 +v5) = Dyvy + Dyvs  p-ace.
We recall the definition of absolute continuity from Definition 3.54 (see also Lemma 3.55)
and somewhat (as we shall see) define the opposite: mutually singular.

Definition 5.12. Assume g and v are Borel measures on R™.

(1) The measure v is absolutely continuous with respect to u, in symbols v < pu, if
p(A) =0 implies v(A) =0 for all A C R™.

(2) The measures v and p are mutually singular, in symbols v L p if there exists a
Borel set B C R" such that

u(R™\ B) =v(B) =0.

Here is the fundamental theorem for measures, also called the Radon-Nikodym Theorem.
Theorem 5.13. Let v, u be Radon measures on R™ with v < p.

Then for all p-measurable sets A we have

v(A) = /ADMIJ dp.

Proof. Let A C R™ be p-measurable. Then, by Lemma 3.55, A is also v-measurable.
Set
Z={reR": D,(xr)=0}
and
I'={xeR": D,(z)=+occ}

By Theorem 5.7 pu(I) = 0 and thus since v < p we have v(I) = 0. Also v(I) = 0 by
Lemma 5.6. In particular

V(Z):OZ/ZDNV du

v(l)=0= /IDHI/ dp.
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Now let A be p-measurable and fix ¢ € (1, 00) and set for m € Z
Ap=An{z eR": "< Dw(z)<t™}
Then A,, is also u-measurable, and thus v-measurable, Lemma 3.55, and we have
(A tdp < [ D
H(Am) < (et <D,v(x)} H= ), Frren

Since
A\ J Anczulu{zeR": D,v(z)#D,v(z)}
mEZ
we have that (A \ Upez Am) = 0 and thus ((A,)mez are pairwise disjoint!)

>t u(AR) < Z/ D,vdy = / D,v du.
meZ m JAm A
Since v < p we also have v(A\ Upez Am) = 0 and thus

v(A) = > v(Ay).

mEZ

With the help of Lemma 5.6 we find
v(A) =Y v(Ay) <D " u(A,) < t/ D,v du
meZ m A
and similarly
v(A) = Z v(Am) > Zth(Am) =t Ztm—HM(Am) 2 t_l/ Dyv dp.
meZ m m A

That is for any ¢ > 1 we have

1 /AD#V du < v(A) < t/ADMV dp.

Letting ¢ — 1 we conclude. O

If v £ 1 we can get also the following refinement

Theorem 5.14 (Lebesgue Decomposition Theorem). Let v and p be Radon measures on
R™.

(1) Then we can decompose
V = Vg + Vg
where the absolutely continuous part v,. < @ and the singular part vy L p.
(2) Furthermore,
D,w=D,vs, D=0 p-a.e.
and consequently

V(A) = /A D,wdp + vy(A)
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for each Borel set A C R"**,

Proof. Again assume p(R"), v(R™) < oo or argue with compact exhaustion.

We begin by constructing the singular measure. For this we are going to find a suitable
Borel set B and set
Ve :=vLB, vs:=v(R"\ B).
To find B define £ the set of “good candidates”, i.e. Borel sets A where u(R™\ A) =0, i.e.
E:={ACR": ABorel, u(R"\ A) =0}.
We are going to choose B such that

v(B) = 1}1161? v(A).

But for this we have to show that such a B exists. Certainly, £ # () so there must be some
Bk S 5 with

1
<1 — =
v(By) < }‘Iéfgl/(A) + ? k=1,...
Write B := N2, Bx. Then

u(R™\ B) < Z (R"\ By) = 0.

That is B € £ and thus

(5.4) v(B) = AI%EV(A).
Define

Vae := VLB
and

vs == v (R"\ B).

Both, v,. and v, are Radon measures, see Exercise 1.67.

We now show that v, < p. Assume A C R™ with u(A) = 0. Since p is a Borel regular
measure we may assume that A is Borel (otherwise we pass to A C A with p(A) = u(A)).
Then v,.(A) = v(AN B). Observe that

p(R™\ (BN A)) < p(R™\ B) + p(A) =0,
so B\ A € £. Then by (5.4) (observe both A and B are Borel, so v-measurable)
v(B) <v(B\ A)=v(B)—-v(ANB).
Thus v(AN B) =0, i.e. v,.(A) = 0. Le., we have established v,. < p.

Now fix a > 0 and set
Co:={x€B: D,zr)>a}

250 A is 1 and v-measurable
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In view of Lemma 5.6 we have
au(Cy) < vs(Cy) =v(Cy N (R™\ B)) = v(h) = 0.

That is u(C,) = 0 for all @ > 0, that is D,vs(z) = 0 for p-a.e. = € B (and since
D,vs(z) = D,(v.B) we have that D,vs(x) = 0 for y-a.e. x € R™\ B by Theorem 5.7(1).
So D,vs(x) =0 for a.e. x € R", and thus (with the help of Exercise 5.11)

(5.5) D,Vee = Dy pi-ae.

By the first Radon-Nikodym theorem, Theorem 5.13 we then have for any Borel set (thus
Vae-measurable)
(5.5)
wlA) = [ Dyvacdpe ™ [ Dy
Vae A) = | Duvaedp =" | Dyvdp

Thus, by the definition of v, and v,., for any Borel measure

V(A) = Vool A) + vi(A) = [ Dy -+ v,(4)
O

5.3. Lebesgue differentiation theorem. The integral average of f over a measurable
set E of finite, strictly positive measure will be denoted by

fe E][E dp = p(E)™ /Efdu

Theorem 5.15. Let pu be a Radon measure on R™ and f € L} (R™ ). Then for p-a.e.
reR"

lim f fdu= (@)

r—0 B(z,r

Exercise 5.16. Show Theorem 5.15 for continuous f (using only continuity, no deep
theorem,).

Proof of Theorem 5.15. For u-measurable sets E set
vi(E) = [ frdp

and
v_(F) = /Ef_du.
Since f € L}, (R™) we see that vy extend to Radon measures, and vy < p.

By the Radon-Nikdoym theorem, Theorem 5.13
vi(A) = / Dyvydp = / fidp  for all y-measurable A C R"
A A

v_(A) = /A D,v_dp = /A f_dp for all u-measurable A C R"
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Since v, v_ are Radon measures, we see that D, v are L;,.(dp)-functions, so by Lemma 3.22(2),
f+ =D,y and f_ = D,v_ p-a.e. in R".

By the definition of the Radon-Nikodym derivative we have

f =B v (Bn)

- wB(z,r))  p(B(r,r))
Dt (@) = D (2) = [ (@) = £ (0) = (),
which holds for p-a.e. 2 in R® — we can pass to B(z,) by Proposition 1.72. O
Definition 5.17. Let f € Lj,.(u).

The precise representative of f is the (pointwise!, not a.e., not a class) defined function

) Um, o+ f p(em J Al when the limit exists

x) = ’
0 otherwise

By Theorem 5.15 the limit exists u-a.e.

We say that x € R" is a Lebesgue point of f if
lim |f(y) = f*(2)|du(y) = 0.

r—0 B(z,r)

Theorem 5.18. Let pu be a Radon measure and f € L} (u). Then p-a.e. point v € R™ is
a Lebesque point of f

Proof. By Theorem 5.15 for any ¢ € R there exists a set N, C R with u(N..) = 0 such that

lim B |F(y) = cldp(y) = lim o) " (y) = cldu(y) = |f*(z) —¢| forall z € R™\ /..
Let

M :=A{z: |f*(z)| = oo}
which is a zeroset, since f*(z) = f(z) p-a.e. and f € L} .

Let
N:=MU U N..

ceQ
n—00

Since Q is countable, u(N) = 0. Let z € R" \ N and let ¢, € Q such that ¢, —— f*(z).
Then

][B(”" r) )= (@)lduly) < B(a,r) () =caldn(y) +len—f*(@)] 2255 | £ (@) —cal Flea—F (),
that is
lim sup 1f(y) — £ @)|duly) < |f*(x) = cn| + |en — £*(2)]

r—0t B(l‘,’f‘)
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This holds for any n € N and letting n — oo we have

lim sup |f(y) — f*(2)|du(y) =0,

r—0t B(x,r)

and thus
A e [f(y) = f*(@)]dp(y) = 0.
We can conclude since this holds for any € R™ \ N, where N satisfies u(NN) = 0. O

Sometimes one wants to work with cubes or ellipsoids shrinking to zero instead of balls.
This is possible, as long as they are regular (and p is doubling). We will restrict here our
attention to the Lebesgue measure.

Definition 5.19. We say that a family F of measurable sets in R” is reqular at x € R™ if
there is a constant C' > 0 such that for every S € F there is a ball B(xz,rg) such that

S C B(x,rg), L"(B(z,rg)) < CL"(S),
and for every € > 0 there is a set S € F' with £"(S) < e.

Theorem 5.20. f € L (R" L"). If x € R" is a Lebesque point of f and F is a reqular
family at © € R", then

lim ][S facr = f(x).

SEF,Ln(S)—0

Proof. For S € F let rg be defined as above. Observe that if £"(S) — 0, then rg — 0. We
have

f. racr -y

<, 17) — F@)laL" ()
<c (s [ i)~ f@)der ()

B(z,rs)

_£n<B(ZE,T’ )) n
—m(sf ][BWS) 1f(y) — f(x)|dL(y)

SC][BWQ £ () — F@)ldL(y) 2% o,

g

Corollary 5.21. If f € L. (R") and x € R" is a Lebesque point of f, then for any
sequence of cubes QQ; such that x € ();, diam Q; — 0 we have

lim { fdC" = f(x).

1—00 Qs

Corollary 5.22. Let F(x) = [ f(t)dt where f € L'(a,b). Then F'(z) = f(z) for a.e.
x € (a,b).
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Proof. We have

F h)—F
(x + })L (x) :]{c”hf(t)dt h—0 (@)
whenever x is a Lebesgue point of f. O

Exercise 5.23. Show the following: if A C R™ is a L™-measurable set, then for almost all
reA

r—0t | B(z,7)|
and for almost all x € R™\ A
B A
i BET0AL

r—0+ | B(z,7)|
Hint: f:=xa

Definition 5.24. Let A C R" be a measurable set. We say that x € R" is a density point

of A if
AN B )

r=0 Bz, )]
Thus the above theorem says that almost every point of a measurable set A C R” is a
density point.

=1.

5.4. Signed (pre-)measures — Hahn decomposition theorem. We want to apply now
and then the Radon-Nikodym theorem to measures which can be positive and negative.
For example

puc f(A) ::/ fdu A p-measurable
A
where f € L'(X,du) but f may be positive or negative.

This leads to the so-called signed measures. Since e.g. u_f is only defined on measurable
sets, we will actually work with pre-measures.

Definition 5.25. Let X be a o-algebra and p : ¥ — [—00,00]. pu is called a signed
premeasure if

(1) p(0) =0
(2) p attains at most one of the values +oo.
(3) w is countably additive, i.e. if (Fj)ren are disjoint sets in 3 then

U Ee) = > n(Ex)

keN

Example 5.26. e If 11 and py are (positive) measures and one of them is finite then
(= 1 — po is a signed premeasure on the intersection of the measurable sets of
pa and po.
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e If v is a (positive) measure and f € L'(v) then

p(E) =v f = /Efdz/

is a signed premeasure on the set of v-measurable sets. Indeed, if f € L' then

fo, f- €LY so
/f*dy—/ Fdy

and each of the terms is a (posmve measure.

Theorem 5.27 (Hahn’s decomposition theorem). Let pn: ¥ — R be a signed premeasure
on X. Then there are two disjoint sets X+, X~ C X such that
X=X"uX", X"nX =0,
such that
py =X, p = X
then = py — p— and py, p— 2 X — [0,00] are nonnegative premeasures on X .
Exercise 5.28. Prove that the decomposition X = X, U X— is unique up to sets of
p-measure zero, i.e. if X = X, U X_ is another decomposition, then
P\ Ky) = (K \ X)) = (X \ X)) = p(X\ X ) =0
Example 5.29. Let p:= fLv, for f € L'(v), i.e

w(E) = [ fav

for v-measurable f. Then p is a signed premeasure and

wE) = [ frav— [ fav
Hence we can take
={z: f(z) > 0}
" ={r: f(z) <0}

T={a: f(z) >0}

~={z: f(z) <0}
In general X+ # X+ and X~ # X~. But the sets differ by the set where f = 0 and this
set has p-measure zero,

but we can also take

u({z s f(z) = 0}) = /{fzo} fdv =0,

For the proof of Theorem 5.27 we need the notion of positive sets.

Definition 5.30. Let i : ¥ — R be a signed premeasure. A set E € ¥ is called positive if

e u(E) >0
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o (A)>0forany Aec X, AC E.

Example 5.31. If E = Ey U Ey and E; N Ey = 0, u(Ey) = 7, p(Ey) = —3 then u(F) =
4 > 0, but F is not positive.

Lemma 5.32. If i1 : ¥ — R is a signed measure then every measurable set E such that
0 < u(E) < 0o contains a positive set A with p(A) > 0.

Proof. If E itself is positive we can take A = F.

Otherwise there is B C E with u(E) < 0. Let ny € N be the smallest positive integer such

that there is B; C E with
1
B < ——.
n(Br) < o

Observe that A; := E'\ Bj satisfies

Also observe that p(A;) < 0o, indeed if (A1) = oo then pu(B;) = —oo, but then p attains
both +00 and —oo which is ruled out. That is 0 < p(A;) < oo.

So either A; is positive and we take A;, or we can repeat this construction. Namely in the
next step we take ny € N the smallest positive integer such that there is By C Ay = E'\ By
with )
By) < ——.
p(Bz) < -~
As above, either Ay = E'\ (By U Bsy) is positive, then we can take A = Ay, if not we

continue.

If A,, = B\ UjL, B; is positive for some m, we take A = A, (and have 0 < p(A,,) < o0),
otherwise we obtain an infinite sequence B; and we set

A:E\UBJGE

j=1
We claim that 0 < p(A) < co and A is positive.

Firstly, u(E) = pu(A) + u(E \ A). Since u(E) € (0,00) we conclude that if pu(A) = 400
then u(E \ A) = —oo which is not allowed for a signed measure. So u(A) < oo, and we
have (observe: (Bj;); and A are by definition pairwise disjoint!)

0.< u(E) = u(A) + S u(By) < plAd) - 3 .

=11

That is

> 1
00 > pu(A) >> — > 0.
=11
It remains to prove that A is positive. From the above inequality we conclude that in
particular the series on the right-hand side must converge, that is lim;_,,, n; = co.
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IfCe¥and C C A= FE\Uj5, B; then for every m € N we have C' C E\UjL, B; = A,,.
Since np,. is the smallest positive integer such that there is a set B C A, with u(B) <

L we must have
Nm-+1

1 m—r0Q0,
C) > — s 0.
1(C) R

That is 4(C) > 0. Thus A is positive. d

Proof of Theorem 5.27. W.l.o.g. assume that pu does not attain the value 400, otherwise
we work with —pu.

Let
M :=sup {u(fl) cAeyx, A positive} € (—o0, 0q].
Then there is a sequence of positive sets
Al C Ay C A3 C ...
with ‘
(A =25 M.
Set A := U2, A; then

e A is positive
o u(A)=M <

It remains to prove that X \ A is negative (then we take X = A, X_ = X \ A).

Assume by contradiction that X\ A is not negative, thereis £ C X\ A with 0 < u(E) < co.
Hence Lemma 5.32 implies that there is a positive subset C' C E of positive measure. Now
AU C is positive and

w(AUC) = p(A) + (C) > M

which is an obvious contradiction. O

5.5. Riesz representation theorem. We will apply now the Radon-Nikodym theorem
to classify all continuous linear functionals on LP(R") for 1 < p<oo. Let us start first with
some general facts about continuous linear mappings between normed spaces.

Theorem 5.33. Let L : X — Y be a linear mapping between normed spaces. Then the
following conditinos are equivalent

(1) L is continuous;
(2) L is continuous at 0;
(8) L is bounded, i.e. there is C' > 0 such that

(5.6) |Lz|| < C|lz|| forallze X

(4) L is uniformly Lipschitz continuous, i.e. there is C' > 0 such that |[Lx — Ly|| <
Cllz =yl for allz € X.
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Remark 5.34. Formally we should use different symbols to denote norms in spaces X and
Y. Since it will always be clear in which space we take the norm it is not too dangerous
to use the same symbol || - || to denote apparently different norms in X and Y.

Proof. The implication (1)=(2) is obvious.

(2)=-(3). Suppose L is continuous at 0 but not bounded. Then there is a sequence z,, € X
such that
[Ln]| = nljzn]-
In particular ||z,| # 0, so
:En

>1

OeHL

n|zn||
which is a contradiction®.
(3)=(1). Let z,, — x. Then
L2 — Lay|| = | L(z — 2)|| < Cllz — 2] = 0
and hence Lz, — Lz which proves continuity of L.
(3) < (4) is obvious, simply take y = 0 (so Ly = 0) and use linearity of L. O

Definition 5.35. The number [|L|| = supj<i[/Lz| is called the norm of L. It is often
called the operatornorm

Exercise 5.36. Let X and Y be two normed vector spaces. Denote by
LX,)Y)={T: X =Y : T linear and continuous}

the space of linear continouts (aka bounded) maps from X toY.

For two linear continuous operators T, S : X — Y and A\, u € R we set
(N4 pS): X =Y

defined via
(AT + pS)x = NTx + pSz.

(1) Show that for T, S € L(X,Y) we also have AT + uS € L(X,Y).
(2) Show that the operatornorm || - || from Lemma 5.37 is indeed a norm on L(X,Y).

Lemma 5.37. If L : X — Y is a linear continuous operator then the norm ||L|| is the
smallest number C' for which the inequality (5.6) is satisfied.

That is

[Lz|| < [|L][[[z]| Vze X
and for each C > 0 if

|Lz|| < Cllz|| VreX

Z5Convergence to 0 follows from the continuity of L at 0.
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then C' > ||L]|.

Proof. Clearly, if x = 0 then
[Lz]] = 0 < [|L][]|0]}

If £ > 0 then
T

L]l = Lo Il < L[]

]l
Now assume that ||Lz| < C||z| for all x € X.

If [|z|| < 1, then ||Lz|| < Cl|z|| < C and hence ||L|| = supjz<1||Lz|| < C. 0
Now we want to consider linear bounded functionals, which are continuous linear maps
L:X —R.

Example 5.38. If % + % =1, 1< p,q < oo are Holder conjugate, and g € L(X), then

Ly(f) = /X fgdu

defines a bounded linear functional on L”(u) and |Lg| < ||g||re. Indeed, Holder’s inequality
yields

Ly1 = [ Fodu| < gl il
Similarly if g € L*°(u), then
Lyf = [ fodn
defines a bounded linear functional on L'(u) and [|LI|| < ||g]|ze-
The following theorem states that these are the only linear functionals on LP(R™) as long
as 1 < p<oo (similar statement hold for reasonable p).

Theorem 5.39 (Riesz representation theorem). Let 1 < p < oo and L : LP(R™) — R be a
bounded linear functional.

(5.7) [ < TNl 2w ey
Denoting by p' = z% the Hélder conjugate there exists g € L (R™) such that

Lifl = [ fg vfeL'®.
and

(5.8) 191l L @ny = IT1I-

The function g is unique in the sense that if there are g1 and go satisfying the above then
gir = g a.c..
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Remark 5.40. e The set of bounded linear functionals on LP(R") is usually denoted
by (LP(R™))*. Tt is a vector space (we will discuss more properties in Functional
Analysis) and called the dual space to LP(R™). What Theorem 5.39 says is that
there exists an isometric isomorphism from the space of bounded linear functionals
L on LP(R") with LP (R"), i.e.

(LP(R")" = LY(R").

Often one says that the dual space to LP(R"), i.e. (LP(R™))", is L”(R"). What
is important here (but often this is not so explicitely clear for other spaces) is the
pairing, i.e. in which sense this “identity” holds. We observe this is the L2-scalar
products (even if LP-functions do not in general belong to L?. Any element in
L € (LP(R™))" can be identified with some g € L¥ (R") via the L?-pairing

L(f) = (f,9)-

Proof of Theorem 5.39. Uniqueness Assume that there are g; and g, that both satisfy the
claims, then

[ =) =0 vre L@
In particular

[ =g)p=0 ¥oeCZ®R?),
By the fundamental theorem of the calculus of variations, Lemma 4.45 we have g = g¢o
a.e.
Existence Let K C R" be compact with L*(0K) = 0 and consider for £"-measurable
ACR"

v(A) := L{xank]-

Observe that |v(A)| < ||xk|lLer@n) < 00.
We claim that v is a signed pre-measure on the o-Algebra of £"-measurable sets. For this

let (Ag)z2, be disjoint L£™-measurable sets and set A := (U, Ax. Then for all z € R" we
have

f(2) := xank(z) = lim_fi(z)
where fi := 2 | xa,nx. Since K is compact, f € LP(R"). Moreover, since the (A;); are

pairwise disjoint, so by Lebesgue monotone convergence, Corollary 3.8,

k
k—o0
1fille @y = 1D Xk l@ny == | Flli@ny = 1o @n)-
=1

Sine p < 00?5, in view of Theorem 3.52, we then have

k—00
(5.9) e = Fllasgeny =225 0

26here we use this crucially
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and thus
v(J A) = L(f) = lim L(fi) = Y v(A).
i=1 1=1
That is v is a signed premeasure.

By Hahn decomposition theorem, Theorem 5.27, we can split v into two pre-measures v,
and v_,

V=Vvy—V_.

Then v, v_ both extend to a Radon measure, which by (5.7) satisfies vy < £". Indeed,
since v is a signed premeasure and |v(R")| < oo we have that v, (R™), v_(R") < oo (because
otherwise they would both be infinite which would contradict |v(R")| < o0).

By Radon-Nikodym theorem for gx := xx Doy — Xk Donv— which is L"-a.e. finite and
L"-integrable (because each v, and v_ are finite measures), we have

v(A)=v(ANK) = /Rn Xagrk (x)dL™(z).
In particular we have gx(z) € L'(RY), and for all A C R™ L"-measurable
Llxans) = [ xagic(@) dL"(x).

Now let f € L*°(R™) N L'(R™), f > 0 a.e. in R™ then there exists an approximation

Fi(w) =3 akxa, (x)
i=1
such that f, — f a.e. in R™. In particular
P _ 1 p : n
| f(2)] —kh_glo\fk(x)\ a.e. in R".

By the monotone convergence theorem we conclude that limy .o || f||zo@®n) = || f || Lr®r) <

00. Here we used Exercise 3.18. Thus from Theorem 3.52 we find that || fy — | @) LELN

0.
We then have
LOxeh) = L0ue (F = ) + L Cache) = LuelS = ) + [ fugwc aL”.

Since L is uniformly Lipschitz and f — f E2%% 0 in LP(R™) we have L(xx(f— fr)) k2o .

Also, by the monotone convergence theorem

klim/ Jrgre AL = hm/ fi(gr)+ dL" — lim/ filgx)- dL”
—00 JR™ k—o0 JR7 k—o0 JR™

:/Rn f(gr)+ dL™ + /Rn flgr)+ dL" = /Rn fox dL”.

In the last step we have used that || fgx | L mny < || fllzoe@n) || 9K || 1 @ny < 00.
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Thus, we have shown

L(xxf) = /R fgi dC™ Vfe L®R")NL (R"Y), f>0.
Splitting f = f, + f_ we conclude that we don’t need the sign condition on f.

Licch) = [ forc dE™ W[ € L™(R) N L} (R").

For now we have gx € L'(R") only. Next we need to show ||gx|| gy < [|IT].

If p=1and thus p’ =00 let x € R"\OK be any Lebesgue point of gx. If we choose
[ = XB(a,n for r < dist (z,0K)

< ||T)L"(K N B(z,r)).

/ 9K dﬁn‘ = ’LXKOB(:C,T)
B(x,r)

By the assumptions on 7 if € K then £"(K N B(z,r)) = L"(B(z,r)). If x ¢ K then
L"(K N B(z,r)) = 0. In either case by the Lebesgue differentiation theorem we can let
r — 0 and have

l9x ()| < [T

which holds for any Lebesgue point x € R"\0K. Since L"(0K) = 0 we have gi(z) < ||T|
for L"-a.e. x € R", and thus

gz < (1T
Now assume p € (1,00). We argue by duality.
Formally, this is easy: For p/ = p%l € (1,00) we have

/ /I /_ /_ /1
g7, = /R gk 9xlgx P~ = Tllgl” gx] < ITMgxl”gxclle = 1T gx 501y
so that (since p(p' — 1) = p/, we can divide on both sides || gk | le;pl’%) = |lgk| ’g;,l)) we have

found
lgecll o < IT1I-
Essentially that will be our argument, but the above only works if we already know that
x|, ) < oo (which is pretty much what we want to show). e above type of argument
lgxc 1) (which is pretty much wh how). The above type of arg

is called an a priori estimate. To make this precise we need mollification (a technique
which is often sweeped under the rug by saying by approzimation or by density):

Let f € L'Y(R™) with f = 0 a.e. outside a compact set K. For € > 0 we denote by f. the
usual convolution f. = f x e "n(-/e) (with symmetric kernel n). Then by Exercise 4.21

Loact) = [ fegede” = [ flgi)- de

Observe that since supp gx C K we have that (gx). € C°(R").
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Then we may pick (here we use that p € (1, 00)

- oy = [0 (o)

~[(gr)e (@) if (gx)e(2) <0
(you can check this is measurable). Then we have f € L'(R") N L>®(R"). Indeed, this
follows from (observe: ~Z5 —1 > 0)

P L1
£ (@)] < (gr)(@)|77 7 < l(gx)=(2) |7
so f € L*(R™), but also f has compact support. Thus we have
| )l = [ f@) (90)-
R" Rn

=Lixxf) < ITI N ((95)e) 7" || pogeny -

<oo

A short computation yields
(' —Dp=—==p
and thus

/
p

P
1 ((97)2) 7= vy = 11950l for oy
We conclude that

1)y = [ 1)l < TN 0)el o

Observing that p’ — % =p'(1- %)

%: = 1 we have shown that

109 )e 1 ey < T

This holds for all ¢ > 0. Since gx € L'(R") we have that (gx). converges to gx in L'
as € — 0, which means for some ¢; — 0 the functions (gx)., converge a.e. to gx. From
Exercise 3.14 we finally obtain

gzl 2o ey < T

Removing the K. Now from the construction of gx we see that if K C K’ both compact
with 0K and 0K’ both zero sets, then gx = g a.e. in K and |gk| < |gx/| a.e. in R™.

So g(x) := gk(z) where K is a large compact set containing = makes g well defined and
we have

Xl @y = 9kl @vy < IITII VK CR™ compact.

By monotonce convergence theorem we have

gl 2o ny = gl 2o oy = i lIxB00) 9] 2 ey < (T
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and we have
L(f) = /Rn gf dC™(R™) Vfe LY(R™) N L®[R™): suppfcompact.
(simply take K to contain supp f).

It remains to show that
(5.11) L(f)= [ 9f VfeL®.

We do this by density (here we use that p < co). Any f € LP(R") can be approximated by
fr € C°(R™). Then we have

L) =L(f = ) + L) = L(F = fi) + [ o

=L(f=f)+ [ o+ [ 9= ).
Now by boundedness of L

IL(f = £l S TN = fall ogny == 0.
Moreover by Hoélder’s inequality

k—ro0
[ 90 = | < lgllirnllfi = Flusey 20,

So we have established (5.11).

The last thing to establish is (5.8). We have already
gl < 11T
On the other hand by Holder’s inequality
T = | [ £9 < Iflimenlgllzony VS € LR,
In view of Lemma 5.37 we find ||g|| < ||T°]. O

Remark 5.41. Theorem 5.39 is not true for p = oo, since (5.9) may fail for p = oo
(cf. Exercise 3.53). Indeed any linear functional L on L*(R™) can be written as an
integration L(f) = [ fdu where u is a finite additive signed measures, which are absolutely
continuous with respect to £". The Radon-Nikodym theorem does not apply for finite
additive measures, but for infinitely additive measures.

See also Lemma 11.12.

Exercise 5.42. Use Theorem 5.39 and Ezercise 4.34 to prove the following slight (but
useful!) generalization of Riesz representation theorem.

Assume 1 < p < o0 and assume L : C°(R™) — R is a linear map that satisfies for some
A>0
(Lol < Mlellzreny Vo € CZ(R™).
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Denoting by p' = p%l the Hélder conjugate there exists g € L (R™) such that

Lifl= [ fg vfeCE®.

and

190l Lo @y = 1]
The function g is unique in the sense that if there are g1 and go satisfying the above then
gir = g a.c..

Hint: Show that the following functional L - LP(R™) — R is well-defined, linear, and
bounded. For f € LP(R™) take any approzimation fi, € C®(R"), fi 2% f in LP(R™).
Then we define
Lf:= lim Lfy.
k—o0
(You have to check that L(f) € R and that this value is independent of the choice of

approzimation!)

Exercise 5.43 (Minkowski’s integral inequality). Let f € C®(R*) and assume that
1 < p < oco. We denote variables in R¥* by (x,1), x € R¥, y € RY. Show the following

</Rk ( R |f(x’y)‘dy>pdx>; = /]Rf </Rk ‘f(%y)!”da:);dy

Use the duality characterization of LP as in (5.10), and Fubini’s theorem.

Let us also record (without proof) the following version of the Riesz representation theorem
that classify the set of Radon measures wiht linear functions on

C.(R") :={f € C°(R™) :  supp f bounded}.
Theorem 5.44 (Riesz Representation Theorem). Let
L:C.(R"R™) —-R
be a linear functional satisfying
sup {L(f): [ € C(R%R™), |f[<1suppfC K} <oo
for every compact set K C R™.

Then there exists a Radon measure p on R™ and a p-measurable function o : R — R™
such that

lo(x)| =1 p-a.e. x
and

L(f)= [ f-odu VfeCR"R™.

For a proof see Cf. [Evans and Gariepy, 2015, Theorem 1.38]
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6. TRANSFORMATION RULE

In this section we discuss the transformation rule, and will assume always p = L£".

The change of variables formula is a general version of the substitution rule. If ®" = 0 we
have

[ f@@)®@lde = [ - fla)de.
[a,b] ®([ab])
Why do we write |®’(z)| not ®'(x) (as we learned in Calculus)?

Assume that ®(z) = —z then for a < b (i.e. —a > —b),

©1) ) Jeode= [feade == [ = [ Cf@de= [ f)

—a — —b,—a]
Le. orientation is accounted for differentily with the notation [’ than with Jia)-

The one-dimensional ®'(z) becomes det(D®(x)) because (as we have also seen in Theo-
rem 1.81), this is the change of volume of the unit cube under the linear map D®(x), cf.
Figure 6.1 and Figure 1.6.

Definition 6.1. Let XY C R” be open.
®: X =Y is a C*-diffeomorphism if

e &: X — Y is bijective
o & &1 are C*

One can show that this implies

det(D®(z)) #0 in X.

Theorem 6.2 (Change of variables formula/transformation rule). Let ® : X — ®(X) be
a C*-diffeomorphism between open and bounded sets X, ®(X) C R™.

(1) for any measurable Q@ C X we have
LYD(Q)) = / | det(D®(x))|da.
Q

(2) f:Y — R is integrable in' Y if and only if f o ®|det(D®)| is integrable in X and
if that is the case,

/fdx:/ f o ®|det(DD(x))|dx.
Y b's
or equivalently

(X) fdo = /X fo @[ det(D®(z))|dz.
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FIGURE 6.1. A nonlinear map f: R? — R? sends a small square (left, in
red) to a distorted parallelogram (right, in red). The Jacobian at a point
gives the best linear approximation of the distorted parallelogram near that
point (right, in translucent white), and the Jacobian determinant gives the
ratio of the area of the approximating parallelogram to that of the original
square. By Blacklemon67 - Own work, CC BY-SA 3.0, wikipedia

Lemma 6.3. Under the assumptions of Theorem 6.2 for any 2 C X measurable

L(D(Q)) = /Q | det(D®())|dx.

Proof. Set
p(A) ==L (P(AN X)) Ais L"measurable

Since ® is a C'-diffeomorphism this induces a Radon measure and u < L£", cf. Exer-
cise 1.80, Exercise 1.13 and Corollary 1.78.

By Radon-Nikdoym theorem, Theorem 5.13, we have
u(A) = /A DL L.

and
Bz, 1))
D, C"(z) =lim ———~
A = B )
So fix € X (by exhaustion argument using the monotone convergence theorem we may
assume dist (x,0X) > 0) and r < 1. We then have from Taylor’s theorem for each
z € B(x,r), since ® € C!

|D(2) — (x) — DP(x)(z — )| < ofr).
Thus, since D®(x) is invertible matrix,
®(B(x,1)) C B(x)+DP(x)(B(x,7)—)+Bor) (0) = ®(z)+D®(x) (B(x,7) — z) + DO(x) " By (0))

eRan

for L — a.e. z.


https://en.wikipedia.org/wiki/File:Jacobian_determinant_and_distortion.svg
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Consequently by translation invariance of the Lebesgue measure and Theorem 1.81.

p(B(x, 1)) =L"(®(B(z,7))) <c”( ®(z) ((B(x,r) — x) + D®(x) ' Bor)(0)) )
=|det(D®(x))| L ((B(x,) — x) + DB(x) ™ Bor) (0) )
=|det(D®(x))| L" (B(z,7) + DP(x) ' By (0))
<[ det(D®(x))|L"(B(z, + ofr))).

Thus
L"(B(xz,r 4+ o(r)))

Lr(B(x,r))

p(Bar) _ o
B < | det(Da(a)

Now L"(B(z, R)) = ¢, R", so we have

HEED) _ s (7Y 0
BT~ (o)) (“EAD) 2 jda(pate))

So
D, L"(z) = |det(D®(x))| for L -a.e. x

and we can conclude. O

Lemma 6.4. Under the assumptions of Theorem 6.2 assume that f 1 Y — R is measurable.
Then

/Y fdL" = /X o ®|det(DD(z))|dx.

Proof. First we assume f > 0. Since ® is a diffeomorphism (and in particular maps open
sets into open sets) f o ® is L™-measurable, and so is f o ®|det DP|.

We approximate f by simple functions

k
= Z A X A; (x)
i=1
wher a; > 0 and A; C Y are measurable, and

fr(z) = f(z) for every z € Y, and monotonely.

Set B; := ®~1(A;) (which is measurable) and B; C X.
Then

fro®(x Z%XA o ®(x)

i=1

k
= Z a; X B; (I)
=1
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So with Lemma 6.3,
k
/ frdr = Z a; L"(A
Y i—1
k
i=1

k
_;ai/&metw@n
:/kao@/Bi|det(D<I>)|

We conclude the case f > 0 by using monotone convergence theorem.
For general f we set f = f. — f_ and use twice the above argument. O

We will not go into applications here (the polar coordinates and related coordinate changes
one being the most prominent ones and we did those in Advanced Calculus).

6.1. Area formula and integration on manifolds. Let M C R" be a (subset of an)
n-dimensional manifold. For f: M — R we can then define

/M fAH = /]R CFA (MUY,

because f is defined on (McH")-a.e. point. In Advanced Calculus I we talked about
another way of defining the integral on M:

Assume that there is 6, € M and an open neighborhood U C R" such that & : U — M is
a parametrization of a neighborhood 6y € 02 then we defined

/Mm<1> 0)d _/ f(®(2))|Jac(®)(2)] d=.

Here we defined the Jacobian |Jac(®)(z)| as follows

77777

[Jac(®)(2)| := J | det (D'(2) D2(2))| = ¢ et ((0a2(), 050 .0

RnXN RNxn

We want to show that this coincides with the Hausdorff-measure integral. This is usually
referred to as the area formula.

Theorem 6.5 (Area formula). Let ® € C'(R™",RY) where n < N. For each f € L*(R"™)
and each L™-measurable subset A C R™ such that ® : A — $(A) is one-to-one

Jymens 2 @ WA W) 1= [ ac(®))] L)

Remark 6.6. e There exist generalizations for ® which are not one-to-one.
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e Having f : R® — R instead of f : M — R avoids dealing with integrability. But
this can be done with density arguments

Proof. By the usual approximation arguments (see the transformation rule) it suffices to
prove the statement for f = x4, so we need to prove for £"-measurable sets A,

H*(B(A)) = /A |Jac(®)(2)] dL(2).
Observe that since ® is Lipschitz and H" = L™ in R" we have that
v(A) :=H"(®(A)) A CR"is L"-measurable

extends to a Radon measure in R". By Radon-Nikodyn we then have

H'(P(A) =v(A) = ; ddcyn (2)dL"(2).
where for py-a.e. z € R",
dv . H"(®(B(z,1)))

~1
acn ) = R

As in the argument for the transformation rule, since ® is smooth, H" is translation
invariant, the claim follows by Tailor’s theorem once we can show

HM(DP(x)A) = Jac(®)(x)L™(A).
This is the content of the following Lemma 6.7. U
Lemma 6.7. Let L : R" — RY be a linear map, i.e. L € RN*". Then
H'(L(A)) = \/det( L' L)L (A).
Proof. By polar decomposition (cf. [Evans and Gariepy, 2015, Theorem 3.5] there exists a
matrix O € RV*" and S € R™*" such that O € O(n, N), i.e. O'O = I,,5p, i.c.
(Oz, Oy)an = (z,y)rn Vz,y €R”,

and
and we have

We then have
det(L!L) = det(S'O'0S) = det(SS) = (det(9))?,
that is
det(L!L) = |det(9)].
The conditions on O simply mean that

O = (01,...,0,) € RV*"



ANALYSIS I & IT & III VERSION: December 5, 2022 148

for orthonormal vectors o; € RY, i = 1,...,n. We can extend (0;)", to a orthonormal
basis (0;)¥, of RY. Set

O :=(01,...,0p,0n41,...,0n5) € RNV,

Then O € O(n), i.e. O'O = Iy.n. By Exercise 1.16

H™(LA) = H"(O'OSA).

Now
1 0 0
01 0
) : 0 ;
OtO: 0 0 1 _ (0 nxn ) ERNXTL
0 0 O N—nxn
0 0 0

In particular O'LA C R™ x {0}. So again by Exercise 1.16
H'(LA) =H (éé)
CRn
Since H™ = L™ in R™ we have by the transformation rule on R",

H(LA) = L7(SA) = | det(S)[|£7(A) = \/det(LIL)L™(A).
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Part 2. Analysis II: L? & Sobolev spaces (with sprinkles of Functional
Analysis)

For the Functional Analysis parts we use texts from [Brezis, 2011], lecture notes by Michael
Struwe (Funktionalanalysis; in German), and Hajlasz (Functional Analysis), as well as
[Clason, 2020]. An excellent (readable) source for Fourier Analysis is [Grafakos, 2014].
For Sobolev spaces a standard reference is [Adams and Fournier, 2003]. For very deli-
cate problems one might also consult [Maz’ya, 2011]. More introductory monographs are
[Evans and Gariepy, 2015] (for Geometric Measure Theory), [Evans, 2010] (for PDEs, see
also the classics: [Gilbarg and Trudinger, 2001], and [Ziemer, 1989]).

7. NORMED VECTOR SPACES

There is an order of concepts of spaces

Topological spaces D metric spaces D normed vector spaces D Pre-Hilbert-spaces

Definition 7.1. Let X be a set and 7 C 2% a collection of subsets of X satisfying the
following axioms.

(1)Perand X €7

(2) If 77 C 7 is any arbitrary (finite or infinite, countable or uncountable) union of
members of 7, then A := Ugc,» B belongs to 7.

(3) If (Ap)N_, C 7 then N)_, Ay € 7 for every finite N € N,

The elements of 7 are called open sets. The collection 7 is called a topology on X.

Definition 7.2. (1) Let X be a set and d : X — X — [0,00) be a map with the
following properties for all x,y,z € X
(a) d(x,y) > 0 and equality holds if and only if z = y (non-degeneracy)

(b) d(z,y) = d(y,x) (symmetry)
(c) d(z,y) < d(x,z)+ d(z,y) (triangular inequality)
Then d is called a metric or distance, and (X, d) is called a metric space.
(2) Let (X,d) be a metric space. For z € X and r > 0 the open ball B(x,r) is defined
as

B(z,r)={ye X: d(z,y) <r}.
A set A C X is called open if for each z € A there exists r > 0 such that B(z,r) C
A.

Exercise 7.3. Let (X,d) be a metric space and set
T:={ACX: A open}
Then (X, T) is a topological space.

T s sometimes called the associated metric topology.
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Functional analysis (well: linear functional analysis) deals with linear spaces.

Definition 7.4 (linear space). A linear space, or vector space, (X, *,+) is a set with a
scalar multiplication * : R x X — X, an vector addition + : X x X that satisfy the
following properties:

o u+ (v+w)=(u+v)+ W (associativity of vector addition)

e u+v =0+ u (commutativity of vector addition)

e there exists 0 € X (called the origin or zero) such that v + 0 = v for all v € V
(identity element of the group (V,+)

e For every v € V there exists an element —v € V| called the additive inverse of v
such that v + (—v) = 0 (inverse element)

e for every A\, u € R and v € V we have A(uv) = (Ap)v

e lv =v where 1 € R is the real number 1

o \u+v)= A+ v (distributivity)

o (A + p)v = v+ pv (distributivity).

(we often write Av instead of A x v).

A norm || - || on a linear space X is a map | - || : X — R with the properties

e |[v|| > 0 for all v € X and equality holds if and only if v =0
o |[\vf| = [Al]|v|| for all A € R, v € X
o |lv+w| < |jv]| + ||w] for all v,w € X.

A vector space X equipped with a norm is called a normed space.
Two norms || - ||; and || - || are equivalent norms if there exists C' > 0 such that
CHlzllz < [l2fl < Cllzll2 Vo € X.
Exercise 7.5. Let (X, | - ||) be a normed vector space. Show that
d(x,y) = |lz -y
is a metric. d is often called the induced metric for a normed vector space.
Show that two equivalent norms induce two equivalent metrics.

Definition 7.6. Let (X, x+) be a linear space, or vector space, (X, *,4). A scalar product
or inner product is a map (-,-) : X — R with the following properties

(1) {z,y) = {y,z) Vr,yeX
(2) (z,z) >0 and (r,z) =0 if and only if z =0
(3) (A + py, z) = Mz, 2) + u(y, z) forall \,p € R, z,y,2z € X.

A vector space equipped with a scalar product is called a inner product space or pre-Hilbert
space
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Exercise 7.7. Let (X, (-,-)) be an inner product space and denote
2]} =/ {z, z)

Show that || - || is a norm.

| - || is then called the induced norm.

Exercise 7.8 (Cauchy-Schwarz). We have
(z,y) < llll [yl

equality holds if and only if x and y are linearly dependent, i.e.

r=A\y, or Y=\
for some X € R.
Hint: Eztend the proof of Advanced Calculus.

We can also check if a norm belongs to a scalar product.

Exercise 7.9 (Parallelogram law). Let (X, || - ||) be a normed vector space. Then there
exists a scalar product (-,-) inducing || - || if and only if

20l2l® + 2llyll* = llo +ylI* + llz —ylI* Yo,y € X.

Hint: Set (x,y) := w.

Definition 7.10. A normed vector space is complete, if it is metrically complete. A
normed vector space is called Banach space. If space is additionally an inner product
space, then we call it Hilbert space.

We now recall the definition of the two spaces we want to talk about most of the time in
this course LP(Q) and W'P(Q).

Example 7.11. (L”-spaces) Let  C R™ be a p-measurable set, where for simplicity we
assume that p is a Radon measure (most of the time p will be the Lebesgue measure). Let
p € [1,00]. Let f:Q — R be a u-measurable function. We say that f € LP(Q) if and only
if N
p
Il = ( [ 1£7dp)" < ox.
This makes sense only if p < 0o, but for p = oo we set

[fllLoe @) = sup [ f ()],
e

where sup is to be understood as the p-essential supremum, i.e.

ilelg]f(x)\ =inf{A>0: p{zeQ:|f(x)]>A}=0}

| - [|zr(@,p) is in general not a norm, since || f||zr(, = 0 implies that f = 0 only p-a.e.
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We solve this issue by always assuming that f = ¢ (in the sense of LP(, u)) if f(z) = g(x)
for p-a.e. x € Q. (i.e. the set p{z: f(x) # g(z)} = 0).

Then || - ||zr(q,) is @ norm on all LP(§2, p)-functions (modulo equality). And it is complete,
Theorem 3.27.

Also L?(Q) is a Hilbert space with the scalar product
wmzjmw.

Example 7.12 (Sobolev space W'P). Let  C R™ be any open set. The space W'?(Q)
consists of maps f € LP(2) such that any first-order distributional derivative 0, f € LP(£2),
and equipped with the norm

[ lwrr) = 1 flle@) + 1Dl e
Here 0, f € LP(2) means that (cf. Theorem 4.46)

1j@¢=—4%¢xweq<m,
for some g, € LP(Q)). We identify 0, f := ga, and set Df = (01 f,02f,...,0nf) € LP(Q,R™).

We will later see that this Sobolev space is complete, Proposition 13.8, and indeed it
is equivalent to the following metric closure of smooth functions under the W' -norm,

(observe that C*°(Q2) and C'*°(£2) are two different spaces!),

I-llwt.p
W@ ={f€C=(Q): [flle +IDflme <oof "

(We have proven this for 2 = R" in Theorem 4.46, we will prove this for any open set in
Theorem 13.16).

Let us remark that often (not always) H'? is used instead of W1? (H being for Hardy, W
being for Weill). And H’ often (not always) refers to W72

W12 is a Hilbert space, if we use the following norm (which is equivalent to the original
norm)

1
(||f||%2(11an) + ”fo%?(R"))z :
i.e. the following scalar product

Uﬂhm%z/fg+/VfW@~

Definition 7.13. A vector space X is called finite or finite dimensional if there exists a
finite basis, X = span{by,...,b,} for some n € N and some by,...,b, € X, and (b;),
linear independent, i.e. whenever (\;)’; C R,

=1
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Equivalently, for any x € X there exists exactly one sequence (\;)?; such that
i=1

Exercise 7.14. Let (X,|| - ||) be a finite dimensional normed vector space with basis

bi,...,b,. Le. for any x € X there ezists exactly one sequence of (\); C R such

that .
i=1
Define a new norm || - ||o on X as follows
lalla = | 3= Il
i=1
Show that || - ||z is indeed a norm on X and show that || - ||2 is equivalent to || - ||. Namely

there exist A > 0 such that
AMzlls < =] < Aflz]ly Vz e X

Hint: To see A7 ||z]]2 < ||z|| you can use a blowup proof and Bolzano Weierstrass. Assume
that there is no such A, then there must be a sequence x, € X

[zkll2 > Kllzk]l.

W.lo.g. ||zk|l2 = 1. Use Bolzano-Weierstrass to conclude that xy, is actually converging in
X and conclude that the limit T satisfies ||Z||2 = 1 and ||Z|| = 0 simultaneously, which is a
contradiction.

Exercise 7.15. If X is a finite dimensional vector space and |- ||y and ||-||2 are two norms.
Show that they are equivalent.

Hint: Exercise 7.14.

Exercise 7.16. Show that any normed vector space (X, ||-||) with countably many (¢;)32, C
X such that ||c;|| <1 and
1
i — il > — Vi
is infinite dimensional.

Hint: Assume not, then we can assume (7.15) that X = R™ for some n. Find a contradic-
tion to Bolzano-Weierstrass.

Exercise 7.17. Let (X, || - ||) be a normed vector space (identified with its metric space).

Show that

X is finite dimensional < any closed and bounded set in X is compact.

Hint: For one direction you can use the Riesz” Lemma, Lemma 7.18 to apply Ezxercise 7.16.
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Lemma 7.18. Let U C X be a closed subspace of a normed vector space X. For any
d € (0,1) there exists x5 € X, ||zs]| = 1, such that

|lxs —ul| >0 VYuel.
Exercise 7.19. Find proof online for Lemma 7.18
Exercise 7.20. In a normed space of infinite dimension no closed ball is compact.

Exercise 7.21. Let Q C R"™ be any nonempty open set and 1 < p < co. Show that LP(2)
and WP (Q) are both infinite dimensional.

Hint: You can construct functions as in Exercise 7.16 using e.g. cutoff functions on small
sets.

8. LINEAR OPERATORS, DUAL SPACE

We already defined the notion of bounded linear operators L : X — Y between two normed
vector spaces X and Y, see Theorem 5.33.

The linear operator L : X — Y is continuous (often also called bounded), if and only if the
operatornorm | L|| z(x,yy defined in Definition 5.35 is finite,

L] zcxyy = sup |[Lxlly,
|zl x <1

or equivalently if for some A < oo
[Lally < Allzlx Ve
(L]l z¢x,y) is then the smallest A for which this inequality holds).

Exercise 8.1. Show that for all finite-dimension vector spaces X, Y any linear operator
L: X —Y is continuous.

Exercise 8.2. Show that T : C'([0,1]) — C°([0,1]) given by Ty := ¢’ is continuous, if
C' is equipped with the C*-norm, but discontinuous if we equip C* with the C°-norm.

Exercise 8.3. Let Q) C R" be an open set. Show that the partial derivative 0,

o As map from (WH(Q), | - llwre)) — (LP(Q), ] - [|r()) is a linear continuous
operator.

o As map from (C(Q), ]| - llwrw) = LP(Q) is a linear continuous operator.

o As map from (C*(Q), || - || o)) = LP(Q) is not a linear continuous operator.

e As map from (WHP(Q),|| - ||Lp @) = (LP(Q), ] - [|r()) is not a linear continuous
operator.

Clearly if L and T are two linear operators from X to Y we can define for A\, u € R
A 4+Tp: X —=Y; (AL+uT)(x) =AL(z) + uT(x) €Y.
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That is the space of bounded linear operators from X to Y is a linaer space, and we denote

it by L(X,Y).

Exercise 8.4. Show that the operatornorm || - || is indeed a norm on this space
Exercise 8.5. Let (X, |- ||x1), (Y.l llyv:1) be a normed space and assume that || - || x2 s
an equivalent norm to || - ||x1 and || - ||y.2 s an equivalent norm to || - ||y1.

(1) Show that any linear bounded function from X — Y w.r.t the first norms is also
linear bounded function with respect to the second norm.

(2) Show that the operator norms with respect to the first norms is equivalent to the
operatornorm w.r.t second norms.

That is L(X,Y") is independent of the specific (equivalent!) choice of norms.
Exercise 8.6. Let XY, Z be normed spaces and T € L(X,Y), S € L(Y,Z). Define
SoT(X):=S(T(x)).
Show that SoT € L(X,Z) and
150 Tl eix.zy < ISleern Tl cexy)-

Definition 8.7. The space of bounded linear operators from X to Y equipped with the
operatornorm is denoted by £(X,Y’). The operator norm is usually denoted by || - ||z(x,v)-

If Y = R then we write X* := L(X,R), and call X* the dual space to X. The operator

norm is || - ||x=-
Exercise 8.8. Assume that a normed space (X, || - ||x) can be written as X = X1 X X»
where (X, | - ||x,) are two normed spaces. Assume furthermore that the norm || - ||x is

equivalent to
X = X1 x Xo 3 (1, 22) = [[21]lx, + |22/ x,
Show that
X=X X;,
in the following sense

(1) every x* € X* can be written as
w*[(1, )] = w1(21) 4 w5 (22).
where x7 € X} fori=1,2.
(2) every pair xf € X}, i =1,2, induce an element x* € X* via
w*[(21, )] = w1(21) 4 w5 (22).
(3) Show that x} and x% are uniquely determined, i.e. if
i (x1) + 25(22) = Tj (1) + T3 (w2)V (21, 22) € X

then xf =z} fori1=1,2.
(4) The norms ||x*||x- and ||z7|

x4 |25 x; are equivalent.
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Theorem 8.9. If X is a normed vector space andY is complete, then L(X,Y) is complete.
In particular, X* is always complete.

Proof. Let T, be a Cauchy-Sequence in L(X,Y). Then for each fixed z, (T,,x), C Y is a
Cauchy sequence, and thus we can define

Tz := lim T,x.
n—oo
It is easy to check that T is now linear and continuous. (exercise!) O

Example 8.10. We have discussed in Theorem 5.39 (Riesz Representation Theorem) that
for 1 < p < oo any element in f* € (LP(R™))" can be represented by some f € L (R")
(recall p’ = ~E5 is the Holder dual!), via

Flel= | Je
A possible element in (W'P(R"))" is

flel 3:/Rf190+/Rf2'D907

wher f; € LP(R") and f, € LP(R",R"). We will need Hahn-Banach theorem, Theorem 10.2
below, to show that this is the generic form of a dual element, Corollary 10.12.

8.1. Compact operators. Let us also define compact operator.

Definition 8.11. e Let (X, d) be a metric space. A set A C X is called precompact,
if any sequence (ay)ren C A has a convergent subsequence in X.

o Let (X,dy) and (Y, dy) be two metric spaces. A compact operator T is called a

compact operator if it maps bounded sets A C X to precompact sets T'(A) C Y*7.

Exercise 8.12. Show that a set A C X is pre-compact if and only if its closure A is
compact.

Exercise 8.13. e Show that in general, a compact operator L : (X,d,) — (Y,dy)
may not be continuous.
o Show that if (X,d,) and (Y,dy) are normed vector spaces (with d, deriving from
the X -norm, and d, deriving from the Y -norm) then any compact linear operator
T:X —Y is actually continuous.

Compact operators are somewhat lower order, cf. Theorem 13.51. As we shall later see,
the identity map I : (W'(Q), [ - lwrr)) — (LP2(Q), || - |[zr()) is compact if Q is a
smoothly bounded set, Theorem 13.35, which is called the Rellich-Kondrachov Theorem.
That is whenever (fi)ren is bounded in WHP(Q), i.e. supy || fxllwir < oo there exists a
subsequence (fx,)ien such that fi, converges in LP(S).

2TCareful: for general metric spaces this definition may not be uniform in the literature, some people
might assume that compact operators are continuous — we don’t care about this for linear operators,
Exercise 8.13
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We also have a version of this for continuous maps, based on Arzela-Ascoli (and indeed,
the Rellich-Kondrachov Theorem is a consequence of Arzela-Ascoli as well).

Example 8.14. Let Q C R" be a compact set. Denote by Y := C%(2) the set of continuous
functions on €2 equipped with the supremums-norm

[flly = 1l oo -

Denote by X := C%(Q) the set of uniformly Lipschitz continuous functions on Q equipped
with the norm

:L‘ J—
[ fllx = [[fllLe(@) + sup M
sryeq 1T Y
Denote by I : X — Y the identity map, I f = f. It is obviously linear, and it is bounded,
since
1)~ F )l

I flly = 1 llee) < N[ fllzee@) + sup_ = [Ifllx

TFYEQ |ZE - y|

Indeed, it [ : X — Y is a compact operator: take (fx)reny @ bounded sequence in X, i.e.

Sl;p||fk||X < o0.

From the definition of || X || we observe that (f)ken is then uniformly bounded and equicon-
tinuous. By Arzela-Ascoli we know that then there exists a uniformly converging subse-
quence, i.e. (fi,)ieny and f € C°(Q) such that

I fr; = fllzoe =2 0.

But this is the same as to say that (I fg,)ien is convergent in X. That is, I : X — Y maps
bounded sets in X to pre-compact sets in Y.

9. SUBSPACES AND EMBEDDINGS

Definition 9.1. Let X and Y be two normed spaces.

e A linear vector space X is embedded into a linear vector space Y, if there exists a
map T : X — Y which is bounded linear and injective. We then say that X is
embedded into Y (via T), in symbols.

X4y

e We say that X 4 Y is an isometric embedding if || Tx|y = ||z|x for all z € X.

e We say the embedding is X Ly compact, or X is compactly embedded in Y if the
embedding operator 71" is compact.

o If T: X — Y is the identity, and X and Y carry the same norm, then we say X is
a (normed) subspace of Y.
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Example 9.2. C%1(Q) is a subspace of C%(€2), but in view of Example 8.14 it is also
compactly embedded.

What is the issue with these statements? The norms are not specified!

We should have written that (C%'(Q), || - ||1=(q)) is a subspace of (Co(ﬁ), |- ||LOO(Q)) (no-
body does that, though).

And, if we set

1fllgws = | Fllzmey + sup LD =IWI
a#£yel |z —y|

then (C%Y(Q), | - ||co.1) is not a subspace of (C’O(ﬁ), I| - ||L00(Q)), but it is compactly em-
bedded (via the identity map).

Exercise 9.3. For any p € [1,00), Q C R™ open:
o (WHP(Q), |- lwre)) is embedded into (LP(Q), || - ||zr()) (under the identity map,
but this is not a isometric embedding).
o (WHP(Q), |- || r(2)) is a subspace of (LP(Q), ||-||Lr()) but show that (WHP(Q), || - || Lo(0))

is not a closed subspace (Hint: Ezercise 9.4)
Exercise 9.4. Let Q) be any open set in R™.
Show that (W'P(Q), || - ||1r(0)) is a dense subspace of (LP(Q), | - || zeq))-
Hint: Use that we have shown that C°(Q2) is dense in LP(S2), Theorem 3.32.
As mentioned before, we will later show the Rellich-Kondrachov theorem, Theorem 13.35,

that shows that (WhP(Q), || - lwi») is compactly embedded in LP(Q) for nicely bounded
sets ().

Example 9.5. For Q C R", we can also embed (W"P(Q), || - [[w1p) isometrically into
(LP(Q))"+ = LP(Q) x ... LP(Q).

Indeed, let u (for simplicity, easy to change for the original definition (exercise: whats the
difference?)) take the W'P-norm to be

£ o) = £ ey + D 10af o)
a=1

Then let
Tf = (f?alf782f7'--7anf)'
Clearly T : (WHP(Q), || - [lw1p@)) — (LP(2))"*! is injective. Moreover
HTf”LP(Q)x‘..LP(Q) = ||f||w1,p(Q).

So T'is an isometric embedding.
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Exercise 9.6. Let Q C R" be a compact set. Show that C%*(Q) is compactly embedded in
C%8(Q), whenever 0 < a < < 1, in the following sense:

Denote by Y := C%7(Q) the set of Hélder continuous functions, i.e. f such that

() = f(y)]

sup |f— <oo ify>0
THYEQR |LE - y|')

and f simply continuous if v = 0.

Denote by

[f(z) = f(y)]
[fllcon@) = Il fllze(@) + sup_~——=—.
T#YEN & =yl

Show that for 0 < a < § <1 the identity map

I: (00,5(6)7 || . HCOvB(ﬁ)) — (C’O,a(ﬁ)7 || ) Hcoﬁa(ﬁ))
s a compact operator.

Exercise 9.7. Let U C X be a dense subspace, and T € L(U,Y') for some Banach space

Y. Then there exists a unique extension S € L(X,Y") with S‘ =T. Moreover
U

151l zcxyy = 1T 2cvyy

Exercise 9.8. For Q C R" be a bounded set (with smooth boundary, say a ball — not so
important for our point here).

Let U := C*(Q) be the set of continuously differentiable functions and Y = LP(Q) (with
respect to the Lebesgue measure). Fiz oo € {1,...,n}. Define

T:U—=Y
be defined as (classical derivative!)

Tf:=0,f.

(Let us assume) we know that U is dense in LP(§2) w.r.t. to the LP-norm, and U is dense
in WH2(Q) w.r.t WhP-norm.

Considering Ezxercise 9.7,

e what is the extended operator S with respect to X = WP(Q) (and the WP-norm,),
e what is the extended operator S with respect to X = LP(Q) (and the LP-norm)

Exercise 9.9. Let Y be a normed space and X C Y be a (linear) subspace. If Y is a
Banach space, then X is a Banach space if and only if X is (metrically) closed.
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10. HAHEN-BANACH THEOREM

Example 10.1. Let X be a subspace of Y then Y* is a subspace of X™* in the following

sense. If y* € Y* then clearly y*| is a linear bounded operator on X, and in that sense
X

yre X

If X is embedded into Y via the map T : X — Y, then Y* is embedded into X* under the
operator 1™ defined as follows:

T (y) (z) =y (T(x)) -
On the other hand, in the situation of Example 10.1, the following Hahn-Banach theorem
tells us, than any z* € X* can be (non-uniquely!) extended to an element of Y*.

Theorem 10.2 (Hahn-Banach theorem). Let X be a vector space over R, U C X a linear
subspace, and let p : X — R be sublinear, that is

(1) p(Az) = Ap(x) for allz € X and A >0, A € R
(2) p(z +y) < plx) +ply) for all v,y € X

Assume T : U — R be linear and T'(x) < p(z) for all z € U.

Then there exists a linear extension T : X — R, i.e. a linear map with
(1) T¢(x) = T(x) for allx € U
(2) T°(z) < p(x) for allx € X.
Exercise 10.3. Show that Theorem 10.2 can be applied to bounded operators. Namely,

e Show that p(x) = ||z|| is sublinear.
o Assume A € R, X is a normed vector space, and T is linear operator T : X — R
with Tx < A||z|| for all z € X. Show that |T||x- < A, i.e. T is bounded.

We have already proven the finite-dimensional version in Advanced Calculus (see my Lec-
ture Notes of Adv.Calc, Lemma 28.7.), namely we have

Proposition 10.4. Let X be a vector space over R, U C X a linear subspace andv € X\U.
Let p: X — R be sublinear, that is

(1) p(Az) = Ap(x) for allz € X and A >0, A € R
(2) p(z +y) < p(x) +ply) for all z,y € X

Assume T : U — R be linear and T'(x) < p(z) for all z € U.

Set
W=span{U,v} ={w e X :w=u+ I for some \e R, ue U}.
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Then there exists a linear extension T¢: W — R, i.e. a linear map with

(1) T¢(x) =T (z) for allx € U
(2) T¢(z) < p(x) for allx € W.

Proposition 10.4 is enough to prove Theorem 10.2 if X is finite dimensional. But for general
linear spaces (which might not even have a countable basis) we need Transfinite Induction,
i.e. the axiom of choice, here in the form (and equivalent to) the Lemma of Zorn.

Definition 10.5 (Partial Order). Let P be a set.

(1) Amap <: A C X x X — {true, false} is called a partial order (and then X is
partially ordered) if the following holds. Here and henceforth we follow the notion:
we will write x <y if (x,y) € A and < (x,y) = true, and x > y if x <y. However,
observe that there might be z,y € X such that neither x <y nor y < x.

o (reflexive): for all x € X we have z < x
e (antisymmetric): If z <y and y < z then y = z.
e (transitive): If x <y and y < z then z < z.

(2) If moreover for every x,y € X we have either <y or y < z or both, then we say
that X is totally ordered.

(3) If (P, <) is a partially ordered set and S C P, then S is a chain if (S, <) is totally
ordered (where of course < is restricted to S x 5)

(4) If (P, <) is a partially ordered set and S C P then u € P is an upper bound of S if
s<uforall seSs.

(5) If (P, <) is a partially ordered set then m € P is maximal if there is no element
larger, i.e. for any s € P with s > m we have s = m. (but there may be elements
which cannot be compared!)

Exercise 10.6. Let Y be any set and
X:=2Y={AcCY}

the set of subsets of Y (i.e. the power set of Y ). Show that the set-inclusion C is a partial
order, but (X, C) is not necessarily totally ordered.

Lemma 10.7 (Zorn’s Lemma). Let (P, <) be a nonempty partially ordered set. Assume
that every chain A in P has an upper bound (in P, not necessarily in A). Then the set P
contains at least one maximal element.

Proof of Theorem 10.2. 1f X is finite dimensional, Theorem 10.2 follows by induction from
Proposition 10.4.

The general case is more abstract, using Zorn’s lemma. Let A be the set of collections of
extensions of T, i.e.

A::{(T,V): T:V —Rislinear,T| =T, T(z)<p(z) Ve e V}.
U
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(Here V is always a linear subspace).

We can equip A with the partial order <, namely

(T, Vi) < (Th, V) == VicVe: To| =T

V1
Then A is nonempty (since (T,U) € A).

We want to apply Zorn’s lemma, Lemma 10.7, to A. So let B C A be a chain, i.e. a totally
ordered subset of A — that is for any (71, V1), (T, V2) € B we have either (71, V1) < (Ty, V2)
or (T17‘/1> > (T27‘/2)

We need to find an upper bound for B in A. For this set

V= U V.
(T\V)eB

It is easy to check that V is a linear subspace. Also we can define T:V — R. Let z € V,
then there must be at least one (T, V) € B such that = € V. We then set T'(z) = T(z).
If there is any other (T, V3) € B such that z € V5 we have (by the assumption of total
order) that T'(z) = Ty(x) (since one is the extension of the other).

So we have found T : V — R. Now let z,y € V, A\, u € R. Then there exists (Vi,T1) € B
such that = € V;, and (V5,T3) € B such that y € V5. By the assumption of total order of
B, we have either V; C V5 or V; D V;. Lets assume that V) C V; then Az + uy € V5, and
we have

Tz 4 py) = To(Az + py) = Nz + puToy = \Tx + pTy.

Thus 7 is linear.
If 2 € V then Tz = Tz for some (T,V) € B, and thus
Tz =Tz < p(z).

Thus, (V,T) € A. Next we claim that (V,T) is an upper bound for B. And indeed if
(T,V) € B, then V C Vand Tx = Tx.

So we have established the conditions for the Lemma of Zorn, Lemma 10.7, and conclude
that there must be some maximal element (7¢, W) € A, i.e. whenever (T°¢,W) < (T,V)
then V=W and T = T*.

In particular 7° : W — R is linear and Te‘ =T and T°(z) < p(x). All that remains to

show is that W = X. By contradiction, assume this is not the case. Then there exists
v € X\W to which we can apply Proposition 10.4. We then find an 7 : span(v, W) — R
which satisfies all the properties of an element in A. But since T° is a maximal element
we have W D span(v, W) — a contradiction since v ¢ W. We conclude that W = X and
7€ is the extension we wanted. U
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Remark 10.8. Observe that the extenstion 7° is in no way claimed to be unique. If in
Theorem 10.2 U is dense, we know there is a unique extension to X — but for non-dense
U there is no reason that would be true.

Hahn-Banach has several re-formulations and consequences

Corollary 10.9. Let X be a normed space and Y C X be a subspace and u* € Y*. Then
there exists x* € X* such that

'z =u'[z] VreVY

and

[ xe = [l

(conpare this with Example 10.1)
Exercise 10.10. Prove Corollary 10.9

Corollary 10.11. Let X be a normed vector space and xo € X \ {0}. Then there exists
x* € X* with ||z*||x+ = 1 and x*[xo] = ||xo||x-

Proof. For A\ € R set
Y := span{zo}
and set
y*[Axo] == Allwollx-

Then y* € Y*, and ||y*|y« = 1.

Now take the Hahn-Banach-extension z* : X — R with p(v) = ||v||x, Theorem 10.2. Then
we have

2" [ol] < p(v) = o]l Vv e X.

Thus [|z*]|x« < 1. Plugging in v := xy we find that
|2 o] | = loll,
so we have [|z*]|x~ > 1. We can conclude. O

Corollary 10.12. Let 1 < p < oo and let T € (W'P(R™))*. Then there exists g € L¥' (R™)
and G € L” (R*,R") such that

Tif) > [of + [G-Df.
Moroever for some C > 0 depending only on the dimension n

O_IHTH(WLP(W))* < |9l @y + |Gl 1o g gy < CNT Nl wrm@nyy=-
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Proof. Let
X = LP(R") x ... x LP(R")
n+1 times
with the norm
n+1

H(f07 .- ->fn)HX = Z HfiHLP(R")-
i=0
Let Y C X be given by
Y:{(f07f17fn)EX fz:azf(), 1:1,771}

where the derivative is taken in the sense of distribution. Clearly Y is linear subspace of
X28

Let T € (W'P(R"))", then we can consider T as a bounded linear functional on Y, i.e.
T € Y*. By Hahn-Banach theorem, Corollary 10.9, we can extend 7" to 7° € X*. In view
of Exercise 8.8, we have that

X" =(LPR") & (LP(R")* @ ... (LP(R™))".

Applying componentwise the Riesz-representation theorem, Theorem 5.39, we find go, . .., g, €
L” (R™) such that

T6<f0,f1, B 7fn) = Z[Rn ngz
i=0
If we set G := (g1,...,9,)" then in particular for f € W'P(R") we have

T =T(f.00f o 0uf) = [ ool + [ G-DF.

Remark 10.13. Actually, one can sharpen Corollary 10.12, and show that
T(f)~ [9f + [ Dy - DF.

for some g, € WP(R™). One can prove this by so-called Hodge decomposition (also some-
times referred to as Helmholtz decomposition), which says that we can split G = Dgy + G
where G is divergence free (and thus [ G - Df vanishes. The construction of G be done
variationally, by minimizing g = ||G' — Dgs||r2(rn), but the LP-estimates (if p # 2) need
Calderon-Zygmund theory (i.e. Harmonic Analysis).

28 Actually Y is also closed. Observe that
I:f'_> (fa81f778nf)

is then an linear map from W1P(R") to Y. It is clearly injective and onto. Moreover we have

IZf1lx = lfllwrr@n)-

Since W1P(R™) is complete, Y is a closed linear subspace of X.
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Corollary 10.14. Let X be a normed vector space. Then

_ *
fellx = . max _ |e"lal

(Observe that the maximum is obtained)

Proof. Fix x € X. Clearly we have
sup [t [a]] < flelx.
zrEX* ||z xx=1
Now take z* from Corollary 10.11. Then
sup ["[a]| = [27[z]] = || x-
zreX [la* | x =1
Thus we have

sup [z*[z]] = |2"[z]| = [|=|[x
a*EX* ||zt x =1

In particular the supremum is attained. O

Exercise 10.15. Let X be a normed vector space and x € X. Show that: x*[x] =0 for all
x* € X* implies x = 0.

Slighly more generally than Corollary 10.14

Exercise 10.16. Prove the following. Let X be a normed vector space and let U C X* be
a dense set. Then

lz]x = sup  |u"[2]|
u* €U, ||u*|| x* <1

A specific application of Exercise 10.16 and the Riesz-Representation theorem is the fol-
lowing duality argument.

Proposition 10.17. Let p € [1,00] then

Iflran= sw  [fg
<1

9eCz (R),lgll <

Actually neither Hahn-Banach nor Riesz representation theorem is needed for Proposi-
tion 10.17, one can argue as in Equation (5.10).

We can also use now functionals to seperate subspaces, which will be very important for
the reflexivity of W? later, Theorem 11.9 and Corollary 11.10.

Corollary 10.18. Let X be a normed vector space and U C X a subspace which is addi-
tionally closed. Assume xo € X \ U. Then there exists x* € X* such that z*[x] = 0 for all
x €U, but x*[zo] = 1.
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Proof. Denote
V' :=span(U, z).
Since U is a subspace and o ¢ U, for any v € V there exists exactly one u € U and one
A € R such that
v =1u-+ Axp.

Indeed, assume we have @ + :\xo = u + A\xg then we have
U—u= ()\ — /N\) T
If X\ # X\ we obtain that

uU—u
Us~—Y—gygU
e

So A = A and thus @ = u and we have shown uniqueness.

Now we define the operator on V. For v = u + Azq set

Tv := A\
Clearly T is linear. It remains to show that T € V*.
(10.1) |Tv] < |A].
So, what we need to show is
(10.2) A < fJu+ Azo|-
Observe that since U is a linear space,
[+ Aol x = [A] —iu —2ollx = [Al inf {|@ — o]
——
eU

So all we need to show is
(10.3) 525 |@ — 2ol > 0.
This is the place where the closedness of U comes into play. Assume
inf ([t —@o|| = 0.
k—o00

Then there exists @, € U such that ||y — zo|| —— 0. That is 7y € U. Since U is closed
we would have xy € U, a contradiction.

Thus (10.3) is established, which implies (10.2), which in view of (10.1) implies
[Tv| < Clo
where C' = (infgep ||@ — o) " Thus T' € V* and we can use the Hahn-Banach extension

to conclude. O

Recall the definition of separable spaces
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Definition 10.19. A normed space X is separable iff there exists a countable set U =
{1, 29,...} with U = X.

Corollary 10.20. Let X be a normed vector spcae. If X* is separable, then X is separable

Proof. Let x7,25,... C X* be a dense sequence.

For each 2} there must be some z; € X, ||z;||x = 1 such that

1
el > Zl* | v«
Z; [1‘1] = 2||xz||X

Yo = {x €X:x=>Y Nz, forsomenéeNand (\), € @}
i=1
and
Yp = {x ceX:xz= Z)\i.ri, for some n € N and (), € R}
i=1

Clearly Yg is countable, and it is dense in Yr. So all we need to show is that the closure
Yr = X. Assume this is not the case then there exists 7o € X \ Yg. Yz is a closed linear
subspace (here we use Y, otherwise we could have worked with (z;);). So by Hahn-Banach,
Corollary 10.18, there exists x§ € X* such that zj[z] = 0 for all x € Yg but xf[z] = 1.

We then have for each n € N

n]lx=1 Y 1
25 = 2nllee = 1@ — ) ()] =" e )] = Sl ke

by the choice of z,. By reverse triangular inequality this implies

ey~ allxe > gl > gllmallee — glles = a5l
that is
3| — a7 llxe = flzgllx--
This holds for any n € N. Thus

3 inf [log — 27 lx = [l

By density assumption the left-hand side is zero, so we have z§ = 0, a contradiction to
xy(zo) = 1. O

10.1. Separation theorems. For any convex set C' and any point x( outside the convex
set C' there exists a line that separates C' and xy. This is true in any dimension (straight
lines are represented by z*(x) = ¢, one side of a straight line is < ¢, the other one > ¢. In
infinite dimensions this is a consequence of Hahn-Banach.

Recall that C' C X is convez if and only if for any =,y € C' we have Az + (1 — \)y € C for
all \ € [0,1].
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There are several versions of the separation theorems which are of fundamental importance
in convex optimization.

Theorem 10.21. Let X be a normed space and C C X nonempty, open, and convex and
let g € X \ C. Then there exists x* € X* such that

r*x] < 2*[zg] Vel
Proof. We may assume that 0 € C. Otherwise let C:=C —a for some fixed a € C'. Clearly
C is still convex, open, and nonempty. If we find x* for C' and xy — a such that

2*(x) < 2*[xg —a] Vz el
then
e (x4 a) <x'[r] Yeel=C—a

or equivalently

¥ (z) < T¥[xo] Vze C.
So, from now on assume that 0 € C'.
We introduce the Minkowski functional, me : X — R

1
me(x) = inf{t >0: 7T € C}.

Since C' is open and 0 € C for each x € X there exists t > 0 such that %x € C. Thus
me(z) < oo for all x € X

Also we observe the following
1
(10.4) JTE C VYt >me(z).

Indeed let ¢t > me(x). By the definition of the infimum there exists ¢ty € [me(z),t) such
that %x € C. Since C is convex and 0 € C we find that then also

1 t1 t
xzom—i—(l—O)OEC.
t t to t

This establishes (10.4)
Also, there exist A > 0 such that
(10.5) me(z) < Aljz||x.

Indeed, since 0 € C' and C' is open, there exists 6 > 0 such that B(0,d) € C' and thus for

each z € X we have % € B(0,6) € C. Thus, me(z) < 2|z
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Now we claim that the Minkowski functional is sublinear. It is easy to see that for A > 0

me(Az) =inf {t >0: 1/\x € C’}
:/\inf{; >0: ;\x € C’}
:)\inf{f> 0: txe C’}
=Amc(x).
Now assume that z,y € C.
Fix any ¢ > mc(x) and s > mc(y). Then we have 12 € C and ty € C, by (10.4).

We then have by convexity of C,

1 1 s 1
- — - - C
sty =G+ Gy e

—— ——
€[0,1] —1—_t

Thus,

me(r+y) <t+s.
This holds for any ¢t > m¢(z) and any s > mc(y). Letting t — me(x)* and s — me(y)*
we conclude that m¢ is indeed sublinear.

Next we observe that m¢ seperates C' and xg, in the sense that

me(xg) > 1, and me(x) <1 Vo eC.

Indeed, m¢c(x) < 1 for all x € C follows from the fact that %x € (' and C' is open, so there
must be some ¢ < 1 such that ;= € C as well - and thus mc(z) <t < 1.

To see m¢(xg) > 1 observe that if ma(xy) < 1 then from (10.4) we know zy = lzg € C
which is a contradiction. Thus meg(zg) > 1 (observe it could indeed be = 1 if zq lies on
the boundary of C).

Now set Y := span{z,} and define y* € Y* as
Y [Axo] == dme(z), A eER.
Since me(x) > 0 we find that
p— .f
y* o] me(Azg) i .)\> 0
S O S mc()\xo)lf )\ S 0

Thus y*[y] < me(y) for all y € Y. By the Hahn-Banach theorem we find z* : X — R with
" : X — R linear, and
[x] <me(x) Voe X.

In particular, in view of (10.5) we have that z* € X*.
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Thus we have

'z <me(x) <1 Vel
and

x*[zo] = y*[xo] = me(xg) > 1.

One can also separate two disjoint convex sets

Theorem 10.22. Let X be a normed space, U,V C X convexr and nonempty. Assume
that U is open, then there exists A € R and a functional x* € X* such that

i u]<A<z*v] YueU,veV.

Proof. We set
C=U-V={u—v: uelUwveV}
Since U is open, so is C. Since U and V are convex, so is C. Since U NV = () we have
0 ¢ C. By Theorem 10.21 there exist z* € X* such that
z'z] <0 Vredl.

That is,

' u—v] <0 YueUwvel.
That is

rtu] < x*v] YueUwveV.
Fixing u € U we see that A := inf ey 2*[v]

o u] <A <x|
We need to make the first < into a <.

€ R, and we have
v] YueUwvel.

Assume to the contrary, that there exists some u € U such that 2*[u] = X\. We know that
x* # 0 (because we have the strict inequality above), so there exists some vector p € X
such that z*[p] > 0. Since U is open there exists some § > 0 such that u + dp € U, and
thus
' u+ op] > x*[u] = A,
——
eu
which is a contradiction. So indeed we have

' ul<\ <z*lv] YueUwelV.
U

Theorem 10.23 (Strict separation theorem). Let X be a normed space, C C X be a
nonempty, closed, convez set, and let xg € X \ C.

Then there exists x* € X* and A\ € R such that
'] < X< ax*[xg] VeeC.
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Proof. C' is closed so X \ C is open, and since zy € X \ C there exists a small ball
B(xzg,0) € X \ C. Apply Theorem 10.22 to B(zg,0) and C, we find z* € X* and A € R
such that

z'z] < A <z*[¢] Vee C,x e B(x,9).
Multiplying this with (—1) we find for y* := —a*
Yyl < =X <yl

which is what we wanted. O

11. THE BIDUAL AND REFLEXIVITY

We can define the dual X*, and Hahn-Banach tells us that X* tells us a lot about X. So
why not discuss X**, the bidual. We first observe the following

Every element of x € X can be identified as an element in X** by the following procedure

For z € X we define z** € X** via

ey =y [x] for y* € X
Clearly
[z [y ] < llllx [yl xes
so ||| x= < ||z||x. On the other hand, from Hahn-Banach, Corollary 10.14,
lellx = sup Y]l = sup |2y < [l xes
yreX® |ly*ll=1 yreXlly*ll=1

That is, we have ||z*||x~ = ||z x.

We denote the map = — 2™ by Jx : X — X™ and call it the canonical embedding
of X* — X. Clearly Jx : X — X* is linear and continuous, and it is an isometry
| Jxz||x+ = ||z||x (in particular it is injective).

Theorem 11.1. Jx : X — X** is linear, injective, and an isometry.

Example 11.2. Let p € (1,00) and take any f** € (LP(R"))™. This is a functional acting
on g* € (LP(R™))". By the Riesz representation theorem, Theorem 5.39, for any g* there
exists g € L” (R") such that |||, = [|g"[/(zr)- and

7' (h) = /R hg Vhe LP(R").

There is a one-to-one relationship between ¢* and ¢g. So f** induces a functional f* on L*'
in the following way

flgl = f"lg"] g€ PR
But then f* is a linear functional of L”" so there exist f € LP(R") such that for all g,

[ fa=rlal =119
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Now let us consider the canonical embedding Jx f. We have by definition,
Ixflg =g = [ af = F'lal = £1g")
That is Jx f = f**. That is Jx : LP(R") — (L?(R™))™ is surjective!
This is a very nice property (as we shall see), so we give it a name: reflezivity.

Observe our argument above fails for p = oo and p = 1, since we cannot apply Riesz
representation theorem for L*°! The reason is below, Lemma 11.12

Definition 11.3. Let X be a normed vector space. If Jy : X — X™** is surjective, then
we say that X is reflexive.

Remark 11.4. e We often say that reflexivity means X** = X. This is dangerous
(still we’ll do it), because equality is not really defined. So it is important to remind
ourselves now and then that the equality must be under the canonical mapping Jx.

Exercise 11.5. Let X be reflexive. Show that X is necessarily complete.

Hint: X** is always complete (it is a dual space!). What happens to Jx(x,) if ()n is a
Cauchy sequence?

Exercise 11.6. Let X be reflexive, then X* is reflexive.

We will sharpen Exercise 11.6 for Banach spaces, see Theorem 11.11

Exercise 11.7. Let X and Y be isomorphic. Le. assume that there exists T : X — Y
linear and bounded and bijective, and T~' : Y — X is linear bounded. Then X is reflexive
if and only if Y is reflexive.

In particular conclude that if X is equipped with two equivalent norms || ||y and ||-||2, then
(X, || - |l1) is reflezive if and only if (X, || - ||2) is reflezive.

Exercise 11.8. Assume that a normed space (X, || - ||x) can be written as X = X7 x X,
where (X, || - ||x,) are two normed spaces. Assume furthermore that the norm || - ||x is
equivalent to

X =X1 x X33 (21, 32) = [[o1] x, + [|22]|x-
Show that if X7 and X5 are reflexive, so is X.
Theorem 11.9. Let X be a reflexive Banach space and let U C X be a closed subspace.

Then U is reflexive as well.

Proof. Let uw** € U**. We argue similar to Example 10.1: any functional x* € X* can be

considered as an element of *| € U*. So set
U

7 (z") = u
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then z** € X**.
Since X is reflexive, there exists x € X such that ™ = Jxux.

First, we show that x € U. Assume this is not the case. Since U is closed by assumption,
we can apply Corollary 10.18 and find z* € X* such that z*(u) = 0 for all u € U but
*(z) = 1.

But then

o*[z] = Ixx[x*] = ™ [z"] = u™[z¥] ] =0.

This is a contradiction, so x € U.

It remains to show that Jyxr = u**. Fix u* € U*, then by Hahn-Banach Corollary 10.9

there exists an extension z* € X* with z*| = u*.
U
Then
Jyx[u*] = u*[z] = o*[z] = Ixx[x*] = 2™ [z"] = u™[x¥] | = u[u]
U
We can conclude. O

Corollary 11.10. W? s reflexive.

Proof. It is clear that W1 C LP w.r.t LP-norm, but W' is not closed under the LP-norm!

So we rather use the identifaction used for the dual, see the proof of Corollary 10.12. In
that sense W1P(R") is a closed subspace of LP(R") x ... LP(R"™) which is reflexive (cf.
Exercise 11.8, Footnote 28). 0

The following sharpens Exercise 11.6 for Banach spaces

Theorem 11.11. A Banach space X is reflexive if and only if X* is reflexive.

Proof. We already have shown that if X is reflexive then so is X*, Exercise 11.6.

So assume X* is reflexive. Then we know that X** is reflexive. Since X is complete and Jx
is an isometry, Jx(X) C X** is a closed subspace. Thus, by Theorem 11.9, Jx(X) is also
reflexive. But Jx(X) and X are (by definition) isometric isomorphic, so by Exercise 11.7
we conclude that X must be be reflexive. U

Lemma 11.12. L*(R") and L>*(R") are not reflexive.

Proof. By Exercise 11.6 and the Riesz Representation theorem (Which identifies (L')*
with L°°) it suffices to that the dual L is not L!, namely there exists a functional T €
(L*°(R™))" which cannot be represented as a integration agains an L'-function.
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Set

Tf:= f(0).
This is a linear functional on C° N L>*(R™). Tt is also bounded. By Hahn-Banach, Corol-
lary 10.9, there exists an extension map 7°¢ : L*(R") — L*(R").

Now assume that T' = Jx f for some f € L'(R™). Then for any g € (L'(R"))* = L>°(R")
we’d have

Ixflo = [ fg
In particular for continuous and bounded functions g we’d have
fg=49(0).
R

But this means that f = dy in the sense of distributions, which can’t be because fdL" is
absolutely continuous with respect to the Lebesgue measure whereas d, is not.

Thus (LY)** = (L*®)* D L', which means that L! is not reflexive.??. By Theorem 11.11
this implies that L! can also not be reflexive. O

Exercise 11.13. Let X be a finite dimensional normed vector space, then X is reflexive.

12. WEAK CONVERGENCE & REFLEXIVITY

The main goal of this section is to reap the fruits of reflexivity: a weak version of Bolzano-
Weierstrass theorem.

Theorem 12.1 (Bounded sets are weakly precompact (in reflexive spaces)). Assume X be a
reflexive space. Then every bounded sequence (,)nen has a weakly convergent subsequence.

Clearly we will need to define what weakly convergent subsequence means. Theorem 12.1
is incredibly important, it is often references as “by reflexivity”. More precisely (albeit
still incorrect) it is the Eberlein—Smulian Theorem or (worse, because thats about weak*-
convergence, which implies this theorem: Banach-Alaoglu Theorem). A slightly better
version of refering to Theorem 12.1 is weak compactness (in reflexive spaces).

We will prove this theorem later, the proof is a bil lengthy, at the end of the section. More
important than the proof are the applications (for once)

Let us define weak and weak*-convergence.

Definition 12.2 (Weak convergence). Let X be a normed vector space and X* its dual.

290bserve that we needed Hahn-Banach, i.e. the axiom of choice. This is necessary, there is no explicit
functional on L that is not in L'
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(1) Let {zp}nen C X a sequence. We say that (z,,)n,eny weakly converges to x in X,
Ty =X

if

(2) Let {2} }en C X* a sequence. We say that (27),eny weaklyx converges to x* in X*,
if
oh[r] 2% 2*[z] Yz e X.
In particular, if X is reflexive, weak™-convergence is the same as the weak conver-
gence in X*.
(3) when we want to emphasize the contrast, we refer to the usual X-convergence as
convergence in norm or strong convergence. Le. Let {x,nen C X a sequence. We
say that (z,)nen strongly converges to x in X if ||z, — | x —— 0.
Remark 12.3. Having defined (sequentially) weak convergence, we naturally obtain a
notion of weakly closed sets A C X is weakly closed if and only if any weakly converging
sequence a, has its weak limit in A if all a, € A. Thus we can define open sets by the
complent of closed sets. Thus weak convergence introduces a topology.

However, unless X is finite dimensional, there is no metric inducing this topology.
12.1. Basic Properties of weak convergence. Alright, so now need to cover the basics
for weak convergence in general

Lemma 12.4. Weak limits are unique.

Proof. Assume xj, converges weakly to x, and at the same time z;, weakly converges to y.
Then for any z* € X*

2*fa] ¢ 2wy B2 vy

That is

z'lz] = ="y,
SO

'z —y]=0.
This holds for any x*, so by Exercise 10.15, z — y = 0, that is x = y. U
Exercise 12.5. Show that weak*-limits are unique
Exercise 12.6. e Strong convergence implies weak convergence

o If X is reflexive, weak convergence in X* and weak*-convergence in X* are the
same.

Lemma 12.7. (1) The norm is lower semicontinuous under weak convergence. That

is, assume x weakly converge to x. Then

lllx < liminf [z, x
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(2) the dual norm is lower semicontinuous under weak™ convergence. That is, assume
x} weak*-converges to x*. Then

o [l < i [Ja | x-

Proof. (1) Assume xj weakly converge to . By Hahn-Banach, Corollary 10.14, there
exists z* € X*, ||2*||x~ = 1, such that
|z||x = «*[x] = lim z*[xy] < |2 x+ liminf ||| x.
k—o0 ~—— k—00
<1

(2) Assume x; weak*-converges to x*. Let € > 0. There exist z € X, ||z]|x < 1 such
that

lo*lx < afe] + £ = Jim aila] + ¢ < minf 2] x- [lo]x +e
=1

Letting ¢ — 0 we conclude.
O
The typical example of weak convergence is usually given in ¢?-spaces, see Example 12.24;

Let forz e N

e;=(0,...,0, 1 .,0,...)
i-th position

We will argue that e; weakly converges to 0 in ¢2, showing that the inequality in Lemma 12.7
can indeed be strict. For LP-spaces see Example 12.12.

12.2. Weak convergence in [P-spaces. it is important to observe that “weak LP -
convergence has nothing to to with “weak LP ”-space from Definition 3.49.
As usual the fundamental examples are LP and WP,

Example 12.8. e For p € [1,00) let fr € LP(R™). By Riesz representation, any
linear functional g* € (L?(R™))* can be identified with

g6l = [ fo
where g € L” (R™). Thus f; weakly converges to f in LP(R") if and only if
/]Rn(fk ~flg=0 Vge L'(R")

Usually we use test-functions (i.e. C2°(R™).

Exercise 12.9. Let p € (1,00).

(1) Show that fi, weakly converges to f in LP(R™) if and only if
o supy, [|fxllr@n) + [1f[|zo@n) < 00, and
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o limy o fon (fo = flo =0 Vo e CZ(R").
(2) The boundedness assumption above is necessary. Namely, give an ezample of (fi)ren C

LP(R") and f € LP(R™) with
im [ (fi-Pe=0 Vee =R,

k—oo JRn
but where fi, does not weakly converge to f in LP(R™).
Remark 12.10. So in some sense, weak convergence is very similar to “pointwise conver-
gence” for distributions. Namely if fj converges (say) LP-weakly to f, then if we think of
fr as a distribution

file] =2 fle] Vo € S(RT).

Lemma 12.11. Let p € (1,00). Let fi, € LP(R") and assume that supyey || fx||zr@®ny < 00.

Moreover assume that fr(x) — 0 for L"-a.e. x € R™. Then fy, weakly converges to zero in
LP(R™).

Proof of Lemma 12.11. Set
A= sup | frllz» < o0.

Let ¢ € C°(R™). Since ¢ has compact support we can apply Egorov in supp ¢, Theo-

k—o0

rem 3.38, and find for any € a compact set K C R"™ such that ||fx — 0|/, —— 0 and
L"(supp ¢ \ K) < €. Then by Holder’s inequality

‘/ fre
Rn
Since p > 1,

||fk’||L1(suppg0\K) S ,Cn(SU_pp(p \ K)lig ||fk||Lp S ,Cn(SU.pp@ \ K)lig A S eA.
So we have shown
’/ fre
RTL

This holds for any € > 0, so

< fellz= o llell L@y + [[fxll o supp s (101 2o @)

k—00

< [ fellze oyl @l 1 mny + Ae —— Ae.

/Rnfw

Example 12.12. Let p > 1. Pick any f € C*(R™) with || f||rrn) > 0. Set
folx) = k¥ f (k).

Then kaHLZJ(Rn) = HfHLP(R"): that is SUPgeN kaHLp(Rn) < Q.

(12.1) lim

k—o00

=0 Vee CXR").

Observe that since f(kz) = 0 whenever = # 0 and k > 1 (depending on z) so we have
fo(@) 2220 Vo #£0.
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That is, fx(z) — 0 a.e. in R™. Since p > 1 we can use Lemma 12.11 to conclude that fj
weakly converges to zero in LP(R").

Now let ¢ < p, then we have

n_n n_n k—o00
fillzoqeeny = ks | fllagey < k2™ s Clsupp )| fllzoeny — 0.
That is, fi strongly converges to zero in L4(R™) for any g € [1,p). But fi converges only

weakly to zero in LP(R™).
We record a reformulation of Theorem 12.1 for L?(Q)-spaces

Theorem 12.13. Let Q C R” open, 1 < p < co. Assume fi, € LP(Q) with supyey || frllzr) <
00. Then there ezists a subsequence fi, and some f € LP(§) such that fy, weakly converges

to f in LP(Q), i.e.
| fup = [ fo voe @)
Moreover we have
| fllry < liminf || fi | 2o
k—oo

Proof. Since we can extend f € LP(Q) to R” by setting f := yqf this follows easily from

the R™-theorem. The estimate follows from Lemma 12.7. O

Exercise 12.14. Let Q C R™ open. Let (fn)nen C LY (Q) and f € LY(Q). Show that if f,
weakly converges to f in L*(Q) then

(5= D 22250
for each ¢ € C°(Q).
Exercise 12.15 (Weak-Strong Products). Assume p,q,r € (1,00) such that % = % + %.

Let fo, f € LP(R™), gn,g € LYR™) and assume that f, converges weakly to f in LP(R™)
and g, converges strongly to g in LI(R™).

Show that fng, converges weakly to fg in L"(R™).

Products of weakly convergent sequences may not converge weakly without additional
assumptions — which lead e.g. to the div-curl-lemma which details such assumptions.

12.3. Weak convergence in Sobolev space.
Proposition 12.16. Let 1 < p < oo. Assume (fi)ren C WHP(R™) and f € LP(R").
Then fir converges weakly to f in WYP(R™) if and only if

(1) fr converges weakly to f in LP(R™)
(2) Oufr converges weakly in LP to some F, € LP(R™), a =1,...,n.
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In both cases f € WHP(R") and F,, = 0,f.

Proof. By Corollary 10.12 each T € (W!P(R"))" can be represented as

[ 9+ [ G-Df.

where g, G € L¥ (R™).

Thus weak convergence in W1P(R™) is equivalent to

(12.2) Lot=n+[ 6 Dif—f =0 vgGerr

= Assume f; converges f weakly in WP, Choose G = 0 in (12.2) to get (1). Choose
g=0and G=(0,...,0,7,0,...,0) to get (2).

< So let us assume (1) and (2). We clearly get

= k—o0
Tlfe= )= [ oo D)+ [ G- (Dfi=F) = [ om0+ [ GalOafimF) 250
However, who is to tell us that f € W1P(R")?

Well let g = 0 and choose G := (0,0,...,¢,0...) (where ¢ € C>(R™) is in the a-position).
We then have

@Fa = lim / ‘paoefk-
R k—o0 JR7

On the other hand, by the definition of weak derivative,

/Rn POafr = — /R Oap fi
So we have
/]Rn O f = — hm / Oap f-

But now, by (1) we have

lim &mfk—/ Oapf.

k—00
/

eLp

/R" Pl = lim /R $0afr = /R Dapf-

That is 0,f = F, € LP(R™) (in distributional sense), and in view of Theorem 4.46 we
conclude that f € WhP(R"). O

So we have shown that
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12.4. More involved basic properties of weak convergence.

Theorem 12.17. Let X be a Banach space. Then weak and weak™ convergent sequences
are necessarily bounded.

So Theorem 12.1 is kind of the converse of Theorem 12.17.
For the proof of Theorem 12.17 we need the

Theorem 12.18 (Banach-Steinhaus or Uniform Boundedness Principle). Let X be a Ba-
nach space andY a normed vector space. Suppose that F is a (possibly uncountable) family
of continuous, linear operators T € L(X,Y). If F is pointwise bounded, that is if for all
x € X we have

sup || Tx| < oo

TeF

then F is uniformly bounded in norm, i.e.

sup || 7]
TeF

Usually one uses the Baire category theorem to prove this statement, but one can avoid
this and give an elementary proof. We follow [Sokal, 2011].

Lemma 12.19. Let T be a bounded linear operator from the normed spaces X toY . Then
for any x € X and any r > 0 we have

sup || Tyl = [T r

yeB(x,r

here B(x,r) ={y € X : ||y —z|| <r} is the open r-ball.

Proof. Fix x € X and r > 0. Let z € X then z = (2 + ) + (2 — z) so

N[

T[] < 5 (HT(x +2) |+ 1T (z = 2)|) < max{[|T(z + 2)||, [T(x = 2)[}.
Consequently,

1 1
17l = sup |[T2]| = = sup [Tz < = sup | T(y)ll
I2ll< T lall<r T yeB(ar)

Proof of Theorem 12.18. Suppose to the contrary that
sup || 7| = oo
TeF
Then there must be (7),)neny C F with ||75,] > 4™.
Set 2y = 0. Apply Lemma 12.19 to zp and r = 37!. Then there must be z; € X, with

1 — ollx <37
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but
2
[T ]| > §3_1 IT1]]-

Repeating this inductively we find x,, € X such that ||z, — z,_1||x < 37" and
2 —n
ITazall 2 537" Tl

In particular z,, is a Cauchy sequence in X, since

max{n,m} max{n,m}—1 in =
_ min{n,m}—oo
Tp = Tm|| > T — Tp—-1]] > .
I < > | < > 3F=—==0
k=min{n,m}+1 k=min{n,m}+1

Since X is complete there exists x such that lim,_, x, = =, and we have
> 3 1
|, — 2| < > 37F=23"1 =23
k=n+1 2 2

Then we have
2 1 1 1 74N\™
Tox|| > ([Thxn| — || Th(x — x,)|| = =37"||Tn|| — =37"||T%|| = =37" 1] = = | = | -
To| 2 |1 Toall = 1Tl = 2l 2 3377 ITal = 537" ITall = 37101 2 £ ()
That is,
sup || Tzl x = 400,
neN

a contradiction to the assumption. Il

Proof of Theorem 12.17 — weak convergence. Let (x,)nen be a weakly convergent sequence
tozr € X.

Let Jx : X — X™ be the canonical embedding, then weak convergence implies

n—oo

(Jxzy)[z"] = x*[z,) —= z*[z] in R
Since convergent sequences in R are bounded, we find that for any z* € X*

sup |(Jxx,)[z"]| < oc.
neN

Since X* is a Banach space we can apply Banach-Steinhaus Theorem 12.18 and find that
actually

sup || Jxzp || x++ < 00,
neN

which by Theorem 11.1 implies that

sup ||z, x < oo.
neN

Exercise 12.20. Prove Theorem 12.17 for weak*-convergence.
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A corollary of Theorem 12.17 is the following, which also implies that Theorem 12.1 is an
honest extension of Bolzano-Weierstrass theorem for finite dimensional sets (“bounded sets
are pre-compact”) to infinite dimensional sets (“bounded sets are weakly precompact”).

Exercise 12.21. If X is finite dimensional, then weak convergence coincides with strong
convergence.

We also obtain

Lemma 12.22 (Pointwise a.e. and weak LP-limit coincide). Let p € (1,00). Assume
fr € LP(R™) weakly converges to some f € LP(R™). Assume that moreover fy(x) — g(z)
for L™-a.e. x € R". Then f =g € LP(R").

Proof. g as a pointwise limit of measurable functions is measurable and from Fatou’s lemma
Corollary 3.9 applied to |fi|? we have

9/l 2o mny < h]?_lglf | fill Lo ®ny-

The right-hand side is finite by Theorem 12.17, so g € L?(R™). Now we can argue similar
to the proof of Lemma 12.11 to conclude. O

12.5. Applications of weak compactness theorem - Theorem 12.1. Let us discuss
some applications of Theorem 12.1.

Theorem 12.23. Let X be reflexive, and x* € X*. Then there exvists x € X, |jz| =1
such that

X*

o*[z] = [|l27|

Proof. If x* = 0 then there is nothing to show. So assume ||z*|x~ > 0. We have

|x*||x+ = sup z*[z].
=<1
So let x;, € X such that
% k—o0 *
Since ||zg]|x < 1, by Theorem 12.1 we can pass to a subsequence (relabel if necessary)

and have that x; weakly converges to z € X. By weak lower semicontinuity of the norm,
Lemma 12.7, we have ||z|| < 1. On the other hand we have

vz = lim 2*[zy] = [l x-.
It remains to show that ||z||x = 1. Set A := ||z||x. Then
1. 1. . . .
Slatllxe = Satlz] = 2™ /A] < fla"lx- l2/Alx = [l27]x-
A A —_——

=1
Dividing both sides by ||z*||x+ > 0 we find that % <l,ie. A=1. O
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Example 12.24. The unit sphere in ¢? is a typical example against Bolzano-Weierstrass.
Take

e; =(0,...,0,1,0,...) € £2,

then |le;]|;2 = 1, s0 (e;)ien is uniformly bounded. However |le; — e;]l¢, = v/2 so there is no
subsequence of (e;); that is strongly convergent.

However a subsequence e; weakly converges by Theorem 12.1. What is the limit? It is
zero. Indeed the dual space for ¢3(N) is £*(N) in the sense that any element T € (¢*(N))*
corresponds to some (cg)ren € £ such that

Tf]=>cufe Vfel’
k

Since ¢, € £2(N) we have limy_,, ¢z = 0, so

T[el] = C; —l:)ri) 0.
This holds for any T € (£%)*, so e; weakly converges to zero!
In particular the usual example, Example 12.24, show that the unit sphere {z € ||z :
|z||x = 1} albeit closed and bounded, might not be weakly closed
Definition 12.25. A set A C X is called weakly closed if any weakly convergent sequence
(an) C A, a, = x € X has its limit in A, i.e. z € A.
Since strong convergence implies weak convergence, Exercise 12.6, any weakly closed set is
also closed. The reverse does not hold (see above) but we have

Theorem 12.26. Let X be a normed space and Y C X be convexr. Then Y is weakly
closed if and only if Y is closed.

Proof. Since strong convergence implies weak convergence, Exercise 12.6, any weakly closed
set is closed.

So now assume that Y is closed and convex and consider a weakly convergent sequence
yr €Y,y = x € X. Assume x € Y. By the strict separation theorem, Theorem 10.23,
there exists z* € X* and A € R such that

iz, <A< a*[z] VneN
But then lim,, o, x*[z,] # 2*[z|, contradiction. O

Exercise 12.27. Let X be a reflexive Banach space and (z,)nen C X a weak Cauchy
sequence, i.e. for all z* € X* we have (x*[x,])nen s a Cauchy sequence in R. Show that
(Tn)nen converges weakly.
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Exercise 12.28 (Mazur’s theorem). Let X be a normed vector space and (x,)nen @ Se-
quence with x, — x. Show that there exists a sequence (Y,)nen 0f convex combinations

Nn Np
Yn = Z )\mkxk, with Z )\n,k =1, )‘nJﬂ € [0, 1], N, eN
k=1

k=1

such that y, converges (strongly!) to x.

Hint: Consider the convex hull

N N
CZ{Z)\kxk Z/\kzl,/\kE[O,l],NEN}
k=1 k=1

Exercise 12.29. Let X and Y be Banach spaces, and (x,)neny C X with , =z € X.
Let T € L(X,Y). Show that Tx, — Tz inY .
12.6. Application: Direct Method of Calculus of Variations & Tonelli’s theorem.

On particularly important example is the following energy method or direct method of the
Calculus of Variations for Partial Differential Equations.

Theorem 12.30. Let f € L*(R™), XA > 0, then there exists a unique u € W*(R") such
that

Au—du=f inR"

holds in distributional sense, where A = Y1 | 0.0, i.e.

—/nVu-Vw—)\/wp:/Rnfgo

Proof. Define the energy

1 A
E(u) = f/ |Du|2+f/ |u\2+/ fu.
2 Jrn 2 Jrn R"
For any u € W?(R") the energy is finite F(u) < oc.

The energy is also coercive in W1?(R™). This means any energy bounded sequence with
(ur)e € WH(R™), with supy, E(uy) < oo also satisfies supy, [|ug||w12@gn) < 0o. Indeed, from
Holder’s inequality and Young’s inequality, for any € > 0,

A A
2 /R" ul + /R" fu 25 /Rn Jul® - 1122 @y llull 2@y
A , 1
"2 /Rn [ul® ~ g”f”L?(JRn) ellull 2@
A 2 2 2 1 9
22 [l = lula = 51

1
:(5 - 52)”“”%2(11@) - g”f”gm(Rn)-
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Taking €2 < 2 we find

A
S Ll [ fu el — Ol I,
Thus
E(u) > exllulliyrz@ny — CAlfIlZ2 @y
le. R
el < € (B(w) + 1172 -
In particular whenever sup, E(u;) < 0o also supy, ||[ug||w1.2@n) < 0o. That is, I is coercive
in WhH2(R"™).
Now we can apply the the direct method of Calculus of Variation to minimize E in Wh2(R").

Set
I'= inf E(u).

ueEW1:2(Rn)
We see that I < 0 since I < E(0) = 0. We also have I > —o0, since as before with Young
and Hoelder inequality

A A 1
Sl [ fu (G =l = Sl 1,

so if 2 < % we have

A 2 1 2
B> [ P+ [ fuz =S > .
That is [ is a finite number.

By the definition of the infimum there must be a sequence (ug)ren C W12(R™) such that
lim F =1.
3, Blw)
In particular we then have sup, |E(u;)| < oo, and thus by coercivity ||ug|[w12@ny. By
Corollary 11.10 W12 is reflexive, so by Theorem 12.1 (up to passing to a subsequence) we
can assume that wuy converges to some v € WH2(R™) weakly in W?(R"). By Proposi-

tion 12.16 we have that Vu, weakly converges to Vu in L?, and u;, converges weakly to u
in L2. By lower semicontinuity of the L?>-norm, Lemma 12.7, we have

/|Vu|2§liminf/ |V
Rn k—oo JRn

/ lul? < liminf/ |ug)?.
R k—oo JRn
By weak L?-convergence we also have in view of Example 12.8,

/ uf = lim ug f.
n oo JR"

k—

and

So we find
E(u) < lilgn inf E(uy) = 1.
—00
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On the other hand v € W2 so
E(u) > 1.
This means E(u) = I, that is u is a minimizer of £ in W1?(R").
The next step is to show that u satisfies an equation, called the FEuler-Lagrange equation.

This is Fermat’s theorem: if x € R"” minimizes a smooth F' then F'(x) = 0. Here F’
becomes the first variation of E' — the proof is the same.

More precisely, since u is minimizer we have for any ¢ € C2°(R")
E(u) < E(u+ty) VteR.

So we have
E(u+tp) — E(u)
" )

0 < liminf
t—0
Let us look at the right-hand site.
/ IV (u + ty)? —/ Vul? = 275/ Vu- V.
R™ R7 R™

Lot = [ =2t [ e
n R Rn
[wrtof—[ up=t[ of
R Rn R™
That is, for each t #£ 0,

E(u+t<pt)—E(U) :/nvu.vngr/Rnu@nL/Rnsﬁf-

and

So we have found that
OS/ Vu-ch—l—/ ug0+/ of Yo e CFR"Y).
Rn RTL RTL

Switching ¢ by —¢ we obtain
0:/ vu.w+A/ u<p+/ of Ve C2(RY.
R” R™ R7

That is u solves the equation that we wanted it to solve.

Lastly we need to show uniqueness. Assume that u,v € W2 both solve

0:/ vu-w+A/ ug0+/ of Ve C2(RY.
R™ Rn Rn
and
o:/ Vv-VgoJr)\/ w+/ of Ve CX(RY.
Rn Rn Rn

This equation is linear in u: we can subtract the second equation from the first and obtain
forw:=u—wv

Oz/Ran~Vg0+)\/Rnwgo Vo € CZ°(R™).
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Now plug in ¢ = w (this is ok, since we can approximate w by w, € C*(R"), i.e. by
density).
IVwllz: + Allwlz2 = 0.
Since A > 0 this implies ||w||;2 = 0 i.e. w =0 a.e., i.e. u = v a.e. This proves uniqueness.
0

Observe A\ > 0 was important here, the same statement may not be true for A < 0.

The direct method needs coercivity and lower semicontinuity, so it is not too difficult to
copy the above proof to obtain

Theorem 12.31 (Tonelli). Let X be a reflexive normed vector space and f : X — R is
weakly lower semicontinuous, i.e.

f(z) < li]gn inf f(xr) whenever xy weakly converges to .
—00

Assume U C X is nonempty and one of the following holds

o U is weakly closed and f : U — R is coercive, that is whenever (uy) C U is a
sequence such that ||ug||x — oo then f(uy) — oo.
e U is bounded, convex and closed

Then there exist uw € U such that
f(u) = min f(u).

uelU
Exercise 12.32. Prove Theorem 12.51.

12.7. Proof of Theorem 12.1. The first step is in the proof of Theorem 12.1 is to work
with the X* and weak*-convergence.

Theorem 12.33 (Banach-Alaoglu). Let X be a normed space and separable. Then any
sequence (3 )y C X with supy, ||x;||x < 0o has a weak*-convergent subsequence.

Observe that for linear functionals supy, ||z;]|x < oo implies equicontinuity. If X was a
compact metric space we could try to argue by Arzela-Ascoli. Indeed, in the proof of
Arzela-Ascoli, compactness is used for some sort of separability — so since X is separable,
we will use the ideas of the proof of Arzela-Ascoli.

Proof of Theorem 12.33. By renormalizing (i.e. othweise considering x}/K for K := sup ||z}||)
we can assume that

SngxZHk <1

Since X is separable, we can find a countable dense subset of X, let us denote it by
{z,, :n € N}.
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Then for each fixed n € N
Sgplwi[xn]l < ||zall,

that is (z;[zn])ren C R is bounded, so there exists a converging subsequence 3, [2y])ien C
R. Taking a diagonal sequence we find a subsequence (7}, )ien sich that for each n € N the
sequence (%, [2,])ien C R converges. We denote its limit

¥z, = zlgélo Ty, [2n).

Let now v
Z :=span({z,}) = {2 =Y _ Nz; N €N\ R}
j=1
This is a linear space, and by the linearity of z, we can extend z* to a linear functional
on Z,

N N N
2 [0 Ajag] =)0 A lim a [a] = lim g [ M),
= = 17— 00 1—00 =
We then have
N
> Al

j=1

N
x* [Z A;jz;] < limsup ||x,:Z||X*
j=1 i—00

<1
that is * € Z* with ||2*||z« < 1. Since z* is uniformly continuous on Z and Z C X is
dense, we can extend z* uniquely to all of X and find a linear functional z* € X*.

Now let # € X and € > 0. There exists n € N such that ||z — z,||x < e. Then
|2, () = ™(2)] < 2e + |, (20) — 2" ()|

So,
limsup |z}, (z) — z%(z)| < 2e.
1—00
This holds for any € > 0, so we have

limsup |z, (z) — z*(z)| = 0.
1—00

That is 2} (z) 12 2*(x) for all z € X. That is r, weak™-converges to z*. O

Exercise 12.34. Show that without separability of X the statement of Theorem 12.33 may
fail. Consider for example e}, € ((*°(N))* given by

erlx] ==z, xe€l>.

Show that there is no weak*-convergent subsequence.

The statement of Theorem 12.1, called the Theorem of Eberlein-Smulian is then a con-
sequence of Theorem 12.33, using that weak™ convergence for (X*)* is the same as weak
convergence in X. We can get rid of the separability, because we only need to work in the
closure of the space spanned by the sequence — by definition a separable space.
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Proof of Theorem 12.1. Let (x,,)nen be such that sup,, ||z,]|x < oo.
Set

N
Y :=span{z,} ={z=> Nz; N eN)\ R}
j=1
Observe that Y is a closed subspace of X, and thus by Theorem 11.9, Y is also reflexive.
Moreover Y is separable, thus by reflexivity Y** = Y is separable, and thus by Corol-
lary 10.20, Y* is separable.

Let Jy : Y — Y™ be the canonical embedding, then 7" := Jyxz € Y™ is a bounded se-
quence in (Y*)* so by Theorem 12.33 there exists a Weak* -convergent subsequence (7 )ZeN
to some z** € Y**. Since Y is reflexive, there exists exactly one x € X such that Jyx = 2**

Let 2* € X™* then we have

That is x,, weakly converges to . U

12.8. Weak convergence and compactness for L' and Radon measures. Theo-
rem 12.1 can not be applied to L*(R™) because L'(R") is not reflexive.

Example 12.35. Let n € C(R"), [gnn = 1, n(0) = 1. Also assume for simplicity that
n(=z) = n(x).
Set
e(x) == k™"n(kx).
Then
||77k||L1(]R") = ||77||L1(R”) < 00,

that is (g )zen is uniformly bounded in L'(R™). Let now ¢ € C°(R"), then we have (here
we use the symmetry of 7)

/Rn k() (y)dy = mi % 9(0) == (0),
That is g, “weakly converges” to the measure g, in the sense that
/ ) mi(y)dy === / y)déo(y) Ve € CZ(R™).
Rn

So we do have a weak convergence, just the space L'(R") is not “really weakly closed”.

Any f € L*(R") can be considered as a Radon measure fLL". If supy || fx|l Li(®rr) < 00 We
have
sup f,. L"(K) < oo Vcompact K.
k

It turns out that this is the right notion in which Theorem 12.1 indeed works.
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Definition 12.36. Let pu, (ur)32; be Radon measures on R". We say that p converges
weakly to the measure p (in the sense of Radon measures), px — p if one of the following
statements is satisfied

(1) For all f € CP(R™) we have

/ Fdpy, £ / fdp
R” R™

(2) limsup,_, ., pr(K) < p(K) for all compact sets K C R™ and p(U) < liminfy_, oo px(U)
for each open set U C R"”
(3) limg_so0 px(B) = u(B) for each bounded Borel set B C R™ with u(0B) = 0.

Lemma 12.37. The three conditions in Definition 12.36 are equivalent.

Proof. (1) = (2) Assume (1) holds. Fix K C R" be compact and U D K open. Then

we can find f € C°(R"), f = 0 in R"\U and f = 1 in K. Indeed, we have ¢ :=
dist (K, R™\U) > 0 (exercise), so if we set

1
f(z) :== max{1 — —dist (z, K),0}
€
we see that f is as required. Then we have by (1)

W(K) < / fdp = lim / Fdpy, < liminf (U,
R” k—oo JR7 k—o0
and
lim sup fu,(K) < limsup/ fdpu =/ fdp < p(U).
k—o0 R" R™

k—o00
The claim now follows from Theorem 1.68, because

n(U) = sup p(K) < liminf 4, (U),
—00

CcU, K compact

and
p(K) = inf pu(U) = limsup p(K).

KcCU, U open k—s00

(2) = (3) Assume (2) holds. Let B C R™ be a bounded Borel set with p(0B) = 0. Then

(2)
#(B) =u(B\ 9B) < liminf (B \ 9B)
N—— k—o0

open
- @ __ _
<limsupu( B, ) < p(B) =pu(B\0B) < u(B).
k=00 compact
Thus,
p(B) = liminf ug(B \ 0B) < liminf p(B)
k—o0 k—o00
and

w(B) = limsup p(B) > limsup ug(B)

k—o00 k—o0
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which readily gives
p(B) = lim 1, (B)

(3) = (1) Assume (3) holds and let f € C?(R"). W.lo.g. we can assume that f > 0
everywhere (split f = f, — f_ otherwise). We can also assume that || f||z~ < 1 (otherwise
divide by || f|lze)-

Take a large open ball B such that supp f C B and moreover u(0B) = 0. Observe that

while not every ball B must satisfy u(0B) = 0, by Proposition 1.72 we can find such a
ball.

Fix e > 0, and plckNN many t;,
O=ti<ti <...<tny <2

such that |t; — ;1] < € and ty > ||f|lz~ — and we may also assume u(f~'(¢;)) = 0,
whenever ¢ > 1. This is possible by Exercise 1.74. Since || f||z~ < 1 we then have

N - N -
S ot pu(f i1, 6] N B) < /IR" S <> tap(f [tir, ti) N B)
i1 i=1

and
N - N -

S i (f o1, i) N B) < /Rn fdur < tip(f 7 tio1, 6] N B)
i=1 =1

Since f is continuous, f~![t;_1,t;] is closed and thus B; := f~![t;_1,t;] N B is compact and
in particular a bounded Borel set. Also

1(0B;) < p(0B) + p({ti-1}) + p({t:}).
Subtracting both inequalities we find
N
/Rnfdu—/wfdﬂkSZtiM(f_l[ti—h th 1k (f " tioa, ) N B)
i=1
and
N N
[ = [ < St e 6] 0 B) = o tap(f7 i 6] 0 B)
i=1 i=1

Taking the limit, using condition (2), we find that

N R
11211_21313/ fdu— /fduk ;(i—tz‘—l)ﬂ(f_l[tz‘—hti]ﬂB)
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This holds for all € > 0 so we have shown that
lim sup

| tdn= [ s
k—o0 Rn Rm
That is, (1), is established. O

=0.

Exercise 12.38. Show that we can equivalently change (1) in Definition 12.36 into

For all f € C(R™) we have

[ fdm == [ gap

1 1
Theorem 12.39 (Weak compactness for measures). Let (ug)32, be a sequence of Radon
measures on R™ satisfying for any compact K C R",

sup p (K') < 00
k

Then there ezists a subsequence (pu,)ien and a Radon measure p such that

in the sense of Radon measures, Definition 12.36.

We will skip the proof, but record a consequence.
Exercise 12.40. If f;, € L*(R™) with

Slip [ fll L1 (ny < 00
then there exists a subsequence (fi,)ien and two Radon measures piy and p— such that

/ fkin—o%/ sodu+—/ pdp_.
Rn Rn Rn

12.9. Yet another definition of L? and W'P. In Proposition 4.40 and Definition 4.42
we reinterpreted (and defined) the LP-space and W1P-space as metric completion, i.e. we
said for 1<p < o

f e LP(R™) iff there exists f € C(R™) : || fullzr@n) < o0 and || fx — f|| ze@n) koo

and

f € WHP(R™) iff there exists f, € C®(R")(R™) : || fillwiogny < oo and || fr,— flwremn) koo .
(Ok, we actually did not have C'*° there, but C2° — but these two notions are equivalent

by looking at finp(o) instead of fi).

Now for 1<p < oo we can obtain the following characterizations (observe this way one
really eliminates the need for Lebesgue integrals, in comparison to Riemann integrals)

Proposition 12.41. Let 1<p < oo and f : R" — R. Then f € LP(R"™) if and only if

there exists fr € C®(R™) with supy, || fi||Lrmny < 00 and fi(z) k2% f(x) for almost every
x € R".
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Proof. If f € LP(R") there exist fp € C°(R") converging strongly to f, in particular
supy, || fxl|» < oo —and up to a subsequence f; converges a.e. to f.

For the other direction observe that if f, € C°°(R") with supy, || fx | Lr(rn) < 0o by reflexivity
Theorem 12.1 there exists g € LP(R™) and a subsequence f, — ¢ in LP(R™), that is

/Rn T oo, /Rn gp Vo e CX(RY).

In view of Lemma 12.22 g = f since f; converges a.e. to f and p > 1. U

Similarly one can define

Exercise 12.42. Let 1<p < oo and f : R® — R. Then f € W'P(R") if and only if there

k—o0

exists fr € C(R™) with supy, || fr|lwir@ny < o0 and fi(x) —— f(z) for almost every
r € R™

The above does not work for p = 1, the space that comes out is not Wb, but BV, cf.
Section 15

12.10. Compact operators. Recall the definition of compact operator and compact em-
bedding from Definition 8.11.

Later we will see, that if ) is a smoothly bounded set (e.g. a ball) then W?(£2) embeds
compactly in LP(Q), p € [1,00] — this is called the Rellich-Kondrachov Theorem Theo-
rem 13.35. This can be used for example when we use the direct method to solve PDEs as
in Theorem 12.30 — but with lower order nonlinerarity, e.g. Au — Au + |ul*u = f.

Compact operators 7' take weakly convergent sequences (xy); into strongly convergent
sequences (Txy)gen-

Exercise 12.43. Let (X, | -||) and (Y| -||) and T € L(X,Y) a linear bounded operator
which moreover is compact.

Assume that (zy)ren are weakly convergent in X. Show that (Txy)gen s strongly conver-
gent.

Hint: Show that (Txy)ken is weakly convergent by establishing that y*[T-] € X* fory* € Y*.
Then use that weak and strong limit coincide.

13. SOBOLEV SPACES

A remark on literature: A standard reference for Sobolev spaces is [Adams and Fournier, 2003].
Very readable is also [Evans and Gariepy, 2015]. The introduction here takes a lot from
the introduction to Sobolev spaces in [Evans, 2010]. A classical reference Sobolev spaces

in PDEs is [Gilbarg and Trudinger, 2001]. Also [Ziemer, 1989]. For very delicate problems
one might also consult [Maz’ya, 2011].
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We now define the notion of Sobolev space on 2 C R" (where we always will think of
as an open set). For Q = R™ and p € [1,00) we know this is the same as our old definition
by approximation, c¢f. Theorem 4.46. Observe in the next definition p = oo is included.

Definition 13.1. (1) Let 1 < p < o0, k € Nand Q C R™ open, nonempty. The

Sobolev space WEP(Q) is the set of functions
u € LP(Q)

such that for any multiinidex ~, |y| < k we find a function (the distributional
~v-derivative or weak ~y-derivative) “07u € LP(2) such that

Yor — (—1\N [ «qv,» 00
/glta p=(-1) }Q D Vg€ CX(Q).

Such w are also sometimes called Sobolev-functions.

(2) For simplicity we write WP = LP.
(3) The norm of the Sobolev space WHP(Q) is given as

HUHW’W(Q) = Z HHYUHLP(]R’I)

Iv|<k

or equivalently (exercise!)

1
[ullwer @) = (Z 107 UI|LP(Rn) :

1<k

(4) We define another Sobolev space H"? (Q) as follows

that is the (metric) closure or completion of the space (C*(Q), | - [lwrr(o)). In yet
other words, H*?({2) consists of such functions u € LP(€2) such that there exist
approximations u, € C'*(2) with
k—o00

Huk — uHWk,p(Q) — 0.
We will later see that H*? is the same as W*? locally, or for nice enough domains;
and use the notation H or W interchangeably. For k = 0 this fact follows from
Lemma 4.38 for any open set €).
Now we introduce the Sobolev space HY™(Q)

HE () = G o

We will later see that this space consists of all maps u € H®P(Q) that satisfy
u, Vau,... V¥l = 0 on 99Q in a suitable sense (the trace sense, for a precise
formulation see Theorem 13.31). — Again, later we see that H = W and thus,
WyP(Q) = HYP(Q) for nice sets 0.

Observe that in view of Lemma 4.38, LP(Q) = WoP(Q) = WP (Q).
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(6) The local space W/P(Q) is similarly defined as L (€). A map belongs to u €

loc

WEP(Q) if for any Q' CC Q we have u € WhP(QY).

loc

Remark 13.2. Some people write H*?(Q) instead of W*P(Q). Other people use H*(Q)
for H*? — notation is inconsistent...

Some people claim that W stand for Weyl, and H for Hardy or Hilbert.

Exercise 13.3. For s > 0 let

fla) = |z
Observe that f is only defined for x # 0, but since measurable functions need only be defined
outside of a null-set this is still a reasonable function.

We have already seen, Exercise 3.50,that f € L}, (R") for any 1 <p < 2.

loc

(1) Compute for x # 0 that
(13.1) Oif(x) = —s|o|* %"
and show 0;f € LiL (R*\ {0}) for any 1 < ¢ < =

loc s+1°
(2) Show that (13.1) holds in the distributional sense, i.e. that if n > 2 and 0 < s <

n — 1 then for any ¢ € C°(R"),
/ f(z) Oip(x) dx :/ slx| 520t p(x) da.
Rn R
(3) conclude that f € WuI(R") for any 1 < q < o
Exercise 13.4. Let

f(x) = log|z|.
Show that f € L, (R™) for any 1 < p < oo, and f € WLP(R") for all p € [1,n), if n > 2.

loc oc
Exercise 13.5. Let

2
f(z) :=loglog Tl in B(0,1)
T
Show that for n > 2, f € W'(B(0,1)).

Moreover, for n = 2, in distributional sense
Af=|Df?

Observe that this serves as an example for solutions to nice differential equations that are
not continuous!

Exercise 13.6. Show that f(x) := o belongs to Whe(B™ R™) whenever p < n.

2]
Proposition 13.7 (Basic properties of weak derivatives). Let u,v € W*P(Q) and |y| < k.
Then

(1) 0w € Wh=hlr(Q).
(2) Moreover 90%u = 0°0%u = 0°FPu if |a| + |B] < k.


https://en.wikipedia.org/wiki/Hermann_Weyl
https://en.wikipedia.org/wiki/G._H._Hardy
https://en.wikipedia.org/wiki/David_Hilbert
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(3) For each X\, € R we have Mu + pv € WHP(Q) and
0% (Au + pv) = X0%u + po*v

(4) If ¥ C Q is open then u € WFP(QY)
(5) For any n € C=(Q), nu € WkP and (if k > 1), and we have the Leibniz formula
(aka product rule)

0;(nu) = Oin u + noju.

Proof. (1) We show that d;u € W =1P(Q), only. The general statement then follows
accordingly. By definition of the distributional derivative we have that d;u € L*(€2).
For any |B| < k —1 and ¢ € C°(2) we have

o By — ABin — _(_1)IBI+1 Ab — (_1\I8l AB
/Qa,,uﬁgo /Quﬁlagp (~1) /Qazaw (—1) /Qazaw.

The first inequality comes from the fact that 9°p € C>°(£2) and from the definition
of the weak derivative 0;. The second equation comes from the definition of the
weak derivative of 9;0% for W¥P-functions.

(2) We show 0,0,u = 0,0;u, again the general case follows. And as above this is proven

by deducing respective properties from the properties in the space of test-funtions:
For ¢ € C°(§2) we have 0,0;¢ = 0;0;¢, and thus

/Q@Bjugpz/Quﬁﬁjgo:/ﬂuﬁj@tp:/gﬁj@-ucp.

(3) Follows from the linearity of the definition of weak derivative and the equivalent
statements for smooth functions ¢ € C°(12)

(4) If Q' C Q then any ¢ € C°(Y) belongs also to C2°(Q2). That is any property true
for test functions ¢ € C°(€2) holds also for testfunctions in ¢ € C(Y).

(5) For ¢ € C°(Q2) we have by the usual Leibniz rule

/Qnuaiso=/u3i ne) —/uﬁmso
/5U7790 /uanw

/(8un+u8n)

The second equation is the definition of weak derivative d;u (since ny € C°(£) is
a permissible testfunction).
That is we have shown for all p € C°(Q),

/QTIU@'QO:/QU@'(USO) —/Quam P-

This means that in distributional sense 0;(nu) = 9;n u + ndyu. Now observe that
nu € LP(Q) and 9;n u + ndiu € LP(Q), so nu € WHP(Q).

0
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Proposition 13.8. (W 2(Q), |- [lwrr@), (HE2(Q), || lwre@)s (Ho"(2), |- lwre() are
all Banach spaces.

For p =2 they are Hilbert spaces, with inner product

(u,v) = > /5)%1071).

Iv|<k

Proof. || - |lwws(qy is a norm. By definition (H*P(2), | - [lwrn(o)), (HP(Q), | - | wrr(o)) are
complete and thus Banach spaces.

As for the completeness of W*P(Q), it essentially follows from the completeness of LP(£2).
Let (u;)ien C W*P(Q) be a Cauchy sequence of W*P-functions, i.e.

Ve>03IN =N() €N st Vi, j >N |u; — ujllwrn) <€
We have to show that u; converges to some u € W*P(Q) in the W*?(Q)-norm.

Observe that by the definition of the W¥*?-norm, if u; is a Cauchy sequence for W*?_ then
for any |v| < k, (0"u;);en are Cauchy sequences of LP((2).

Since LP(£2) is a Banach space, i.e. complete, each 07u; converges in LP(Q2) to some object
which we call 07,

107w — 8| o) =20 V]| < k.

Observe that as of now we do not know that 0"u is actually the weak derivative of u! But
we can check this is the case.

Since 0"u; is the weak derivative of u;, we have
/ Nu;p = (—1)‘7‘/ w0V Vo e C().
Q Q
But on both sides we have strong convergence in LP(2). For any (fixed) ¢ € C2°(12),
/(f)vu(p Pimas) / O p = (_1)|7|/ w; 7 22 (_1)\7\/ wdp
Q Q Q Q
and thus for any ¢ € C°(Q),
/ Nup = (—1)‘7‘/ ud7 .
Q Q

That is, @ u is indeed the weak derivative of u, thus u € W*?(Q) and by the definition of

the W*P-norm
Hul —uHWk,p(Q) o0 0.
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13.1. Approximation by smooth functions. We mentioned above the H = W prob-
lem, i.e. we would like to approximate Sobolev functions by smooth functions. Why?
Because then we don’t have to deal that many times with the weak definition of deriva-
tives, but show desired results for smooth functions, then pass to the limit and hopefully
obtain the result for Sobolev maps. Observe that since W*?(Q) is a Banach space, and
C>(Q) c WkP(Q) (exercise!) we clearly have H*?(Q2) C W*P(Q). for the other direction
we now obtain the first result:

Proposition 13.9 (Local approximation by smooth functions). Let u € W*?P(Q), 1 < p <
oo. Set

ue(x) = ne xu(r) = /]R ne(y — ) uly) dy.
Here 1:(z) = e7"n(z/¢) for the usual bump function n € C(B(0,1),[0,1]), [ponn = 1.
Then
(1) u. € C*(Q_.), where as before
Q. :={xeQ:dist (z,00) > e}

for each € > 0 such that Q_. # ().
(2) Moreoever for any Q) CC €,

[ -}

Proof. (1) As in Theorem 4.25 we have u. € C*(2_.) — we do not need that u is a
Sobolev function, but merely that u € LP(£2).
(2) Next we claim that u.(z) = (u).(z) for x € Q_. Indeed, for x € Q_,

N (x / A (ne(x —2))u(z)dz = \7\/ 0 (ne(z — 2)) u(z) dz.

Now we observe that n.(x — -) € C*(Q) if z € Q_.: observing size of the support
of 1, suppn. C B(0,¢).
Thus by the definition of weak derivative,

)N / 0 (ne(x — 2))u(z) dz = /Qns(:c — 2)0"u(z) dz = (0"u)(z).
Now, for any ' CC Q and e < dist (€, 99Q), for any 1 < p < oo™
1(07u). — 07ul| oy == 0.
This holds for any v such that 07w € L, i.e. for all |y| < k. We conclude that

Ue — Ul|yrp(qr =20,
| w2

30hut not for p = oco!
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Even though Proposition 13.9 is only about local approximation, it is very useful to prove
properties of Sobolev function.

Lemma 13.10. For 1 < p < oo™, if v € W'P(Q) and f € C*R,R) with [flLip®r) =
| || oo vy < o0 then f(v) € WHP(Q), and we have in distributional sense

(13.2) 0o (f(0)) = f'(v) Dav.

Proof. Let v. be the (local) approximation of v in W,5?(Q) from Proposition 13.9.

First we observe that (13.2) is true if v was a differentiable function, in particular,

Do(f(ve)) = f'(v:) Dave in Q_..

Now let ¢ € C°(Q2), and take gy so small such that €’ :=suppp C Q_, for all € € (0, ).
Then we have for all € < &,

(13.3) | ) oup == | £

Now we observe that f(v.) =% f(v) with respect to the LP(Q)-norm. Indeed, observe

that ' CC €, so by Proposition 13.9,

e—0

1f (ve) = f)llLey < (1 Iz [lve = vllpr@ry — 0.
That is, the left-hand side of (13.3) converges (recall supp d,¢ C supp ¢ = Q')
aaE/ Dt = li gaazr/ ) Datp.
/Qf(v) p= | f(0)0ap=lim | flve)Oap =lim | f(ve)Oagp

e—=0.JQ

As for the right-hand side of (13.3) we have that dav. == vin LP(€), and f'(v.) ==% f'(v)
almost everywhere in Q (up to taking a subsequence ¢ — 0)*2. By dominated convergence,
Theorem 3.26, this implies

| £ =5 [ ) 0w
Then from (13.3) we get the claim, observing that f'(v)d,v € LP(Q2), since f' € L*. O

Remark 13.11. Actually, a stronger statement is true: if u € W' (Q) and f: R — R
is Lipschitz continuous, f € C%! then fowu € WP(Q). Again, formally this is looks easy
since V(f ou) = Df(u) Vu-since f is almost everywhere differentiable.

We first just sketch the proof of a special case:

3lwe can later conclude, using Theorem 13.24, that this also holds for p = oo, since then Sobolev maps

are simply Lipschitz maps
32 L. /. . . 1 . .
these are results from measure theory: since f’ is continuous, and since L"-convergence implies almost
everywhere convergence up to subsequence, Theorem 3.51



ANALYSIS T & II & TII VERSION: December 5, 2022 200
Lemma 13.12. Let u € WHH(Q), then |u| € WH(Q).
Moreover we have Du = 0 almost everywhere in {u(x) = 0}*.
Also we have
v

Dlu| = l

Du.

Proof. We only sketch the proof.

The difficulty lies in the fact that | - | is merely Lipschitz continuous, so we mollify it:
feo(t) = /(8 +0) + &2 — \/(6e)? + 22

fe0 is a smooth function.

One approximates |u| by u. := f. o(u) for some 6§ € R

Since f; ¢ is smooth we have in distributional sense, by Lemma 13.10,

ed 1 in {u> 0}
Du, = - 962 2Du =% Du- ﬁ in {u =0}
(u+eb) +e —1 in {u <0}

Now u. — |u] in L'(2), and Du. converges also in L'(Q). Using test functions and the
convergence as € — 0 we get that

1 in {u>1}
LY(Q) > DJu| = Du - \/agﬁ in {u=0}
—1 in {u <1}

But weak derivatives are unique as L!'-functions. The nonunique looks independent in 6.
This means either Du = 0 almost everywhere in {u = 0} or {u = 0} is a zeroset (which
still means that Du = 0 almost everywhere in {u = 0}). O

Exercise 13.13. Show that Lemma 13.12 does not hold in the other direction, i.e. there
exist functions u € L*(R) such that |u| € WHH(R) but u ¢ WHH(R).

Hint: Example 4.47, see also Exercise 13.19

In general, crazy sets, it might be difficult to extend Proposition 13.9 to the boundary
(think of an open set whose boundary is the Koch-curve, or an open set whose boundary
has positive £L"-measure!). To rule this out we make the following definition of C*-boundary
data

33Check this for smooth functions: Either {u(x) = 0} is a zeroset. On the other hand, on the “substan-
tial” parts of {u(x) = 0} we should think of u as constant


https://en.wikipedia.org/wiki/Koch_snowflake
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Definition 13.14 (Regularity of boundary of sets). Let 2 C R™ be an open set. We say
that 9Q € C* (more generally in C*) if 9Q C R" is a C* (or C*2, respectively) manifold,
that is if

for any = € 9 there exists a radius r > 0 and a C*-diffeomorphism ® : B(z,r) — B(0,r)
(i.e. the map @ is a bijection between B(z,r) and B(0,r) and ® and ®~! are both of class
C*) such that

e O(z)=0
o &(QN B(x,r)) = B(0,r) NRY
e &(B(z,r)\Q) = B(0,r)NR".

Theorem 13.15 (Smooth approximation for Sobolev functions). Let Q@ C R™ be open and
bounded, and 0Q € CL. For any u € W*P(Q) there exist a smooth approzimating sequence

u; € C°(Q) such that
1—+00

H'LI/Z — uHWk,p(Q) — 0.

Proof. First we consider the situation close to the boundary.

Let xg € 052.

Observe first the following: If x € B(0,r)" and |z — 2| < ¢ (for ¢ < r) then x + ce,, C
B(xz,2r)". Since 992 belongs to C'' one can show that the same holds (on sufficiently small
balls B(xg,r)) as well: For some A = A(xg), a unit vector v = v(xg), if z € B(z,¢e) and
x € QN B(xg,r) then

z+ dev € Q.
One should think of v the inwards facing unit normal at 2 (which can be computed from
the derivatives of ® and is continuous around ).

That is for z € Q' := B(xg,r/2) N2 we may set
us(x) == / Ne(z — x)u(z + Ave)dz = / Ne(z — Ave — x) u(z)dz.
R7 Rn
Clearly, u. is still smooth, but now in all of of (/. Moreover observe that if we set
ve(x) == u(z + Ave).

we have
e—0
||'U€ — Uuwk,p(ﬂl) — 0
since v, is merely a translation. Moreover, u. = 7. * v., and thus as before

[tte — ve|lwraa) =2 0.

We conclude that u. — u in W*P(Q).

Now we cover all of 902 by (finitely many, by compactness) balls B(z;, ;) and choose the
approximation u.; on €; := B(x;, ;) N § as above. In Qy := Q\ U B(z;,r;) CC Q we can
find another approximation u. .
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Now we pick a smooth decomposition of unity 7; with support in £; N 92 such that
Z =1 in €.

ieN
Setting
Uy 1= Zniu&i € C™(Q).

We then use the Leibniz rule to conclude that

0
[ue = ullwrr) == 0.

g

Theorem 13.15 can be improved to Lipschitz domains, cf. Exercise 13.29, but not necessar-

ily to more irregular sets, Exercise 13.29. Observe that still C*°(2) (not C*°(f2)) is always
dense in W*P(Q):

Theorem 13.16. Let Q be open. Then C°°(Q) (not necessarily C*(Q)) is dense in
WHrP(Q). By this we mean that, for any f € W*P(Q) and any € > 0 there exists
fo € C=(Q) N WkP(Q) such that

1z = fllwero) <e.
Proof. We are not given the full proof here (for this see, e.g., [Adams and Fournier, 2003,
Theorem 3.17]) but only the idea:

We know that any open set can be written as countable union of closed dyadic cubes,
oo
Q= U Q;.
i=1

where the cubes’ interior is pairwise disjoint. We can refine these cubes into what is called
Whitney cubes or Whitney decomposition of Q, [Grafakos, 2014, Appendix J.1]: far away
from the boundary we take large cube, towards the boundary we take smaller cubes. This
way we can ensure the folllowing property:

e for any cube we have
vnsidelength(Q;) < dist (Q;, R™ \ Q).
e whenever two cubes ); and @), touch (i.e. their boundary) then

1 sidelength(Q),)
4 = sidelength(Qy) —

e Fach @); touches at most 12" — 4" other cubes Q)

<
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In particular, if we denote by Q7 C Q" are cubes with the same center as (); but slightly in-
creased sidelength (e.g. sidelength(Q) = {sidelength(Q;) and sidelength(Q**) = Ssidelength(Q;))
then each Q7, Q7" is still contained in 2. Moreover any Q] it intersects with at most 12" —4"
other cubes @}, and likewise any ()7 it intersects with at most 12" — 4" other cubes ()}

Now we can find a decomposition of unity n; € C°(Q5) such that n; = 1 in Q;, and for
any z € (),
1= nj(z) and the sum is finite.
J

Let now f € W*P(Q) and fix € > 0.

Then n;f € WP(Q), with suppn; f C QF CC Q. As in Proposition 13.9 we can then find
g; € C(Q5*) such that

g5 = fllwer@) = llgi = fllwer@n < 27%e.
Now let

fe(z) == Zgj(w)

Observe that since each g; is supported in ()}* (which only intersects with at most 12" — 4"
many other Q) this sum is locally finite — and thus f. € C*(€2) (but not necessarily

f. € C*(Q)!). Then
Ife = fllzr@) < Z lg; — f||Lp(Q;f) < 22_% =c.
J J

and similar for all derivatives. O

Observe that Theorem 13.16 can be used to show completeness of W*P(Q) for any open
set , since we can write W*?(£2) as the closure of smooth maps.

Exercise 13.17. Let 2, Q' C R™ be open sets, and let ¢ : Q' — Q be a C*™-diffeomorphism.
Let f: Q2 — R be measurable. Show that for all k = {0,1,...,} and all p € [1, 0]

fEWRP(Q) < fodec WHP(QY).

On R™ approximation is much easier, indeed we can approximate with respect to the W*r-
norm any u € W*P(R") by functions u, € C°(R"). That is, W*?(R") = Wg*(R"). We
could describe this as “u € W"P(R™) implies that u and k — 1-derivatives of u all vanish
at infinity”.

Proposition 13.18. (1) Let u € WFP(Q), p € [1,00). If suppu CC Q then there
exists u € C2°(82) such that

k
||u — UkHWkp(Q) i) 0.

(2) Let u € WFP(R"), p € [1,00). Then there exists uj, € C>°(R™) such that

k—o0
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(3) Let u e WHP(R}) = R™! x (0,00)). Then there exists u € C°(R"™ x [0,00) (i.e.,
u may not be zero on (x',0) for small x') such that

k
||u — uk”Wk’p(Ri) ﬂ) 0.

Proof. (1) follows from the proof of Proposition 13.9: Observe that suppu CC € implies
that n. x u € C°(Q) if € is only small enough.
(3) is an exercise, a combination of the proof of (2) and Theorem 13.15.

So let us discuss (2). Let n € C°(B(0,1)) again be the typical mollifier bump function,
n-(z) = e7"n(z /). We have already seen that

ne xu € C(R").
But there is no reason that 7. * u € C°(R™). Set (without rescaling by R"!)
pr(r) = n(z/R) € CZ(B(0, R)).
Then we set

Ue,R = Te * ((PR u)
Now before u. p € CX(B(0, R+ ¢)) C C°(R™).

Moreover we have for any £ =0,...,k

IV (u — upr)|l o =1V (1 = @r)ullLr@n)

¢
<CW) SV = o)V ul| Loen

=0
l
<) [|(1 = or) VUl zo@ny + C(0) SV = @r) ooV ul| ogrny
1=0
E .
<CW,n) (1 = 0r)Vul r@mso.r) + Cn) D R ullwes@n)

=0
R—o0 0

by Lebesgue dominated convergence theorem.

On the other hand, as already seen, for R > 0 fixed,

0
||775 * (SOR U) - QDRU“ka(Rn) = 0.

Now we show that for any ¢ > 0 there exists €4, Ry such that for u, := u., r, we have

1 o
(13.4) e = ullwrsgen) < 5 £,

that is C°(R") 3 uy — u in WHP(R™).
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First, by the arguments above we can choose Ry large enough such that

1
”u - waeHW’“vP(Rn) < ﬁ

Next, we can choose €, small enough such that

1
172, * (wpr,) — uPR, lykogny < 20

Thus, by triangular inequality,

lwe = ullyro@ey < llue — USORszk,p(Rn) + |lupr, — uHWk,p(Rn) < 2@ =7

= Hneé*(“‘pRZ)_“@Ré H wk.p ()

This proves (13.4), and thus (2) is established. O

(@) ::{1 "l

0 21 <0

Exercise 13.19. Let

Use a mollification argument to show that f does not belong to I/Vli’p(R").

C

See also Example 4.47 for another argument.

Exercise 13.20 (Censored Mollification). Take three radii 0 < r < p < R and assume
u € W(B(0,R)), p € [1,00), £ € NU{0}. Show that there is an approzimation uy €
W (B(0, R)) with

k—o0

lur — ullwer o) — 0
that satisfies the following conditions for all k € N

e up, =u in B(0,R)\ B(0, p)
o up € C(B(0,r))

Hint: Use the same approximation as in Ezercise 4.39

Let 2,4, be three open, connected, and bounded sets in R” such that QO = OQ; U Q,
and Q; N Qy = 0. Let u € LP(Q) such that u| € W'?(Qy) and u| € W'P?(Qy). Then

Ql Q2

there is — in general — no reason that u € W'?(Q). Indeed, take v = 1 in ; and u = 0
in Oy, which in general will not belong to W?(Q) because of the jump. It is a nice fact
(used in numerics) that the jump is indeed all that can go wrong, in the following sense.

Lemma 13.21. Let ©,$,Qy be open, connected, and bounded sets as above, all with

Lipschitz boundary. Assume u € LP(Q) such that u| € WHP(Qy) and u| € W'P(Qy).
Ql Q1

If u is moreover continuous in Q, then u € WHP(Q).
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Proof. We only prove this in the situation where 2 = R", Q; = R"! x (0,00), 2y =
R"! X (—00,0). Observe that we can set

Du(xz) z €

Du(z) := {Du(:):) z € )y

Since 081, 0y are zerosets, this means that Du € LP(Q2). However this does not mean
that Du(z) is actually the (distributional!) derivative of u. This we still have to show (and
this is where continuity of u plays a role).

Formally the argument goes as follows: Let v = (0,0,...,0,1). Integration by parts,

ey
/Rnu o= |, Oaup Rnflx{o}u( V) R"*lx{O}U(V )

— —u) () = 0.
BNCEICOT:

What have we used? We have used that

/ u@aw—/ 8aug0:/ u(Fr)e.
R R R

This can be proven (by approximation) since u is indeed continuous at the boundary R™"~! x
{0} = OR? = OR" (more precisely we need that u is really defined at the boundary. [

13.2. Difference Quotients. In PDE one likes to use the method of differentiating the
equation (e.g. that if Au = 0 then also for v := J;u we have Av = 0 — so we can easier
estimates for d;u). In the Sobolev space category this is also a useful technique. Some-
times, the “first assume that everything is smooth, then use mollification”-type argument
is difficult to put into practice. In this case, a technique developed by Nirenberg, is dis-
cretely differentiating the equation (which does not require the function to be a priori

differentiable):
u(x + he;) —u(w)
- :

For this to work, we need some good estimates. Recall that (by the fundamental theorem
of calculus), for C''-functions u,

Au=0= v(z) = (Aju)(x) == Av =0

[AK e < |0t o

This also holds in LP for W'P-functions u, which is a result attributed to Nirenberg, see
Proposition 13.23.

One important ingredient is that the fundamental theorem of calculus holds for Sobolev
functions:


https://en.wikipedia.org/wiki/Louis_Nirenberg

ANALYSIS T & II & III VERSION: December 5, 2022 207

Lemma 13.22. Let u € W21 (Q). Fiz v € R*. Then for almost every x € Q such that the
path [x,x 4+ v] C Q we have

u(r +v) —u(x) = /01 Oqu(x + tv)v® dt.

Proof. Let ' C Q. In view of Proposition 13.9 we can approximate u by u;, € C>()
such that
k—o00
HUk - U||W1,1(Q/) —>—> 0.

The claim holds for the smooth functions uy, namely we have that whenever [z, x+v] C @,

(13.5) uk(z +v) —u(z) = /01 O (x + tv)v® dt.

Now we have
k—o00

Jur(- 4+ v) = u(-) = (u(- +v) = u()) oy — 0,
in particular (up to taking a subsequence),

k—o0

up(z+v) —up(r) —= u(x+v) —u(z) for almost every z € Q' such that [z, 2 +v] C Q.
Also the right-hand side converges. Observing that3

</Q (/01 |f(x,t)|dt)p>‘l’ - </01/Q|f(x,t)|l’dt)‘l’

1 1
I / Dotz (- + )0 dt — / Dt + t0)0 dt]| o)

we have

1
< ([ 1llDus ~ Dl ey dt)” = D = Dty = 0.
So again, up to possibly a subsubsquence,
/ Doty (z + tv)u® dt £ /Olﬁau(x—i-tv)v"‘dt
for all « such that [z, +v] C Q.

Taking the limit in (13.5) we conclude. O

Proposition 13.23. (1) Let k € N, (i.e. k#0), and 1<p < oo. Assume that ' CC
Q are two open (nonempty) sets, and let 0 < |h| < dist (¥, 99). For u € W*P(Q)
we have

HAZZUHW’“—LP(Q/) < ||a£UHWk—1,p(Q)-

34This can be seen by Jensens inequalty: For any p € [1,00),

i 1nyr <A 1,

this can also be shown by Hoélder’s inequality. Then Fubini gets to the claim.
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Moreover we have
A5 w — Ol w10y = 0.

(2) Letu € WELP(Q), 1 < p < oco. Assume that for any Q) CC Qandanyl=1,...,n
there exists a constant C(§Y) such that

sup | A ullwr-1o@ny < C(,0)
h|<dist (©,00)

Then we u € WP(Q), and for any Q' C Q we have

(136) |IagU||Wk71,p(Q/) S sup ||AZZU||Wk71,p(Q/).
|h|<dist (€/,00)

If p= o0 we even have u € W*>(Q) with the estimate

(13.7) |Ou|[pyr—1.00 () < sup sup || ARl pr—1.00 (0.
Q'CCQ |hl<dist (2,00)

Proof of Proposition 13.23(1). The proof of (1) is essentially the same as for differentiable
function, we use the fundamental theorem of calculus.

By the fundamental theorem of calculus, Lemma 13.22,
Alty h/ = (ula + they)) dt = —h/ Opu(x + they) dt = / pu(x + they) dt,
Similarly, for any |[y| <k —-1,¢=1,...,n
o) < [ 00 + they)|.

Taking the LP-norm, observing that?®

</sz (/01 |f(x,t)|dt)p>’l’ - </01/Q|f(xat)|pdt)é

a5l < ([ 1007+ theo)llery dt)
Now observe that by substitution and |h| < dist (€', 092),
10607 u(- + thee) || Loy = 10007 u(-) || Lo (rhe) < 10007 u()| Lo
Consequently, for any |h| < dist (€', 092).

we have

850l < ([ Tellynsiay @) = Nelwriey

35This can be seen by Jensens inequalty: For any p € [1, 00),

1y <A i,

this can also be shown by Hoélder’s inequality. Then Fubini gets to the claim.
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This shows the first part of (1). For the second part we observe that by the same funda-
mental theorem argument as above,

1
IASD () — 00 u(x)| = / 10007 u(z + they) — 8 u()|dt.

0
As above we obtain

1 »

gt — 0 ullioian < ([ 100+ ther) — 0wl
We can conclude by Lebesgue dominated convergence theorem once we show that for all
t e (0,1),
1000 u(- + theg) — 0,07 ul| oy =% 0.
To obtain this last fact, fix € > 0, let I'. be a smooth approximation of 9,0"u with
||8g67u — FEHLP(Q//) <€,

where Q" CC ) is a slighly larger set than Q' (and we can assume that h is small so that

Q' +the, C Q. Then
10007 u(- + theg) — 000" u||1o(ary < 26 + ||Te(- + they) — Tell o) 0, o

Letting ¢ — 0 we conclude. U

Proof of Proposition 13.23(2). First let us assume that p < co.

Assume that for all £ € {1,...,n} we have

sup | AL |l wr—1p(0) < 00.
|h|<dist (©/,00)

Ay 2% f,, weakly in LP(€Y).
Since we are optimists, we call 9,07u = f;, € LP()'). We still need to show that 0,0"u
is actually the distributional derivative of u! Also, for simplicity of notation we drop the

i in h; and write h — 0 (meaning always this subsequence). Weak convergence means in
particular, that for any ¢ € C°(QY) C LP(§Y),

(13.8) o NSy 220 /Q/ 000"u

Since supp ¢ CC ' for |h| small enough we have that A%, p € C(Q'). Now we perform
a discrete integration by parts, namely by substitution,

/Q/ ASPu p = _/Q, O A%, o
Now since A%, o € C°(Y) is a testfunction and u € WH1P,
_/ A u = —/ Nu A% = (_1)|7\+1 —/ u A% =0, (_1)|vl+1/ u 0,7,

in the last step we used dominated convergence and the smoothness of .
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But then in (13.8) we obtain

(—1)h+ / u O = /Q 88u

This holds for any ¢ € {1,...,n} and so we have shown that d,0"u is indeed the weak
derivative of u which belongs to LP, and thus u € W*?(Q)). Since this holds for any
Q' C Q we conclude that v € W}?(Q). The estimate (13.6) follows from the estimate of
Theorem 12.13.

As for the case p = 0o, we observe first that for ' CC 2 the estimate

(13.9) sup | AR || i1 () < C(, £)
|| <dist (2,0)

implies (by Holders inequality) also

sup | AR ||z < O, 0)
|| <dist (€,00)

Thus (13.9) implies u € W;>?(Q) and in view of Proposition 13.23(1) we have that Af‘u —
Apu in WE12(Q).

In particular, we already have the existence of the distributional derivative yu € VVIIZC 2(Q).

Set

J— €y
A= sup sup (| AR ][ rk—1.00 (1.
Q'CCQ |h|<dist (2,09)

For simplicity of notation in the following we shall assume k& = 1.

We now claim that the above observations, together with (13.7), for any ¢ € C°(Q),

(13.10) /Qﬁzuso < Allelloie

Indeed, since for ¢ € C'°(Q2) let supp ¢ C ' CC €, then we have

oo = lim [ A o < Allpllur

=
which is exactly (13.10).

Let x € Q be a Lebesgue point of dyu in €2, i.e.
Opu(z) = lim .

r—=0J B(x,r)
Observe that almost all points in € are Lebesgue points (since dpu € L2,.(Q2)).

Set
1
Q' ={z€Q:dist(z,00) < idist (x,00)} CC Q.
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Then for all r < 1dist (z,0Q) we can set ¢ := |B(z,7)| " Xp@n € L*(Q) which can be
approximated by smooth C°(£') functions ¢; — ¢ in L2(£2). Since ' CC Q2 we also have
@i — @ in L'(Q) (observe [[¢| 1) = 1 by construction of ¢). Then

][ Jpu = lim Opuip;,
B(z,r) =00 J B(z,r)
which leads to
fy, 2ol < A i llollery < Allgllisian = A

B(z,r
Since x was chosen to be a Lebesgue point of dyu, and since the last estimate holds for any
r > 0, we find

|(9gu(x)|:lim|][ dyu| < A.
r—0 B(z,r)

This again holds for any Lebesgue point x € (), and since almost all points in 2 are
Lebesgue points,
|Opu(z)] <A ae z€Q,

which implies
|Ocu]| oo () = ess Sup |Opu| < A,

which was the claim. U
Theorem 13.24 (CF~b1 &~ Wheo), (1) Let Q@ C R™ be open and nonempty, k € N then
Ck_l’l(ﬁ) C Wk’oo(Q),

and the distributional derivative D*u belongs to L and we have
D"l (@) < O [DF iy ()
(2) Let Q CC R™ connected, 92 € C*'. Then for k € N
W (Q) ¢ ¢ (@),

and

[D* iy ) < C(k, Q) || D ul| p~ (0
The above holds in the following sense: recall that functions in LP (and thus in
particular in W* are classes (namely: two functions f,g € LP(Q)) are the same
if they coincide almost everywhere). So what we mean above is: For every f €
Wk (Q) there exists a representative g € C*11(Q) that coinides with f a.e.

Proof of Theorem 13.24. We restrict our attention to £k = 1 and leave the other cases as
exercise.

For (1): Let u € C%*(Q). Since u is Lipschitz,

sup sup | A ul| ey < [ulLip @)
Q'CCQ |h|<dist (,00)

From Proposition 13.23(2) we then obtain « € W1 (Q) with the claimed estimate.



ANALYSIS T & II & III VERSION: December 5, 2022 212
For (2):

First we assume that Q = B(0,1) is a ball, u € WH*(B(0,1)). We argue by mollification
(what else can we do): Let u. be the usual mollification u. = 7. * v which, as we already

know, converges in W,22(B(0,1)) to u. Moreover (also as seen before), for any & € (0,1),
x € B(0,0), if € < § then

Ou-(a) = [ Dyuly) nly — ) dy.
and thus whenever = € B(0,9), if e < ¢

|0puc ()] < [|0pu(y) || e 0,1y 1M 21 (B0,1)) = |0ew(y) || Lo (B(0,1))-

In particular, by the fundamental theorem of calculus (recall: u. is differentiable), whenever
e<0

[Us]Lip,B(o,l—é) < ”DUHL‘X’(B(OJ))'

Observe there is no constant on the right-hand side. Since moreover ||uc||z(ps0) <

||| Lo (B(0,1)) We have that u. is equicontinuous and bounded, and thus by Arzela-Ascoli
(up to a subsequence ¢ — 0) we have u. — u in C°(B(0,6)) (Here is where we find the
“continuous representative of u”; the limit of u. coinicides a.e. with ). In particular, u is
continuous in B(0,1 — 4). Also observe that for any =z # y € B(0,1 — §), for any € < 4,

u(@)—u(y)] < 2llu—uell Lo 01-5)+ e () —ue(y)] < 2l lu—te|lLoso1-a)+|z =yl Dull L= 50,1))-

This holds for any € < 4§, so letting € — 0 we obtain by the uniform convergence u. — u
in B(0,1—9).

lu(z) —u(y)| < |z —yll|Dullp=(50,1)) forall z,y € B(0,1-0)
This again holds for any 6 > 0 so that
u(@) = u(w)] < ¢ — gl Dull=poyy for all 2,y € B(O,1).
That is, u is Lipschitz continuous and we have
[U]Lip(B(O,l)) < HDUHL“(B(OJ))'
So Theorem 13.24(2) is established for 2 = B(0,1).

Next assume that Q CC R™ and 99 € C%!. Moreover we assume ) is path-connected.

The regularity of the boundary is used in the following way: For any two points z,y €
there exists a continuous path v connecting x and y inside 2 such that the length of ~,
L(y) < C(Q)|xr — y| (essentially take the straight line connecting x and y, when it hits 02
follow OS2, then regularize and shift it away from 052).

Since 2 is open, and by the argument above in every open ball we can replace u by its
continuous representative we may assume that u w.l.o.g. is continous, and we just want to
show that wu is Lipschitz continuous.
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Let z,y € Q and let v be such a path connecting z and y. Set § := %dist (v,090) > 0.
Setting L := [%W + 2 points (z;)E, in v, such that

i=1
and such that B(x;, ) N B(z41,0) # 0, x € B(xy,d) and y € B(xg,d). In every B(x;,9)
we use the argument from above, and have

[u]Lip (@) < [1Dull LBy < [|Dull L= (0)-
Now, by triangular inequality

L-1

u(@) — u(y)| <[u(z) — uzo) + [uly) — ulrL)] + ; Ju@:) — u(@ia)]

<[ Dufl o=@y (L + 1)26 < CL() < CQ)]| Dull o=y | — ol
This implies that u is Lipschitz continuous with
[ulLip < C(Q)|[ Dull (o).

which establishes the theorem. O

13.3. Remark: Weak compactness in W"*?. In the proof of of Proposition 13.23(2) we
derived and used the following consequence of Theorem 12.13, see also Proposition 12.16,
which we want to record (so we don’t have to argue always with Theorem 12.13.

Theorem 13.25 (Weak compactness). Let 1 < p < oo, k € N, Q C R" open. Assume
that (fi)ien is a bounded sequence in W*P(Q), that is

sup HfiHWk,p(Q) < 00.
ieN

Then there exists a function f € WFP(Q) and a subsequence Ji; such that f;; weakly Wk

converges to f, that is for any |y| < k and any g € L (Q), where p' = p% is the Holder

1
dual of p, we have
/mfijg = [ g
Q Q
In particular we have

I fllwrey < limsup || fillwerr)-

To obtain this statement one either proves it by hand from the LP-version. Or, one considers
WP as a closed subspace of LP x ... LP, as in the proof of Corollary 10.12 and used that
convex closed subsets are weakly closed, Theorem 12.26.
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13.4. Extension Theorems. If f is a Lipschitz function on a set 2 C R", then f can be
thought of as a restriction of amap f: R*" - R, f = f ‘Q This is (a special case of) the
so-called Kirszbraun theorem. This is in general not true for Sobolev functions, even if {2
is open.

Definition 13.26. Let QO C R™ be open.  is called a W*P-extension domain, if there
exists a linear operator F : WH?(Q2) — W1P(R") such that

Bu(z) = u(z) for all z € R", u € W*P(Q)

and F is bounded, i.e.
sup || Eullwrpgn) < 00.

”u”Wk,p(Q)Sl

Theorem 13.27. Any open set Q CC R"™ with boundary 02 € C* is a W"P(Q) extension
domain for k € N, 1 < p < o0.

More precisely, for any @ DD Q there exists an operator E WhP(Q) — W(f’p(fl) with
Eu=wuin Q and .
[ Eullyrs@ < C(Q,Qn, k) [ullwesq)-

Remark 13.28. Theorem 13.27 is not optimal w.r.t to the regularity of 9€). Indeed one
can show that any Lipschitz domain, i.e. any 2 C R™ open with 0f) locally a Lipschitz-
graph, is a W*P-extension domain. For non-Lipschitz-domains this may not be true, take
e.g. the example in Exercise 13.30.

Proof. We will first show how to extend W*?-functions from R” to all of R”. Then by
“flattening the boundary” (for this we need the regularity 0€2) we extend this argument to
general () as claimed.

From R? to R™:

Denote the variables in R" by (2, z,,) where 2’ € R""! and z,, € R.
We can explicitely define E, : W*P(R") — WHP(R™) by a type of reflection.

The main point is that we know (from the heaviside function example) that W'*-functions
cannot have a jump, so at least for smooth functions u, if we hope for Eyu € W* we need
that

lim Eou(y,y,) = lim Eou(y,y,) = Lm u(y,y,)
yn_>0+ —+

Yn—0" Yn—0
So, for k = 1 we could simply use the even reflection,
w(y', yn) if y, >0
Eou(y', yn) = uly/, lyn|) =

which indeed takes C°°(RT)-functions into Lipschitz-functions (i.e. W,;%°(R"™)-functions,
hence W,"(R™)).

oc


https://en.wikipedia.org/wiki/Kirszbraun_theorem
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More generally, for W#P-functions, & > 1 we then need that for any ¢ = 1,...,k the
(¢ — 1)-th derivatives in y,-direction coincide:

(13.11) lim (9,)"" Eou(y', yn) = lim (9,)""" Eou(y/,yn) = lim (9,)" " u(y/, yn).

yn—0" Yn—07F yn—0T1
So again, we use a reflection, but a more complicated one,

' if 4, >0
Eyulyy.) = 1 W 9n) = Yn
ou(y', Yn) {2521 o u(y, —iyn) if y, < 0.

Here, (0;)F_, are constants to be chosen, such that (13.11) is true for smooth functions:
Forall ¢ =1,... k

k
> oi(—i) N 0,) w2, 0) = (9n) u(2,0) = oi(—i)t = 1.

i=1 =1

Such a o exists by linear algebra: Defining a matrix A by Ay := (—i)*"!, and interpreting
o as a vector in R* we want to solve

Ao = I
1

which is possible if A is invertible (to check this is the case is left as an exercise).

Now we argue as follows: Let u € W*P(R"). By Proposition 13.18 there exists u; €
C>(R"! x [0,00)) that approximate u in W*P(R").

One now checks that Equ; € C*~11(R™), moreover we have for almost any z € R™ (namely
whenever x = (2/, x,,), with x, # 0), for any |y| < k,

(' n n >0
’87<E0Uj)(l'/,$n)‘ < C(O’, k) | kuj(x , L )| . x
i1 107 u(y, —iyn)| Ty < 0.
Let us illustrate this fact for k = 1, for £ > 1 it is an exercise.
8a:a(EOUj)($’,l’n) = axa’u]'(x’, |xn|) = (axauj)($,, |1.n|) a=1,...,n—1.
Ty

On, (Eoug ) (2, 20) = Opouj (@', [2n]) = (O, ) (2", |2n])
In particular we get that u € W*P(R™) and
[ Eotjl[wra@ny < C(k) |ujllwer@n)
In particular we get

lim sup || Eow |l wsp@ny < C(K) limsup [[u;|[wer@n) = C(k) [[ullwess)-

j—o0 J—00
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Thus, in view of Theorem 13.25 we find g € W*? which is the weak W*P-limit of Eyu;.
By strong LP-convergence of u; to u we see that indeed Eyg = u, and thus we get

| Eoullwragny < C(k) [lullwergn)-
as claimed.

From € to R™ We only sketch the remaining arguments. If 9Q € C* then from small balls
B centered at boundary points there exists C*-charts ¢ : B — R™ such that ¢(BNQ) C R?
(BN Q° C R*. By a decomposition of unity, we set u = Y, m;u such that 7; are
supported only in one of these balls B; N 2. Then (nu) o ¢; € WHP(R?) (since it is
locally in W*® and then it is constantly zero). Here we use that (we haven’t shown it) the
Transformation rule still holds for Sobolev functions. Then we extend (7; o u) o ¢; to all of
R™, i.e. considerEy((n;u) o ¢;). Finally we set

Eyu=)_ (Eo((nu) o ¢1)) o &7 "

A

The transformation rule shows that Eu € W*P(R").

From Q to Q' To get Fou € WaP(Q) we simply take a cuttoff function n € C°(), n =1
in €2, and set

Eyu :=nEiu.
O

Whenever ) is a W#P-extension domain, smooth C*°(Q)-functions are dense in W*»((Q).
In particular in view of Remark 13.28 the approximation holds for Lipschitz domains.

Exercise 13.29. Assume Q is a W*P-extension domain, 1 < p < oo. Show that any
u € WEP(Q) can be approzimated by smooth functions in C*(Q) (essentially: prove The-
orem 13.15 for such Q).

Observe that for general sets, C®(Q) (not C*(2)) is dense in W*P(Q), Theorem 13.16.

Exercise 13.30. Let Q2 be a two-dimensional disc with one radius removed (see picture
below), e.g. @ = B(0,1)\[0,1]x{0}. Prove that C*°(Q)) functions are not dense in WP().

&S

Why does this not contradict Theorem 13.15 or Theorem 13.277
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13.5. Traces. Let 2 C R™ be open and (for simplicity) 02 € C°.
If ue C*Q), a€(0,1] with
ju(z) — u(y)|

Ul e :=sup |u(xz)| + sup ———— < X
Jullewoy := supluta)] + sup Zr—

then we find a unique map u’ € C*(09). Indeed, for any T € I there exists exactly

G
one value u(Z) such that w(z) = limgs, 7z u(z), because ||u||p~ < oo and since we have
uniform continuity

a lz—y|—=0
[u(z) = u(y)] < [lulloa@lz —y|* == 0.
Moreover, for any 7,7 € 02 and x,y € ) we have
[a(z) —u(@)| <[u(@) — u(z)| + [u(z) —uly)| + |u(z) —a(y)]
<[a(z) — w(@)| + [lullce |z — y|* + [u(z) —u(y)|
Taking x+ — T and y — 7 we thus find
(7)) —u@)] < [lullo-|7 — 7|
that is
[@llce o) < llullca@)-

The map that computes from u the trace map @ we may call T, w = T'u. Then we have a
linear operator -

T:CH(Q) — C*(09),
By the computations above, T" is linear and bounded

| Tu]| crop0) < llullcre)-
On the other hand, when u € LP(Q) there is absolutely no reasonable (unique) sense of a

trace u
0

One interesting and important fact of Sobolev spaces is that there is such a trace operator
1
T if k—]% > 0, that associates to a Sobolev function v € W*?(Q) a map Tu € W »?(99).

Observe that formally, if p = oo (i.e. in the Lipschitz case, the trace map is of the same
class as the interior map, but for p < oo the trace map has less differentiability than the
interior map. We do not want to deal with fractional Sobolev spaces here, so instead of
proving the sharp trace estimate

T:WW(Q) = W' 5?(59Q)
we will only show the following:

Theorem 13.31. Let 2 CC R", 9Q € C', 1 < p < co. There exists a (unique) bounded
and linear Trace operator T

T : WP (Q) — LP(09)
such that
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(1) Tu = u’ whenever u € C°(Q) N WLP(Q).
o0
(2) for each u € WHP(Q) we have

| Tu|| Lo a0,a00n- 1y < C(Q,p) |lullwre

Proof. For u € C*(Q) N WP(Q) we define

Tu:=ul .
o0
It now suffices to show that for all u € C1(2) N W1P(Q) we have
(13.12) ITullsom < C@.0) lullwroce

Then, by density of smooth functions C*(Q2) in W'?(Q), Theorem 13.15, linearity and
boundedness of the trace operator, there exists a (unique) extension of T to all of W1P().

To see (13.12) we argue again first on a flat boundary 2 = R”}. A flattening the boundary
argument as above, then leads to the claim.

Observe the following, which holds by the integration-by-parts formula:

[ul|Z a1y = /Rn—lx{o} lu(2’)[PdH"(z) = /R" Op (Ju(z)P) dx = /Ri plu(@) P 2u(z) Oyu(z) do

+

Then by Young’s inequality, ab < C(a? 4 V") (where p/ = %1 is the Holder dual of p),
[, @ @) duute) de < € [l +10001) < Clulyss e
"

(this still works if p = 1 and p’ = oo!). This establishes (13.12) for 2 = R"}. For general €
we use a decomposition of unity and flattening the boundary argument as in the theorems
above. O

Theorem 13.32 (Zero-boundary data and traces). Let @ CC R" and 0Q € C'. Let
u € Whr(Q).

Then u € Hy?(Q) is equivalent to u € Wy* (), where
Wo?(Q) = {u e W'P(Q) : Tu = 0}
for the trace operator T from Theorem 13.51.
Remark 13.33. By induction one obtains that if 9 € C'* then Hy”(Q) are exactly those
functions where 7'(0"u) = 0 for any |y| < k — 1.

For time reasons we will not give the proof here. For a proof see [Evans, 2010, §5.5,
Theorem 2.
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Remark 13.34. The trace theory can be extended to Lipschitz maps and improved on
the boundary.

More precisely, let 2 C R™ be an open set (for simplicity: bounded) such that 02 is locally
a Lipschitz Graph (for simplicity: compact).

Denote for s € (0,1) the fractional Sobolev space (also called Gagliardo/Slobodeckij space,
there are many other fractional Sobolev space)

WoP(002) == {f € LP(0Q) :  [flwsrion) < 00},

where (the integral on the boundary is the H”_l—integral)

1

’p P
op dx d
Flweron) - </(‘)Q/8S2 |z — |" 1+5P 4

One can show that W*P(0(2) is a Banach space when equipped with the norm
1 lwsroa) = [|fllLe@0) + [flwsron).

Then there exists a trace map T : W(Q) — W' #P(99) (if p = co: W to Lip ) with
the following properties

e 7' is linear and continuous, i.e.

1711 CE) N llwree

wioEP( aQ)
o If feWP(Q)NCQ) then Tf = f
e There exists a linear bounded operatc?rQS : Wl_%’p(aQ) — Whr(Q),
1S fllwrny < CEQ IS,
such that 70 .S =id.

P (99)

This theorem is due to Gagliardo, [Gagliardo, 1957], see also [Mironescu, 2005].

13.6. Embedding theorems. Let XY be two Banach spaces. T : X — Y is a (we
assume always: linear) embedding if 7" is injective. We say that the embedding X C Y is
continuous under the operator T, if T is a linear embedding and T is continuous (i.e. a
bounded operator). If (as it often happens) T is (in a reasonable sense) the identity map,
then we say that X embedds into Y continuously, and write X — Y. E.g., clearly (by
definition)
WhP(Q) — LP(Q)
since, by definition of the norm

[ullzr) < llullwre)-
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Recall that we say than an embedding X < Y is compact if the operator T': X — Y is
compact, i.e. if for any bounded sequence (z,)neny C X, sup,, ||zn]|x < oo, we have that
(T'(zn))nen C Y has a convergent subsequence in Y.

From functional analysis we also have: If T': X — Y is compact, then if (x,),en is weakly
convergent in X then 7'z, is strongly convergent in Y.

By Arzela-Ascoli, it is easy to check that C*(Q) embedds compactly into C4#(Q) if k > ¢
and k+a >0+ 0.

The first important theorem is that for bounded sets {2 with smooth boundary we have
WLP(Q) embedds compactly into LP(Q2). (By induction: W*?(Q2) embedds compactly into
WEP(Q) whenever k > p).

Observe that by Theorem 13.25 we have weak compactness in W1P(Q) for bounded set,
but strong convergence in LP(£).

Theorem 13.35 (Rellich-Kondrachov). Let Q cC R™, 992 Cc C%', 1 < p < oco. Assume
that (ug)ren € WHP(Q) is bounded, i.e.

sup [|ug |l wir@) < 0.
keN

Then there exists a subsequence k; — 0o and uw € LP(Q2) such that uy, is (strongly) conver-
gent in LP(§2), moreover the convergence is pointwise a.e..

Proof. If p = oo, from Theorem 13.24 we have W>(Q) = C*'(Q). By Arzela-Ascoli it
is clear that C%! is compactly embedded in C°(Q), so in particular in L> (which has the
same norm as C%(Q).

Now let p € [1,00). By the extension theorem, Theorem 13.27 we may assume that
uy, € WHP(R") with suppug, C B(0, R) for some (fixed) large R > 0.

The main idea is to use Arzela-Ascoli for mollified versions of uj. Denote by n € C°(B(0, 1))
the usual bump function, [n =1, and 7. = ¢ "n(-/¢). Set

Upe =N *up € CF(B(0,2R)).
Observe that
ke (2)] < C(R)e™ ur| o(s0.m))
| Due ()] < C(R)e™ lunlloso.r),
so since uy, is bounded (even LP-boundedness is enough for now) we have

SUp [tk e|ip ) < C(€)-
keN

That is, for any ¢; := % there exists a subsequence Uk ) e that is convergent in L*(R™).
J
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By a diagonalizing this subsequences we obtain only one subsequence wuy, .. so that for any
fixed ¢; we have convergence in L*(R"), i.e. for any j € N and any 6 > 0 there exists
N;s € N such that

H Uk, e ks 7EJHLoo (Rm) < 1) le,zz > Nj75.
1 2

Next we observe, by the fundamental theorem of Calculus,

s (@) = ey, ()] = [ ), (2 = 2) = g, (2 / | D, (z — )] |2ld= dt
B(0,e)

1 n
<et = ([ Du, (e —t2)P) e dzdt
0 B(0,¢) !

Thus, by Fubini
(13.13)

ik, = 0k, ey =, = 0, o, n(p020) (/ Lo o 1Pt x—tz)dxdzdt)

LP(B(0.2R))-

=

Now we claim that this leads to a Cauchy-sequence for the (non-mollified) wuy,: Let § > 0.
||u/€i1 - ukiz ||LP(R” SHUkzl - ukil,aj ||LP(R") + ||uki1,5j - ukiQ,ej ||LP(R”) + ||ul€i2,6j - uki2 ||LP(R")

(1

w =

13

IA

)
2C; Sl}ip ||Uk||W1«P(Rn) +C(R) Hukil,sj T Uiy ||L°°(B(2R))

Choosing now first ¢; small enough so that

o
20€j SI]J;p ||uk||W11P(R") < 5

and then choosing for this ¢; the N(e;,d) large enough so that for any i;,i; > N(gj, 9)

d
C(R>Huki1,5]~ - ukiz,stLoo(B(QR)) <35

2
we see that
|wr;, — tp,, |Lrny < 0 for any iy,ip > N(gj,6).
That is, uy, is a Cauchy sequence in LP(R™) and thus converges. O

One important consequence of Rellich’s theorem, Theorem 13.35 is Poincare’s inequality.
In 1D it is called sometimes Wirtinger’s inequality — and it is quite easy to prove. Let
I = (a,b) C R, then for any u € WHP(I),
(13.14) lw = (W)rllzey < CUp) 1| Loy
Here

(w); =+ u

I

denotes the mean value of u on I.
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The proof of (13.14) is done by the fundamental theorem of calculus, Lemma 13.22. We
have (using Hoélder’s inequality and Fubini many times)

Ju illy < 7 [ [ lute)=at)l <117 [ [ [ 1+ (0= t) P o =y d dys

Now observe that by substituting § := tx + (1 — )y, we have

][|’1/§//|u’ (tx + (1 = t)y)|’ |z — y|P dz dydt

]p/ //7|u )|P dy dxdt
rl

2
o) [* T 1] g,
=C(L, )1 70,
In the same way, substituting z := tx + (1 — t)y

1
117 ) [ [+ =) o = P do dyat

<O )
So (13.14) is established.
The Poincare inequality says that (13.14) holds also in higher dimensions,
(13.15) [ = (wellr@) < CQ,p)[IVullro

If Q is convex, the above proof works almost verbatim, in general open sets €2 this is more
tricky:.

Clearly, (13.15) does not hold if we remove (u)q from the left-hand side. Indeed, just take
u = const to find a counterexample. And indeed, a W'P-Poincaré-type inequality holds
whenever constants are excluded in a reasonable sense.

Theorem 13.36 (Poincaré). Let @ CC R™ be open and connected, 92 € C*!, 1 < p < 0.

Let K C W'P(Q) be a closed (with respect to the W'P-norm) cone with only one constant
function uw = 0. That is, let K C W'?(Q) be a closed set such that

(1) u € K implies A\u € K for any A > 0.
(2) if u € K and u = const then u = 0.

Then there ezists a constant C' = C(K,Q) such that
(13.16) |ullr) < C||Vullpr) Yu € K.

The proof is a standard method from analysis, called a blow-up proof. One assumes that
the claim is false, and then tries to compute/construct the “most extreme” counterexample
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— which one then hopes to see cannot exist. Before we begin, we need the following small
Lemma.

Lemma 13.37. For Q C R” open assume that u € W51 (Q). If Vu = 0 then u is constant
in every connected component of ).

Proof. This follows from (local) approximation by smooth functions. If Vu = 0 then
Vu., = 0 in Q_., where u. = n. * u. This implies that u. = const in every connected
component of 2_.. Pointwise a.e. convergence of u. to u gives the claim. O

Proof of Theorem 13.36. Assume the claim is false for a given K as above. That means
however we choose the constant C' there will be some countexample u that dails the claimed
inequality (13.16).

That is, for any m € N there exists u,, € K such that (13.16) is false for C' = m, i.e.
(13.17) |t Lr@) > M || Vum || Lr(0)-

Now we construct the “extreme/blown up” counterexample (that, as we shall see, does not
exist — leading to a contradicition).

Firstly, we can assume w.l.o.g.

1
(13.15) ftllzoey =1 [ Vumllrey < -
Indeed otherwise we can just take i, := H“m’lﬁ% which satisfies (13.18).

(13.18) implies in particular,

Sup || |[wie@) < 00.
m

In view of Rellich’s theorem, Theorem 13.35, we can thus assume w.l.o.g. (otherwise
taking a subsequence) that wu,, is convergent in LP(Q2). In particular u,, is a Cauchy
sequence in LP(§2). Observe that also Vu,, is a cauchy sequence in LP(S2), indeed by
(13.18) Vu, == 0 in LP(2). In particular, u is a Cauchy sequence in W'P(€2). Since
WhP(Q) is a Banach space we find a limit map u € W?() such that

m—r0o0

(13.19) [t — o) =225 0,

In view of (13.18) this implies that Vu = 0. From Lemma 13.37 and since {2 is connected,
u is a constant map. But since K is closed we have that © € K, and since the only constant
map in K is the constant zero map, we find u = 0 in Q. But then by (13.19)

[t lwp(@) == 0

which contradicts the conditions in (13.18), namely

(13.18)
[tmllwre@) = lltmlle@) =" 1.
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We have found a contradiction, and thus the assumption above (that for any m there exists
u,, that contradicts the claimed equation) is false. So there must be some number m such
that for C':= m the equation (13.16) holds. O

Observe we have no idea what kind of C = C(K) we get in Theorem 13.36 — which is
somewhat the unsatisfying part of this type of blowup proof.

Corollary 13.38 (Poincaré type lemma). Let Q CC R" be open, connected, and 92 € C%1.

(1) There exists C' = C(Q) such that for all w € WP(Q) we have
lu = (wallr@) < CQ)[Vull o)

(2) For any Q' CC Q open and nonempty there exists C' = C(2,€Q) such that for all
u € WHP(Q) we have

[ = (WerllLri) < C(Q, Q) [Vl Lo
(3) There exists C = C(Q) such that for all u € W,P(Q)
[ullr(@) < CE)[Vul o)

If Q = B(x,r) (and in the second claim Q) = B(xz, Ar)) then C(Q) = C(B(0,1))r (and for
the second claim: C(Q,Q)) = C(B(0,1),B(0,\))r).

Proof. The last claim can be proven by a scaling argument, and it is given as an exercise,
Exercise 13.40.

Regarding the first claim, we simply let
K = {u e W"(Q), (u)q = 0}.

By Rellich’s theorem, Theorem 13.35 this is a closed cone in W1?. Observe that if u € K
is constant, u = C then (u)g = C' = 0 by assumption, so C' = 0. That is, the only constant
function in K is the zero-function. Clearly u — (u)q belongs to K, so we get the claim.

Regarding the second claim, we argue similarly setting
K = {U S Wl’p(Q), (u)Q/ = 0}

Regarding the third claim, observe that W, (Q) is (by definition) a closed set, and since
it is a linear space it is in particular a cone. Now if u € W, () is constant, v = ¢ then
u is in particular continuous, but then by the zero trace theorem, Theorem 13.32 ¢ = 0.
Again, the only constant function in K is the zero-function. U

Exercise 13.39 (Bramble-Hilbert — higher order Poincaré). Prove that for any k € N and
any smoothly bounded domain €2 we have the following:

For each u € W*P(Q) there ewists polynomial p of degree at most k — 1 such that
lu = plleo@) < CIIV o)
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o Show this is a version Poincaré’s inequality, Corollary 15.538, if k = 1.
e Prove the statement for k = 2 by choosing explicitely the polynomial
e Prove the statement by blow-up.

Let us also illustrate how one can obtain a more precise dependency on the constants using
a scaling argument

Exercise 13.40. Denote by B(zo,7) C R the ball centered at x and with radius r. Show
that there exists a uniform constant C = C(n,p) such that for any B(xo,r) and any
u € WHP(B(zg,1)) we have

v — () Beo.) | Lr(Bor) < C(1,0) 7 [[VU|| Lo (B(2or)-

Hint: Prove the inequality for B(0,1). To get it for general u € W'P(B(z,r)) apply the
B(0,1) inequality to v(x) := u((x — x¢)/r) (see also Lemma 13.43).

We have seen in Theorem 13.35 and used in the Poincaré inequality that W,27(Q) embedds
compactly into L7 (2). There is a meta-theorem/feeling that “above” any compact em-
bedding there is a merely continuous embedding, for more precise versions of this effect
see [Hajtasz and Liu, 2010].

In our case it is that W'? embedds into LP" where p* follows the following rule

(13.20) 1-2=0-=
p p

(we will see this numerology appear later again for Morrey and Sobolev-Poincaré embed-
ding, Corollary 13.45 and Theorem 13.49). Observe that p* = n"—_pp € (1,00) for p < n. We

set p* := oo for p > n. p* is called the Sobolev exponent. What happens if p* > n (which
should be interpreted from this numerological point of view as p* > 00? Theorem 13.49
will tell us: u is Holder continuous.

Theorem 13.41 (Sobolev inequality). Let p € [1,00) such that p* := n"—_pp € (1,00)
(equivalently: p € [1,n)). Then WHP(R™) embedds into LP" (R™). That is, if u € WHP(R™)
then u € LP"(R™) and we have®
ul o= gy < Cp; 1) [ Dul| Lo gn).-
Exercise 13.42. Take u =1 in R". Show that
(1) u & LY(R™) for any q € [1,00).

(2) Du =0 (in distributional sense)
(3) Conclude that for p € [1,n) we don’t have

[ull o gy < C ([ D] Lo eny.
(4) Why does the latter fact not contradict Theorem 13.417

36The optimal constant C (p,m) has actually a geometric meaning, and is related to the isoperimetric
inequality, cf. [Talenti, 1976]
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Proof of Theorem 13.41. There are more than one way to prove Sobolev’s inequality. One
(the “Harmonic Analysis” one) is by convolution, using the Riesz potential representation
and boundedness of Riesz transform on LP-spaces. It is very strong and general but beyond
the scope of these lectures.

The one we present here is an elegant trick due to Nirenberg (here we are again!). It is
much less stable, relies heavily on the structure of R”, etc., but it obtains the case p = 1
(that in general is much more difficult to obtain), see e.g. [Schikorra et al., 2017].

By approximation it suffices to assume that u € C°(R™).

Let © = (21,22, ...,x,) € R". Then we have by the fundamental theorem of calculus
Y1
u(zy, o, . .y Ty) = u(yr, T, . .., Ty) + Ohu(zy, e, ..., Ty) d2y.
z1
Taking y; large enough we have u(yy, 2, ..., z,) = 0, since supp u CC R". Thus we obtain

the estimate
|u(zy, o, ..., Ty)| §A|Du(zl7x2,...,xn)\dzl.

The same way we obtain, for any £ =1,...,n,
lu(zy, e, . .. x,)| < /R |Du(z1, 9, ...\ 20, ... Tpn)| dzp.
Multiplying these estimates for £ = 1,...,n we obtain
|u(zy, o, ... )" < I / |Du(z1, 9, ...\ 20, ... Tp)| dzp.

Now we prove the case p =1, when p* = 5. We have

1

/R|U(x1,x2,.._7xn)|#dxl < / I, (/ |Du(l'1,l'27...,Zg,...flfn)|d2g> " dxy

1

([ ) 0 ([t i)
z1€ER R

Now by Hélder’s inequality®”

1
/H?zg (/ ’DU(SCl,l'Q,...,Z@,...$n>|d25)n_ dx; < (Hz 3//\Du xl,xQ,...,zg,...xn)\dadm)
R R

and thus

/\u(x) Aidr, < (/ |Du(zy, 29, ..., x )]d21> ) ( //|Du X1, X2, ..., 20, ...:Un)\dzgdm) )
R z1€ER

3Tthe generalized version for k :=n — 1 and all p; := n — 1: whenever py,...,px € [1,00] and 3, % =1,

1

Pi
[t <ni ([ 1)
R4 R4
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Now we integrate this with respect to x5, and again by Hoélder’s inequality,

//|u(:v)|nz1dx1dx2
R JR
< </ |Du(z1, 22, ..., % )|d21> 1( //|Du X1, X0, ..., 2 g,...:vn)|d24dx1>n dxs
xo€R z1€R
S(//|Du(x1,z2,a73,...xn)|d22dx1> =
R JR
1

1 1
/ . (/ ER|Du(zl,x2,...,xn)|dzj)n (H?:g/R/R|Du(m1,x2,...,Zg,...xn)]ddem)" dxs
o z1

1

S(//\Du(ml,ZQ,:cg,...xn)\dzgd:m)H
R JR
</ / |Du(z1, za, ..., x,)| dz; de) ) (Hz j/ //]Du L1, Ty ..y 2 g,...xn)]ngdxl,d.xg)
z2€R Jz1ER r2€R

If n = 2 we are done (the II}_s;-term is one). If n > 3 we see a pattern, continuing to
integrate in x3, ..., x, we obtain

1

_n_ n—1
/]R/R |U(£L‘)|”z1dl‘1dl'2 SH?:1 (/R” |DU({L’1, sy L1, 20 LYl - - {L‘n)|dI1, s L1520, Loyl - - - In)>

()"

Taking the exponent == on both sides we obtain

(13.21) [l 22t gy < 1D 21 my

This is the claim for p =1 (ie. p* = -27).

The general claim follows when we apply the p = 1 Sobolev inequality to v := |u|? for

some 7y > 1 that we choose later. We have
|Dv| = |DJul"] < ylul"""|Dul,
thus (13.21) applied to v

(13.22) Il C)lul"" [ Dul [ 21 gy

Now observe that

HIUI”IIM t@e) = 1 anr gy

Moreover, by Holder’s inequality, p’ = p%l,
e [Dull| 21 gy < Mul” M| o o | Dl Loy = Nl it @ 1 Dull Lo @)

So (13.22) becomes

lull?, ny ) Ul @y < CO)IDuU| Loy
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Choosing v := 222 > 1 we have v+ = p'(y —1) = p*, and then

-1
n—p

HUHLP*(R”) < I Dul| o @n)-

The relation between p and p* in Theorem 13.41 is sharp in the following sense
Lemma 13.43. Assume that p,q € (1,00) are such that for all u € C*(R")
(13.23) [ullLarny < C(p,n) || Dul| o).
Then p = q*.
Proof. This is proven by a scaling argument. Assume (13.23) holds. Take an arbitrary
u e Cé)o(Rn) SUCh that HDU/HLP(R") Z 1, ||UHLP(R") Z 1
We rescale u and set for A > 0,
ux(z) = u(Ax).
We apply (13.23) to uy. Observe that by substitution
lurllzamny = A™ 7 ||ul| La(rny,

and since Vuy, = A(Vu), we have

IVurllo@ny = A% [Vl oeny.
From (13.23) applied to uy we then obtain for any A > 0,

A7l oy < ATF [V o)

Equivalently, setting A := ||Vu||Lorn)/| || Lo@mny > 0 we obtain

n

N7a 072 <A YA>0

The exponent above the A is exactly the numerology of (13.20)! In particular, if ¢ # p*
then 0:=0—2 — (1 - 7) # 0, and we have

n
p

AP<A VA>0

If 0 >0 welet A\ = oo, if 0 <0 welet A — 0" to get a contradiction. Thus, necessarily
o =0, that is ¢ = p*. O

Corollary 13.44 (Sobolev-Poincaré embedding). Let f € WIP(R"), 1 < p < n. For any
q € [p,p*] we have f € LY(R™) with the estimate

I llony < Clan) (1 eoey + 1D Fllrn ) -
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Proof. We first claim that
(13.24) 1 Sony < Clasn,p) (11 ny + I DS @n))

Clearly, the claim holds for ¢ = p and, by Theorem 13.41, for ¢ = p*.

Now observe that for ¢ € [p,p*] we can estimate the Li-norm by the LP-norm and the
LP"-norm (this technique is called interpolation).
Rl
RTL

[oa= [ 1+ [ e < [ 17

1 N Eoeny < WG eny + 1N Tom gy S Wy + DS eny
This proves (13.24).

That is,

How do we get the main claim? Well from (13.24) we find

sup £l aeny < C(p,n,q).
fewlp(R"): HfHWLp(Rn)Sl

So in particular we have for any f € W'P(R"™).
L /1 F ooy | oy < C o, q)
Thus,
£ |z < Clp,m, 0) Lf lwrogen-
O

Corollary 13.45 (Sobolev-Poincaré embedding on domains). Let Q C R" and 92 be C*
(if n = 1 assume that Q is an interval). For 1 < p < n we have for any u € WHP(Q),

lul| o2y < C() (Jlull oy + 1Dull oy )
Also, for any q € [p,p*]
| zae) < C(Q,q) |lullwirq)-
If moreover @ CC R™ and u € Wy *(Q) then
1wl Lo (@) < C(Q) [[DullLea)

Lastly, if 1 <p < oo and Q@ CC R™, u € W'P(Q) then for any q € [1,p*] (if p < n) or for
any q € [1,00) (if p = n)

[ull Loy < C(Q,q,p,n) [lullwir)-
Proof. By the extension theorem, Theorem 13.27, we can extend u to Fu € WhP(R").
Then from Sobolev inequality, Theorem 13.41, we get

lull o ) < | Btl| o ey S IDEulloany S CQ)lullwiny < CQ) (Iullrey + | Dull o)



ANALYSIS T & II & III VERSION: December 5, 2022 230

The second claim follows from the same argument using Corollary 13.44. Indeed from that
we obtain For any A > 0 there exists a constant C'(€2, g, A) such that
[ullLo) < C(Q,¢, A) Vu: fullwree) < A

Setting A = 1 and applying this inequality to u/||ul[w1r) we conclude.

The third claim follows from Poincaré inequality, Corollary 13.38, since for u € Wol P(Q),
2 CC R™ we have

[ull o) < CQ)|| Dullze ).
The last claim follows by additionall using Hélder’s inequality: if p < n, ¢ € [1,p*],
[ul| o) < CIQ, ¢, p)|ull = ) < CUL g, p)[ullwrsq)

If p>nand n>2 and g € [p,00) we can find 1 < r < p such that co > r* = & > ¢.
Thus, from first Holder’s inequality, then Sobolev inequality, and then again Holder S
1nequa11ty,

[ull Loy < C(IQ], ¢, P)lull @) < CULL g, P)[ullwrr) < CUL ¢ p) lullwrre)-

So the only remaining case is n = 1. Then by assumption 2 = (a,b). From the fundamental
theorem of calulus

£ ( |<L/ A|dz Y,y € (a,b).
Thus
|f(:r)—|b—a]‘1/( ) \</ dz V€ (a,b).
a,b
Thus,
1f@)] <10 —=al" I fllrap + 1 lei@ey Vo € (a,b)
That is

1l @y < Cla, b)ILf[lwr(ab)-
In particular, by Hélder’s inequality, for any ¢,p € [1, 00].

Hf||LQ((a,b)) < C(a,b,p, Q)||f||W1m((a,b))-

4

Theorem 13.46 (Sobolev Embedding). Let @ CC R™ be open, 02 € C%', k > ( for
k., € NU{0}, and 1 < p,q < oo, such that (compare with (13.20))

(13.25) k-0
p q
Then the identity is a continuous embedding W*P(Q) — W44(Q). That is,
(13.26) lullwraay S €k, 6,0, a) [ullwnrcay
If k > ¢ and we have the strict inequality
(13.27) k—2s0-2

p q
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then the embedding above is compact. That is, whenever (u;)ien C W*P(Q) such that

sup ||w;[|lwer (@) < 00
K3

then there exists a subsequence (u;;)jen such that (u;)jen is convergent in W59(€2).

Proof. It k = ¢, then (13.25) implies p > ¢. Thus, in that case (13.26) follows from the
Holder’s inequality:

HUHWZ»Q(Q) < C(|Q,n) ||u||W47P(Q) = C(|2],n) ||u||WkaP(Q)

Next we us assume k = ¢ + 1. Then (13.25) implies that ¢ < p* (if p < n) or ¢ < oo
(for p > n), wher we recall the Sobolev exponent p* := n”—_’;. Then by Sobolev inequality,
Corollary 13.45,
1/l < Clg; D[ fllwrre)-
Applying this inequality to f := 0"u for |y| < ¢ we obtain (13.26) for k£ = ¢ + 1, namely
for ¢ < p~,
[ullwea) < Clp, g, Dllullwerre)

More generally If K = ¢+ N for some N € N, set r; := (r;_1)* fori = 1,..., N with rq := p.
This works well if all of the 7} # oo (otherwise we choose r; < (r;,)* and ry < p, but large

enough such that ry > ¢). Then (13.25) implies that ¢ < ry, and we get first by Holder’s
inequality then by the argument above iterated

HUHW""?(Q) N ||U||WMN(Q) S ||U||wf+1»w71 Q S-S HUHW’WO(Q) S ||U||kap(ﬂ)-
Q)

This proves the continuous embedding, (13.27) in full generality.

As for the compact embedding, it suffices to assume k& = ¢+1. This is because combinations
of continuous and compact embeddings are compact, so if we show the compactness of the
embedding satisfying (13.27) for & = ¢ + 1 then we can build a chain of embeddings as
above to get a compact embedding for all & > /.

Moreover, we can assume w.l.o.g. k =1, ¢ = 0. The general case then follows by considering
DNu for |y] < L.

So let 1 < g < p* (i.e. (13.27) and assume that we have a sequence (u;) such that

sup || wi|lwre (@) < oo
(2

Fix r € (¢,p*) (if p > n then r > ¢. By Sobolev’s inequality, Corollary 13.45,
(13.28) A = sup [[ui| Lr ) < 0.

By Rellichs theorem, Theorem 13.35, we can find a subsequence u;; that is strongly con-
vergent in LP(£2) and in particular we can choose the subsequence such that u;, converges
pointwise a.e. to some u € L9(€2) (that u belongs to L", and thus to L? follows from the
weak compactness, Theorem 12.13, or Fatou’s lemma).
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Now we use Vitali’s convergence theorem, Theorem 3.59. To show the uniform absolute
continuity of the integral let € > 0 and for some ¢ to be chosen (independent of j) let
E C Q be measurable with |F| < §. Then we have by Hoélder’s inequality (recall A from
(13.28))

11 11
Sup Huia‘HLq(E) < |E|a"r sup Huz’jHLr(E) <da TA.
J J
So if we choose § = d(g, A) > 0 small, so that
11
da PN <e,

then

sup ||ug, ||pae) <€ whenever ' C 2 measurable and |E| < 4.
J

This is uniform absolute continuity, and by Vitali’s theorem wu;, is convergent in L7(2).
This shows compactness, and Sobolev’s embedding theorem is proven. U

Our next goal is Morrey’s embedding theorem, Theorem 13.49. For this we use a charac-
terization of Holder functions by so-called Campanato spaces.

Theorem 13.47 (Campanato’s theorem). Let u € L'(R™) and assume that for some A > 0

(13.20) A= sup 1M fu— ()| < o0,
B(z,r)CR" B(z,r)

where

U)B(z,r :][ u.
( ) (@) B(z,r)

Then u € C)(R™) and we have for some uniform constant C = C(n,\) > 0

loc

SUPM < C A,
ary | =yl

Remark 13.48. The converse also holds, if u € C* than A < [u]¢e, which is an easy
exercise to check.

Proof of Theorem 13.47. First we claim that for any R > 0 and almost any x € R" we
have for some uniform constant C' > 0

(13.30) lu(z) — (W) per)| < C RMA.
To see this, observe that for almost every x € R”, by Lebesgue’s theorem, Theorem 5.18,

limy, 00 (1) p(z2-# gy = u(). Thus, by a telescoping sum

(13.31) [u(@) = (u)p@r)| < ) ’(U)B(m,ﬂR) — () 2-k+1 )
k=0
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Now,
‘(U)B(m,Q*kR) - (U)B(:c,Z—(k‘i'l)R)’
S][B(x,Q(k+l)R) ’U<Z) - (U)B(x,Q*kR)‘
|B(z,27*R)|
N |B(,§U’ 2_k+1R>’ B(z,2-*R) ’U(Z) (U)B(w,Q—kR)‘

=C(n)

(13.29)

< C( YA (27FR)N
Plugging this into (13.31) we get

u(x) = (u),m)| < C(n RAZ2 M2 (0 n)A R,
k=0

i.e. (13.30) is established.

Now let z,y € R™. Set R := |x — y|. Then

[u(x) —u(y)| <|lu(r) — (W) B@,r)| + |u(®) — (W) B.R)| + [()BY,R) — (U)BR)]
(13.32) (13.30)
< C(n, M|z —yl* + [(w)b,r) — (4)B@r)-

We have to estimate the last term, which we do as above: Observe that B(z,2R) D
B(y, R)U B(z, R),

(@) By.r) = (W) Ba,m)|
< - dzyd
o T 111) — (2l

|B(z,2R)| |B(z,2R) |][ ][
< f—
~ |B(y,R)| |B(z,R)| JB(z.2r)) B(z,2R) |u(z1) — u(22)|dz1dzo

=C(n)

—C(n ][ ]l w(z1) — (u) peam|dadz + C(n) ]l ]l (1) oz — (z2)|dzrdz
(z,2R)J B(z,2R) B(z,2R)J B(z,2R)

:C’n][ ][ lu(z1) — (v)B(a dzdz+Cn][ ][ W) B(z2r) — W(22)|dz1dz

sam Lo [1G) — Waeanldadz+ 00, f - ((0)sear = ulz)ldadz

~2C(n) ][B(x,m) [u(2) — (1) pe2my 42

(13.29)

< 2C(n,\)R .
Since R = |x — y|, together with (13.32) we have shown
u(z) = u(y)| < Cn, M|z —y/*,

and can conclude. O
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Theorem 13.49 (Morrey Embedding). Let Q CC R"™ with 92 € C*, k € N. Assume that
forp e (1,00), € (0,1) and ¢ < k we have

k—">r1a
p

Then the embedding W*P(Q) — C**(Q) is continuous.

If k — % > { + « then the embedding is compact.

Proof. Let u € W*P(Q). By Extension Theorem, Theorem 13.27, we can assume u €
WHP(R™) and suppu CC B(0, R) for some large R > 0.

As in the Sobolev theorem it suffices to assume ¢ = k — 1, and indeed we can reduce to the
case k =1 and ¢ = 0.

We use Campanato’s Theorem, Theorem 13.47. For B(x,r) C R", we have by Poincaré’s
inequality, Corollary 13.38, and then Hoélder’s inequality,

1
" p
][ [u— (1) Bz < Tl_)\][ |Du| = C’rl_”/ |Du| < Cri=™r" 5> (/ ]Du|p>
B(z,r) B(z,r) B(z,r) B(z,r)

That is,

B(z,r)CR™ B(z,r)

Thus, by Campanato’s theorem, if 1 — y=0+ac (0,1), then (using also the extension
theorem estimate),

[u]ce@) < [ulce@n < Cllullwrir),
which is the continuity of the embedding of W'#(Q) in C** if 1 — 2 =0+ a.

If on the other hand 1 — % > 0+ «, then we use Arzela-Ascoli to show that the embedding

L* N CP(R") — L>® N C*R") is compact if 3 > «, and from this we conclude the
compactness of the embedding W'?(Q) — C*(Q) if 1 — 2 > a. O

In general W' -functions in R” may not be continuous, if n > 2, loglog|z| is the example
to have in mind. However recall that for n = 1 we have

Proposition 13.50. Let f € W' ((a,b)) then f € C°(a,b) (in the sense of representative).

Proof. Approximate f by fi € C*([ay,b1]) where a < a; < by < b is taken arbitary.
We have by the fundamental theorem of Calculus for all z,y € [ay, by],
Y
ful@) = fuly) = [ fil)a

That is ”
i) = el < [ 1) = FElde+ [TIF @)=
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Now let ¢ > 0. By absolute continuity of the integral and since f’ € L', there exists a
01 > 0 such that

v c
/|f(z)|dz<Z Y,y € la1,bil, |z — y] < 6.

By L'-convergence f; — f’ there exists some K € N such that

€
su () — f(D)]dz < =.
@Emmnm‘) f1(2)] 1

Lastly let 0o < &; such that for all (finitely many!) k& € {1,..., K'} we have
€
(@) = fiy)l < 7 Vie—yl<d ke{l,.. K}
Then we have

[fe(x) = fry)| <e VEkeN, |z—y|<do.
That is, (fx)ken is equicontinuous on [ay, by].

Since fi(z) converges (up to going to a subsequence which we will not relabel) a.e. to f(z),
we can pick some z € [aq, by] for which f(z) < co and then conclude that by equicontinuity
(up to taking again a subsequence not relabeled)

sup [ fi(y) — f(@)] < sup (|fi(w) = fi(y)] + |/ (@)]) < C < o0

That is (fx) satisfies the conditions for Arzela-Ascoli, thus it converges uniformly to a
continuous function g.

Since fi also converges a.e. to f we conclude that g = f a.e. —i.e. f as a continuous
representative. U

One can also show that W™!'-maps are continuous in R".

13.7. Fun inequalities: Ehrling’s lemma, Gagliardo-Nirenberg inequality, Hardy’s
inequality. We know Sobolev and Poincaré inequality in various versions. There are many
more cool inequalities.

13.7.1. Ehrling’s Lemma.

Theorem 13.51 (Functional Analytic Ehrling’s lemma). Let (X, |- ||x), (Y, llv), (Z, ||
|z) be three Banach spaces which are subspaces of each other X C'Y C Z with the following
properties.

e X is compactly embedded in Y, that is X CY and every | - || x-bounded sequence
(xr)r C X, supy, ||zx||x < 00, has a strongly || - ||y -convergent subsequence (xy,)ien,
i.e. for somey €Y and ||z, — yly — 0.

e Y is continuously embedded in Z, that is Y C Z and there exists A > 0 such that

lyllz < Allylly for ally €Y.
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Then for every € > 0 there exists a constant C(g) > 0 such that the following holds
llzlly <ellzllx +C(e)|lz]lz Yz e X.

Exercise 13.52. Let (X, - ||x), (Y, - |ly) be Banach spaces. Show that if X C Y is
compactly embedded, then X CY is continuously embedded.

Proof of Theorem 13.51. This is once again a typical blow-up proof.

Fix ¢ > 0. Assume the claim is false, then for any k& € N there exists a “counterexample”
2 € X such that

leklly >ellzrlx + Kllalz Yk
Dividing this inequality by ||zx|y (cannot be zero because of the strict inequality) and
otherwise switching over to &) := "~ we may assume w.lo.g. |zk|ly = 1 for all k& and
thus
1> ¢||lzgl|x + kllzkllz k.
In particular,

1
sup [lzk | x < -
k 13
and
lim ||z|lz < li 1—O
e 1Pkl z = D = Y
By compactness X C Y and since (xy) is || - || x-bounded, up to passing to a subsequence

k— o0

(xk, )i, we can assume w.l.o.g. that there exists y € Y such that ||zx — y|ly —— 0. In
particular since ||xy||y = 1 we find that ||y||y = 1. By the continuous embedding ¥ C Z

we also have ||lzx — ||z 2222 0 , but since [|zx]z 2225 0 we have y = 0, which contradicts

lylly = 1.

So there must have been some k € N for which there was no counterexample x; — and thus
the claim is proven. O

Corollary 13.53 (Sobolev spaces version). Let Q@ C R™ be a bounded open set with smooth
boundary, and 0 < { < k, p € [1,00). Then for any € > 0 there exists C(Q,e,p) > 0 such
that

1D ull ooy < el D¥ull o) + C(Q €, p)lull ooy

Proof. 1t suffices to prove this claim for k& = ¢ + 1. Indeed, then (we can always assume
that ¢ is smalll)

1Dl 1o () <el| D ull o) + C 2, p, 0)||ull oo

<|| D ul 1oy + (C(Q,6,p,€) + eC(Q,e,p, £ + 1)) ||ull Lr ()
<...

<" D"l ooy + C (2 €, p, 6, F) |ull o o)-
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So assume k = ¢+ 1. Set
X = WHP(Q), Y :=WP(Q), Z=LF(Q).
In view of Sobolev and Morrey’s embedding, Theorem 13.46 and Theorem 13.49, all the
conditions of Theorem 13.51 are met, so we have for any € > 0 some C(¢) > 0 such that
Yo ID%llp <e Y 1Dl + Ce)ullr  Vu € WHP(Q).
la| <8 || <l+41

Now if € < % (which we can always assume), we can absorb the terms up to order ¢ on the
right-hand side, namely

(1—¢) Z |1D%||r <€ Z | D%u||ze + C() ||| zr  Vu € WHLP(Q).
lo| <2 |o|=0+1
thus

1
S ID%ul < = ¥ D%l + —CE)llulis Yu e W),

la| <2 |a|=0+1
In particular, with only dimensional constant A = A(n), for all € < 3,
1D ullr < Al D ullo + C(e)Jullr Yu € WHHP(Q).
This proves the claim. U

Exercise 13.54 (Equivalent norm for Sobolev spaces). Let Q2 C R™ be a bounded open set
with smooth boundary, and 0 < { <k, p € [1,00).

Show that the two mnorms on WkP(Q),
lully == >~ 1Dl
o<k

and
[ulle = [Julle + [[D%ul| s,

are equivalent.

13.7.2. Gagliardo-Nirenberg inequality. Very similar to Ehrling’s lemma, Section 13.7.1,
but with different p’s (making compactness argument not work, because it is more of a
Sobolev-type inequality) and its on R™ (though there exists also a domain version)

Theorem 13.55. Let 1 < p,q,r < 0o and « € (0,1) such that

1 g 1 m 11—«
—Li(-D)asr =2
roon q

and L < o <1.

¥
Assume v € LI(R™) and its distributional m-th derivative D™u € L"(R"™). Then Du €
LP(R™) and for a constant C = C(m,n, j,q,r,«) we have

1D ull oy < CID™ G gy 2l paen)-
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Ficure 13.1. Olga Ladyzhenskaya: 1922-2004 — Russian mathematician
who obtained numerous breakthroughs in Partial Differential Equations,
Fluid dynamics, Navier-Stokes equation. Without any doubt one of the
most impressive mathematicians in Analysis in the 20th century!

There also exists versions in the limit cases = oo, = 1, etc.

Proof. See e.g. [Leoni, 2017, Theorem 12.83.]. Here we just discuss that it is enough to
show

| D7ullznan) < € (ID™ullurgony [l o)
Indeed, then we can obtain the claim by scaling: Apply the inequality to u(\:), then we
get
ATE N Dol any < € (X FN D™l gy + A7l g
That is
| D7uliaeny < € (A5 D™l ey + APl g
So compute

min (X F D ey + A3 )

(compute means: check A = 0 and A = oo tend to +oo, then take the derivative in A and
check the critical case). O

13.7.3. Ladyshenskaya inequality. Ladyshenskaya’s inequality is a special case of the Gagliardo-
Nirenberg inequality Theorem 13.55, used often for the Navier-Stokes equations for the
term u - Vu:

1 1
[ullLaz) S NlullZ2@e) VUl 72ge)-
and

1 3
lull oy S Null s VUl L2 @s)-
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the difference in powers is (to some extend) what makes Navier-Stokes equations in 3D
more challenging than in 2D. There are appropriate versions on domains 2, if the functions
are zero on 0f).

13.7.4. Hardy’s inequality. Hardy’s inequality is somewhat a weighted Sobolev inequality.
Theorem 13.56. Let s € (0,1), p,q € (1,00) such that

1—-s5s n

n

n pq
Then

[~ f(@) ey < CspllV il pan).-

Observe that for s = 0 we obtain the usual Sobolev inequality, Theorem 13.41.

See, e.g, [Evans, 2010, p.296, Theorem 7] or [Mironescu, 2018].

13.8. Rademacher’s theorem. The following is Rademacher’s theorem (usually stated
for Lipschitz functions, cf. Theorem 13.24)

Theorem 13.57. Let p > n. Let u € WP(Q) for some open set Q@ C R™ and 1 < p <
oo. We identify u with its continuous representative. Then for almost every x € € u is
differentiable, that is there exists A = A(x) € R™ such that

o u() = u(@) = Aly - o)

=0
Yy ly — x|

Moroever A(x) = Du(x) (where Du(x) denotes the distributional gradient which belongs
to LP) for almost every x € €.

We need the following estimate (which we could have used for Sobolev-Morrey embedding,
Theorem 13.49).

Lemma 13.58 (Morrey’s estimate). Let p > n. Then there exists a constant C' = C(n,p)
such that the following holds: for any v € C*(B(0,2r)) we have for all x,y € B(xo,r)

[o(y) —v(z)| < Cr' 7w </B(z072r) | Du(z)[" d2>;
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Proof. We assume r = 1, the general case is part of Exercise 13.59. Arguing as in the proof
of Theorem 13.47 we have (for every point, since v is continuous by Theorem 13.47)

o) o) < Cn) (S f, ) - Wy
—1—2][ . k) — (W) B2l
+1(V) @y — (V)5 (y,1)|>-

Observe that

o) < (z1) —v(z2)] <2 ][ v(z1) — (v .
() )5 ][ 02][3(02 1) (=2) B(0,2) B(0,2)’ (1) = (v)s02)|

Now we use Poincaré inequality, Exercise 13.40 and have (constants change from equation
to equation!)

5—n 14+2
][B(z ’ 1f = (NBenl SCp7 "If = (f)Bep)lerBen < Cp 5 IV Il (Bzp))
That is, we have

— kP
][B(y,g—k) |U(Z) - (U)B(y,Q*k)| S C P ||V/U/||Lp(B(O,2))‘

Since p > n we have that > ;2,2 #5" < oo and can conclude. O

Exercise 13.59. Use a scaling argument to finish the proof of Lemma 15.58 for general r.

Proof of Theorem 13.57. Denote by Du(x) the Lebesgue representative of Du € LP(Q2) we
have from Lebesgue’s differentiation theorem, Theorem 5.18 for almost every = € €2

lim |Du(z) — Du(z)[Pdz = 0.

r—=0J B(z,r)

Take x a point where this is true. Set (observe u is continuous by embedding theorem,
since p > n)

v(y) = uly) — u(z) = Du(z)(y — ).
Then v € W,2P(Q) N C(Q).

From Lemma 13.58, which by approximation holds for every y and r such that y €
B(z,4r) C 2 (recall that x is fixed)

[o(y) — v(z)| < Cri (/ |Dv(z)|pdz>p <Cr (7[ |Dv(z)|pdz>p
~—— B(z,2r) J B(z,2r)

=0
So let r = |z — y| then we have

) =) ~ Dullo =)l ¢ 1

|z — y B(z,2|z—y|)

3=

\Dv(z)|pdz>
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By assumption we have that

(]ZB(ngy)‘DU(zﬂpdz)

so we have shown that u is differentiable in z.

B =

lz—y|—0

0,

From Theorem 13.57 follows the usual Rademacher theorem.

Corollary 13.60 (Rademacher Theorem). If f : Q — R is a Lipschitz map where Q) is
open, then f is almost everywhere differentiable. Moreover pointwise and distributional
derivative coincide a.e.

Proof. From Theorem 13.24 we have that f € VVZIOCOO(Q) thus by Holder’s inequality f €
W,oP(€2). Now this is a consequence of Theorem 13.57. O

Remark 13.61. The set where Sobolev functions are differentiable can be made more
precise than simply being “a.e”. There is a notion of Sobolev-capacity of sets, and one can
show that they are differentiable outside of a set of certain capacity zero.

14. SOBOLEV SPACES BETWEEN MANIFOLDS

14.1. Short excursion on degree and Brouwer Fixed Point theorem. We denote
by S" ! ={z € R": |z| = 1} the unit sphere in R". By a slight abuse of notation we
will call B" = {z € R™ : |z|<1} the closed unit ball in R™. Observe that S*~! = 9B".

Proposition 14.1. There is no smooth map ® : B" — S"~! such that
O(z) =2 VzeS

Proof. The reason this is true is degree theory. The map z : S" ! — S*~! “winds around”

the target exactly once. Now if we consider @, then r — &, transforms continuously

dB(0,r)
the curve ®; into the constant map ®,. However degree is a homotopy invariant, i.e. the

“winding around” does not change under continuous changes — so we have a contradiction.

More precisely let ¢ : S*™! — S"~!. We define the degree (if n = 2 one can see this is the
winding number)

deg(p) = /Bn det(D®),

where @ : B” — R" is any smooth extension of ¢. We have to show that this is well-defined,
i.e. for two different choices of ®;, P, both extensions of ¢ we have to show

/Bn det(DP,) = /B det(DD,).
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Observe that the determinant is multilinear, so by subtracting the left from the right it
actually suffices to show that

/Bn det(Dy!|Dy?| ... |Dy™) = 0

whenever one of the ¢ satisfies 1) = 0 on OB". By rearranging we can assume that ¢! = 0
on OB". We will show this claim in two dimensions. In higher dimensions it gets more
messy, but the principle stays the same: the co-factor of a gradient matrix is divergence
free.
We have

det (Dy'[Dy?) = (Dy', D),
where D% = (—=9,1', 9,1'). Observe that div (D+¢?) =0
integration by parts we then have

/32th (D¢1|D¢2> :/BQ<D¢17DLw2> :LBQifLV.DLq/JQ_/qu/JldiV(DLq/JQ) —0

=0 =0

(direct computation). By an

(One can also use Stokes’ theorem to show this using differential forms).
That is,
deg(p) := / det(D®P),
B

is well defined, meaning it does not matter what the precise choice of ® : B” — R" is as

long as ¢ = .
oBn

Now let ¢(x) = x. Then, assuming the claim of the proposition is wrong, we find some
® : B" — S"! that extends . But observe that this implies rank D® < n — 1 (otherwise
by inverse function theorem ®(B™) is n-dimensional locally!). Thus det(D®) = 0. Thus

deg(p) = / det(D®P) = 0.
B™
On the other hand we can choose ®o(x) := x and then we have
deg(p) = / det(Dx) = / det(I) = |B"| # 0,
Br Br

a contradiction, since the degree cannot be 0 and nonzero at the same time. U

Let us remark that degree theory from the proof above implies the famous

Theorem 14.2 (Brouwer Fixed Point). Every continuous map between the closed unit
balls B" has a fized point. Le. for any f € C°(B",B") there erists vg € B™ such that

f(l'o) = Zo-

Let us remark that Theorem 14.2 can be extended relatively easily to convex compact sets.
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Proof of Theorem 14.2. Assume this is not the case. Setting

o[ ez
i) {ﬂ@ ol <1

we obtain a continuous map f : R™ — B™ without a fixed point.

By compactness of B™ we have

A= inf |f(z) —z| > 0.

zEB”

If we now consider the usual mollification fs then we note that by convexity of B we have
f5 € C=(R",B"), and by uniform convergence f5 — f we have for all small § < 1 and all
reB”

[fa(x) =z = | f(2) — 2| = Ifs = flle@n 2 A= [fs = fllzoe@n) > 0
<1

That is, without loss of generality we can assume that f € C*°(B",B") and f has no fixed
point.

For t € [0,1], z € B™ we set
v —tf(x)
|z —tf(x)]

For each t € [0,1] the map ¢, € C>®(S"1 S"1). Indeed, we have more, even the

gi(x) =

dependency on ¢ is C"*°-smooth:

(14.1) (t,2) 3[0,1] x S !+ g,(x) is smooth.
Indeed, the only obstacle to smoothness is the case when |z — tf(z)| = 0, but we have
(14.2) inf inf |z —tf(x)] > 0.

t€[0,1] zeSn—1

To see (14.2), observe that A := infgn | f(z) — 2| > 0. So we have for any ¢ € (1 — 3,1]

inf 16f() = o1 2 inf 1) = ol — e = 1 sup (@) 2 A= = 1] > 5 >0

zeB” €B” rER™

On the other hand for (¢,z) € [0,1— 2] x S"/ that |z — ¢ f(z)] > 1 — ¢t > 3. This implies
(14.2), (14.1).

Observe moreover, that the above argument shows for t = 1 that the map g, € C*(B",S")
— since there is no fixed point.

If we now use the definition of degree from the proof of Proposition 14.1, we see that
(observe det(Dg;) = 0 since g; maps into S by Inverse Function theorem)

(14.3) deg(g1) =0, and deg(gy) = deg / det(Dzx) = 1.

So all we need to show is that deg(g;) = deg(go) to get a contradiction.
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For this denote let Gy € C*°(B",R") be any smooth extension of gy. Set now
o feea/la) el € 5]
(z) := i

Observe that H € C°(B™, R™) — and by after a freezing argument and mollification we may
assume that H € C*°(B", R™) with the following properties

gi(z/lz]) |zl =1
H(z) = {golz/lz]) || =3
e s ] € [2,1).

By the definition of degree we have

deg(g1) = /B det(DH)

and (a substituion argument is used here)
1
deg(go) = / det(D(H(=))) = / det(DH).
B 2 %Bn
However, since rank DH (z) <n —1 for 1 < |z] <1 we have

0 = deg(g1) = /B det(DH) = /B det(DH) = deg(go)= 1

This is a contradiction, so we can conclude. [l

By approximation one can improve also Proposition 14.1 to continuous maps.

Proposition 14.3. There is no continuous map ® : B* — S"~ ! such that
d(z) =2 VzeS

Proof. Assume there is. Then we can extend it to a continuous map @ : R* — S"!

~ R lz] > 1
ble) = {@'(w) o] <1

In view of Exercise 4.39 we can approximate ® by a smooth function @, € C>*(R",R™)

with @), = o for all |z| > 2 (since ® is smooth in |z| > 2 it is easy to check that the

approximation in Exercise 4.39 is smooth.

This approximation is w.r.t. L%, so we have uniform convergence, so if we fix a large
enough k > 1 we have ||®), — ®||~ < 5. Since |®(z)| = 1 we conclude |®4| > 1 and thus

- P,
v | D
is a well-defined map in C*°(R"”,S"!) that satisfies 1)(z) = oy for all |z| > 2.
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Considering ¥ (x) := 1 (2x) have found a counterexample to Proposition 14.1. O

A pure reformulation of Proposition 14.3 is

Corollary 14.4. Any map f : B"(0,1) — S"~! which is the identity on S*™' = oB"(0,1)
is discontinuous.

When working with Sobolev spaces, Proposition 14.3 readily implies
Corollary 14.5. (1) Whenever p > n there is no map ® € WH(B",S"!) such that -

in the trace sense.
d(z) =2 VzeS
(2) Whenever p < n there is a map ® € WIP(B™ S*™1) such that — in the trace sense.
O(z) =2 VreS
Proof. (1) Obvious from Proposition 14.3, since W1P-maps are continuous if p > n.

(2) Exercise 13.6.
]
We can also treat the limit case. Keep in mind W!'"-maps do not need to be continuous.
log log |x| is the typical example, Exercise 13.5.
Theorem 14.6. There is no map ® € Wh(B",S"™ 1) such that .
O(z) =2 VreS,

(in the trace sense).

Proof. W.lo.g. ® is defined in R" as follows
= >1
)= | 112
O(x) o] <1,

since ‘%' is smooth outside of zero and the traces coincide. We mollify ® as in Exercise 13.20

Os(z) = /Rn n(z)®(xz + d0(x)z)dz,

for some choice of 6§ € C°(B(0,2),[0,1]) and # = 1 in B(0,3/2), and a typical bump
function n € C°(B(0,2)),n=11in B(0,1) and [n = 1.

Then for 6 < 1, ®; is smooth, and x/|z| outside of B(0,2), so the only thing we need to
ensure is that ® maps close enough to the sphere.

Fix x € R™. Observe that
(14.4) dist (®5(x),S" ) < |®5(x) — P(y)| Vy € R™
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If 6(x) = 0 we can choose y = z since then ®s(x) = ®(z), so in that case dist (Ps(z),S" 1) =
0.

If O(z) > 0 set 6 := 0(z)d. Integrating (14.4) with respect to y in B(x,20) we find

. n—1 < _ .
dist (®5(z),S" ) _][B(m,25) |®s5(z) — P(y)|dy
Now,
Os(x) = /13(93,25)5 n(z/6)P(z)dz.
Thus (recall [n=1)

d - & < d(z) — P
Bs(a) = )| < Cf, 18(2) — 2]
that is
dist (5(2) S < Of () — b(y)|d=dy.
B(z,20)J B(x,26)

Triangular inequality then shows

. n—1
dist (®s(x),S") < C a8 |P(z) — (@)B(I725)|dz.

Poincaré inequality and Hélder’s inequality (observe the power of d!)
dist (®4(x), ") < CIV[| (5 z.26))-

By absolute continuity of the integral (since 6 € [0, 1] it does not play a role here) there
exists a 6 < 1 such that

N | —

C||V‘I’||Ln(3(x,25)) <
That is for all § <« 1,
dist (®5(x),S" 1) < =,

DO —

thus (up to scaling)

5 g — st
|Ds]
is a smooth counterexample to Proposition 14.1. [l

We can also make Proposition 14.3 more stable, relaxing the condition ®(x) = z to ®(z) =
x on OB".

Proposition 14.7. There exists € > 0 such that the following holds.

There is no continuous map ® : B* — S"~' such that

(14.5) sup |®(z) — x| <e.

reSn—1
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Proof. As we shall see the constant € is not very small, one should observe it simply depends
on the “tubular neighborhood” of S*~! where the projection exists.

As before, by contradiction and using mollification, we may assume that we have a coun-
terexample ® € C>°(B",S"1).

We define a homotopy
H(t,z):[0,1] x S ' —§"*
by

_ @)+ (1 -t
D= Ty + (1 0
This makes sense since by Equation (14.5), [t®(z)+(1—t)z| > |z|—t|®(x)—xz| > 1—te > 0
if £ is small enough. Clearly H(¢,z) is smooth in ¢ and z. As in the proof of Theorem 14.2
we can now obtain that

deg(H(1, ) = deg(®(-)) = [ det(D®) =0

]Bn
since rank D® < n — 1. Moreover

deg(H(0,-)) = deg(x / 1 = [B"| > 0.
And also as in the proof of Theorem 14.2 we see that

must be constant. So we found the desired contradiction, and can conclude. O

14.2. Sobolev spaces for maps between manifolds and the H=W problem. We
know that on reasonable (i.e. smoothly bounded) sets we can approximate any Sobolev
functions by smooth functions, Theorem 13.15.

Let 1 < p < oo and Q C R™ be a smoothly bounded set (or R™). Tt is very easy to define
the Sobolev space WkP(Q R™).

WEP(Q,R™) :={f = (f1,..., fm): fEWF(Q)}.
If we define
HEP(Q,R™) = C(@ ) e
we get exactly the same space, namely

Exercise 14.8. Let 1 < p < oo. Show that
(1) for any f € WHP(R",R™) there exists f; € C*°(Q,R™) such that || f;— f |l we.emn) 17,

(2) Whenever f € C®(Q,R™) is a Cauchy sequence w.r.t. W¥*P-norm, then f €
WhP(Q R™).
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Now let N be a compact smooth d-manifold without boundary in R™ (observe this is
equivalent to the above notion if instead N is an open set with smooth boundary!).

Let ¢; : Q; C R - N C R" be any choice of parametrization (i.e. Q; are open and ¢;
diffeomorphisms and UY., ;(€;) = N. Then

WHEP(N,R™) = {f N S R™: fog € WHP(Q), Vi= 1,...,N}
We equip W*P(N,R™) (which is still a linear space) with the norm

max || f o @illwer, rm)

1 lwtr (aremy = o

Exercise 14.9. Show that in the above definition, the specific choice of p; does not matter.
That is if (wj)j]‘il is another choice of parametrization, then

{f N S R™: fog € WHP(Q,), Vi= 1,...,N}
={f*N=oR": foy; e Wk (Q), Vj=1,... .M},
and the two norms are comparable.
2 0 eillwrsazeny & max 1 o Yyllwssa mm
Hint: Ezxercise 13.17.

On the other hand, from Advanced Calculus we know what f € C*°(N,R™) means: fog; €
C>(Q;, R™) for all i. So we can define again

H (N, R™} = O (N, R v

Again, the distinction between H and W is unneccesary, namely we have

Exercise 14.10. Show that H**(N,R™} = WHP(N,R™).

Now let us restrict the target. If M C R™ is a manifold, we define W*P(N, M) by
restriction,

WHP(N, M) = {f € WFP(N,R™):  f(x)in M a.e. in N'}.
On the other hand we define again H*? by approximation
HMP(N, M) 1= O, M) kocars

Exercise 14.11. Let N' C RY be a smooth, compact n-dimensional manifold without
boundary. Show the respective versions of Theorem 13.46 and Theorem 15.49.

Exercise 14.12. Show for any k =0,1,...
H" (N, M) € WEP (A, M).
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The other inclusion is way more difficult — and we shall show: not always true! But let us
first consider cases where it is true.

For this we need the following result from differential geometry:

Lemma 14.13. Let M be a smooth, compact manifold without boundary in R™. Then
there exists € > 0 and setting the tubular neighborhood

B. (M) :={xz e R™: dist(x, M) < e}.
and a smooth map w : B.(M) — M such that w(p) = p for all p € M.

Proof. The proof is not terribly difficult [Simon, 1996, Section 2.12.3]. The idea is that one
can show that there exists a tubular neighborhood such that the nearest point projection
7 Bo(M) — M exists, i.e.

7(p) :=¢q, where ¢ € M is such that |¢—p|= 1611/5l G — p|.
q
Since M is compact, such a ¢ exists for any p € R”, but if € is chosen small enough and

p € B.(M) then ¢ is unique, and then one can show that the dependency of ¢ on p is
smooth.

Let us remark that the choice of some € > 0 is generally necessary, there is no continuous
map f: R" — S"! with f(z) = x for all x € S"~1, Corollary 14.4. O

We will restrict to the case where the domain is a manifold, since it is simpler.

Proposition 14.14. Let Q@ C R™ be an smoothly bounded open set and M C R™ be a
compact manifold without boundary. Then

HY(Q, M) = WP (Q, M).
whenever p > n.
Proof. For p > n we could use the continuity of W!P-maps, but for p = n this is not true
anymore. Cf. Exercise 13.5.

Let f € W'?(Q,M). By an extension argument we can assume that W"P(Q') where
Q C Q where 0 is an open set. We simply “freeze” f close to the boundary 02 (which is
compact, so we have the projection myq

_ 1@ ve
f(x) = {f(ﬁaﬂ(x)) x € R™\ Q but close to Q.

Since

oo (T) x € R™\ Q but close to €.
is Lipschitz we see that f o s belongs to W', Remark 13.11.

s(x) = {az x €€
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Now we can mollify f o s, namely for § < 1 we set

= (f o) *ns,
for the typical bump function n € C*(B(0,2)), n=11in B(0,1), [n=1.
Fix = € ). Then
(14.6) dist (gs(z), M) < |gs(z) — g(y)| Wy close enough to €.

Integrating (14.4) with respect to y in B(z,20) we find

dist (gs(z), M) < ][ 2 l95(x) — g(y)|dy.

Now,
ai() = [ 5 0(/5)g(:)d:
Thus (recall [n=1)

|95(x) — g(y)| < C 9(2) = g(y)ldz,
B(z,20)
that is
dist (gs(z ) < C'][ ][ —g(y)|dzdy.
(z,26)J B(z,25)
Triangular inequality then shows
dist <C — zo8)|dz.
ist (gs(2), M) < o9 19(2) = (9) Ba20)|d2

Poincaré inequality and Hélder’s inequality (observe the power of d!)
. —n+4+n-L-n
dist (gg(x) M) S 051 + p—1 ||Vg||Lp(B(x725))‘
Since p > n we have 1—n+n ;n > 0 and thus
dist (gs(z), M) < O”vg”LP(B(x,%))-
By absolute continuity®*for any £ > 0 there exists a § < 1 such that
ClIVgllir(Be20) < &

That is for all § <« 1,
dist (gs(z), M) < e,
thus
Tmgs € CF(Q)
is a well-defined smooth map. Since gs converges in WP to g, it is easy to show (m, is a
Lipschitz map!) that mygs converges in Wi to mayg = g.

38 And here the proof stops working if p < n, because if 1 —n + npp%l < 0 for p < n, absolute continuity

cannot compensate for this negative power of §!
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That is, any WhP-map, p > n, is smoothly approximable, which is what we needed to
show. 0

Exercise 14.15. Show Proposition 14.14 for WY (N, M) where N' C R" is a manifold of
dimension d and p > d.

However, It turns out that in general H"P(N, M) # W'P(N, M) if p is less than the
dimension of N, see Section 14.4.

First we need Fubini’s theorem for Sobolev spaces.

14.3. Fubini theorem for Sobolev spaces. The following is the Sobolev version of the
slicing for LP-functions in Proposition 4.6.

Theorem 14.16. Let u,u; € WHP(R™) and let 1 < p < oo such that

1—00

Hu — 'U/Z'H[/Vl,p — 0.

Denote points in the cube by (t,2') € R", t € R, x € R*L. Then* for L'-almost every
teR
u(t,-) € Wt (R”_l) :

Moreover there is a subsequence u;; such that'°

wi(t,) = ult,) 22550 i W (R

for almost every t € R

Proof. There exists ux € C2°(R™) such that

k—o0

Huk — uHWI,p(Rn) —_—

By the usual Fubini’s theorem we have

k—o0 . p_ B »
0 /Rn Vg, — Vul /R (/Rn_l |Vug(t, z) — Vu(t,z)| d:z:> dt

So if we set
Fu(t) = ( /R Vu(ta!) - Vu(t,x’)|pdx'>

we have in view of Theorem 3.51 that for some subsequence Fj;

Jj—00

F,(t) == 0 L'-ae. t.

39Here a bit care is needed: u as a measurable map is only defined almost everywhere. What we say
here is that each representative u can be restricted two a set ¥ C R on which this representative is a
representative of a Sobolev map. Two different representatives will lead to two different sets ¥ C R.

40Spoiler: this is the main point. Observe that Sobolev embedding depends on the dimension and
1-— % <1- %. Le. if 1 — % > 0 then we have control of the continuity on R”~!, whereas we might
not have any continuity in R"!
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If we denote
V' f(t,x") = (0sf,...,00f) (t,2))
we find, observing that |V'f| < |V f|, that for L'-a.e. t € R

/ Vst 7' — Vu(t, ') Pda’ £ 0.
Rn—

Similarly we can argue for the LP-norm, so (after passing to a more refined subsequence
labeled the same way) we have
Jj—00

Huk] (t, ‘) - u(t, ‘)HWl,p(Rn—l) e O

But since uy, (t,-) € C°(R"!) for all t € R we conclude that this means its limit u(t,-) €
Wl,p(Rn—l)'

We can argue the same way for (u;);en. Each u; can be approximated by some smooth
(uix)r and by triangular inequality the convergence holds. Il

Exercise 14.17. Show the following: Let u,u; € W*P(B(0,1)) and let 1 < p < oo such
that

1—00

Every point in x € B(0, 1) besides 0 can be uniquely written as x = rd where r € (0,1) and
g es .

For L'-a.e. r € (0,1) we have
u(r-) € Wt (S"_l) :
Moreover there is a subsequence u;, such that
g, (r-) — u(r-) 2%y Wl (S”’l)
for L'-almost every r € (0,1)
Exercise 14.18. Show Theorem 14.16 for WP,
14.4. Nondensity of smooth maps in Sobolev spaces between manifolds. As an

application of Fubini’s theorem for Sobolev spaces, Section 14.3, we answer (negatively)
the H = W question for Sobolev maps between manifold from Section 14.2

Theorem 14.19. Let n — 1 < p < n. There exists a map v € W'?(B"(0,1),S"!) that
cannot be smoothly approzimated by maps u;, € C*°(B™(0,1),S" 1)

Before we come to the proof of Theorem 14.19, observe this is a special feature of Sobolev
classes, which we have not seen e.g. for continuous classes. Namely we have
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Exercise 14.20. Let 1 < p < oo and M any smooth compact manifold without boundary.
Then any u € C' N WLP(B™(0,1), M) can be smoothly approzimated by maps into the by

maps uy, € C*°(B™(0,1), M)

Hint: mollify to obtain us € C*°(B™(0,1),R") and then control dist (us, M) by uniform
convergence.

Proof of Theorem 14.19. Take u(z) := fa- By Exercise 13.6 u € Whr(B(0,1),S™1).
We claim that u cannot be smoothly approximated.

Assume by contradiction, there exists a sequence u;, € C*°(B(0,1),S"!) such that ||u; —
k—o0

UHWLP(B(DJ)) —_— O

By Fubini’s theorem, Exercise 14.17, up to passing to a subsequence, we can find some
r € (0,1) such that fi(z) := uy(rz) converges to f(z) :=u(rz) = {3 in WH#(95").

By Sobolev-Morrey embedding, Exercise 14.11, since p > n — 1 (which is the dimension of
S"~1), we have that f; converges uniformly to x on S"~1

k—o0

||fk — JJHLoo(gn—l) —/= 0.

By Proposition 14.7 this cannot be true, contradiction. Il

The general theory of these topological obstructions is due to Bethuel [Bethuel, 1991] with
corrections by Hang and Lin [Hang and Lin, 2001], and is related with many open questions
[Bethuel, 2020].

15. BV

When defining W'? we observed that for 1 < p < oo weak closure (i.e. closure under weak
topology) and strong closure (closure under strong topology) of C* under the W?-norm
give the same space.

A particular effect of this is:
Exercise 15.1. Let Q@ C R"™ be smooth and bounded. Let p € (1,00] and assume that

n—oo

fn —— [ almost everywhere in €}

Show that
[/ llwrrie) < lminf [| follwir)-
whenever the right-hand side is finite.
Hint: For p € (1,00) use reflexivity and lower semicontinuity of the norm, as well as Rel-

lich’s theorem. If p = oo use Arzela-Ascoli and the identification of Sobolev and Lipschitz
spaces.
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This is not the case for p = 1.
Example 15.2. Let 2 = (—1,1) and set

0 —-1<z<0
un(r) = ¢ nx O<z<i
1 x>%.

Each u,, is Lipschitz continuous so in particular u,, € W1((—=1,1)), and

HunHLl(—l,l) S 27

and
1
||U%||L1(—1,1) = /On ndr = 1.
Set
0 —1<x<0
u(z) =
1 x> 0.

Then u is discontinuous and thus (we are in one dimension!) u ¢ W1, However we see

[tn, — ul| 111y —— 0,

e.g. by the dominated convergence theorem.

So

lu|lwia £ lim inf |t || w11 (.-
The strong closure of C* under the W'l-norm gives W' (functions in L' whose distri-
butional derivative belongs to L').

But the weak closure leads to the space of bounded variations, f € L' such that Df is a

measure, cf. Exercise 12.40. Since we want to avoid the use of signed measures, we will
first define BV by duality.

First let us consider the W1P-version. Recall that for ¢ € C}(Q, R™) the divergence div ¢ €
CY(9) is given by

dive =3 8¢,
=1

Theorem 15.3. Let Q0 C R™ be open and smoothly bounded (for simplicity), p € (1,00),
and f € LP(QY). Then f € WYP(Q) if and only if

A= sup{/Qfdivcde" C 6 CHARY), 6]l < 1} < .

In that case there exists a constant such that C™Y|Df|lp» < A < C||Df| v
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Proof. = Assume f € W'P(Q) then

[ fave= [ Df -6 <Dl [6ll

< Let ¢ =(0,...,0,4,0,...,0) (where ¢ is at the j-th position then we get that

o [ 1050 < Al oy

By the Riesz representation theorem (here we need that p’ < oo, so p > 1) we find
g € LP(R™), ||g]|zr < A such that

/ [0 = / 9,

Q Q

that is f € Wtr. O

Motivated by this we define BV as the p = 1 case of the above theorem.
Definition 15.4. Let 2 C R"™ be open.

(1) A function f € L'(Q) is said to have bounded variation in Q if

sup {/Q fdived: ¢ € CHQRY), |¢(x)] < 1 in Q} < 0.

(2) the collection of functions with bounded variations is denoted by BV (§2). Here we
do not identify two functions which agree L™-a.e..

(3) An L"-measurable subset £ C R" has finite perimeterin Q if xg € BV (Q).

(4) A function f € L} () is said to have locally bounded variation in € if for each
Q' ccQ,

sup {/Q, fdivedL™: ¢ e CHY,RY),|p(z)| < Iin Q'} < o0.

(5) the collection of functions with locally bounded variations is denoted by BVj,.(2).
Here we do not identify two functions which agree L™-a.e..

(6) An L"-measurable subset £ C R™ has locally finite perimeterin Q if xg € BV,.(£2)
(such a set is sometimes called a Caccioppoli set)

As mentioned, BV means that Df is a Radon measure. The precise meaning of that is
the following
Theorem 15.5. Assume that f € BV,.(2).

Then there ezists a (nonnegative) Radon measure 1 on ) and a p-measurable function
o:Q — R" such that

(1) lo(x)| =1 for p-a.e. z, and
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(2) for all ¢ € CHQ;R™) we have
/fdiwb:—/gb-adp.
Q Q

Proof. We skip the proof, it is relatively straight-forward consequence of the Riesz Repre-
sentation theorem Theorem 5.44, similar to W!P-case above. Il

So oL takes the role of Df. We will write
|Df]| for the measure pu, the variation measure

and
[Df]:=[[Df]l.o

so that we have in the above theorem
| fave=— [ o-0dDf| =~ | 6-diDf] Vo e CHURY.

In a similar spirit, if f = yg and E is a set of locally finite perimeter in U we write
Vg i=— —0O

and
|OE|| := p  the perimeter measure

so that
/ div ¢de :/ 6 - v d|OE|| Vo € C(Q;RM).
E U

We furthermore can apply Lebesgue decomposition theorem, Theorem 5.14, and split

IDfII =D fllac + DS s,
where ||Dfll.c < L™ and |Df||s L £". We then have for some G € L}, (U, R")

oD f1c() = | Go)dL" @)

We denote Df(x) := G(x) the density of the absolute continuous part of [Df]. Then we
have
[Df] = L".Df + [Df]s.

If f € BVioe(U)N LY (U) then f € BV,(U) if and only if |Df||(U) < oo, and in this case
we define

Ifllsvw) = Ifllerw) + D).
Observe that from the Riesz representation theorem we have

IDAIQ) i=sup{ [ fdivoder s o€ CHORY, Jow)| < 1 in O,

and
1OE((Q) = sup{/QXEdmsdm . e CHQLRY), [é(«)| < 1 in Q}
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Lemma 15.6. o f €W U) then f € BV (U)
o f € WH(U) then f € BV(U)

Proof. This follows from the integration by parts formula for ¢ € C*(Q, R™)

[ fdive= [ Vf-6 <l VSl

Definition 15.7. For a set £ C R" of finite perimeter we set
Per(E) = [|9E] (R")
the perimeter of E.

Example 15.8. Assume F is a smooth open subset of R” and H" ' (JE) < oo then we
have from the integration by parts formula

[av@) = [ v-6 <H OB 6llmom < H OBl Vo € CHRY),
That is xz € BViee(R"). But observe that xz ¢ W, (R?). Indeed if x5 € W,o!(R"), then
using Fubini’s theorem Section 14.3 iteratively on smaller and smaller dimensions, there
would be some straight line L intersecting F such that xp € W(L) - but then xz would
have a continuous representative on that straigt line Proposition 13.50, which is impossible
since it jumps from 1 to 0.

Example 15.8 shows also that for all sufficiently smooth sets E, we have
Per(E) = H" '(OF).

For general sets of finite perimeter this will not be true (otherwise the notion of Perimeter
would be quite useless, wouldn’t it?) but it is true for the so-caelled reduced boundary O*E,
see Theorem 15.19.

15.1. Some properties: Lower semicontinuity, Approximation, Compactness,
traces.

Theorem 15.9 (Lower semicontinuity). Let Q@ C R™ be an open set. Suppose (fr)ren C
BV (Q) and fi, — f € L}, .(Q).

loc

1D < liminf [ Df(€),

In the sense that if iminfy . || D fi]|(2) < oo then f € BV,.(2) and we have the above

inequality.
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Proof. Fix ¢ € C}(2,R"). Then, by L'-convergence
/ Fdive = lim / Fodiv é
[¢) k—o0 JQO
—lim [ ¢-oud| DS
—00 JQ
<ol limin [ DA (©)
O

Theorem 15.10. Let Q@ C R™ be an open set. Assume f € BV(Q). Then there exist
functions (fx)ren C BV (Q) N C>(2) (observe the openness of Q@ we do not get continuity
up to 0N2) such that

(1) fi == [ in LY(Q)
k—o0
(2) 1D fill(©2) == IDfII(%).
(3) If we denote up(B) = [grq Dfrdx for each Borel set B C R", and set pu(B) =
[pw A[Df] then py, weakly converges to p in the sense of (vector-valued) Radon
measures in R".

Proof. For the full proof we refer to [Evans and Gariepy, 2015, Theorem 5.3 and Theorem
5.4], however let us sketch the main idea here.

Let n € C*(B(0,1)), n(x) = n(—=x), [n = 1 be the typical mollification bump function.
It is very reasonable to hope that f. := f % e "n(-/e) is the right approximation for f —
but there is the smearing out of the convolution. Nevertheless, from lower semicontinuity;,
Theorem 15.9, we have (where we consider f extended by zero outside of (2)

IDAII) < liminf [ DL ()

So all we have to show is the opposite direction — which is messy, and here we are only
going to show

lim sup | D£[|(2) < IDI(€2),
for any open ' CC Q (ie. @' C ¥ C Q and & is compact).

To see this take € small enough so that B.(€') C Q. Then for any ® € C°(,R"), by
Fubini’s theorem and integration by parts (and since n(z) = n(—=x)),

| fedive = [ raiv(@sn) < @)~ DI < @]l D)
Taking the supremum over such ® with ||®||;~ < 1, we readily find
IDfAI(2") < ||Df]|(2) for all small € > 0,

that is,
lim sup IDfAI(27) < ID ().
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The full proof is then a careful covering argument, but follows the spirit from the argument
above. 0

Exercise 15.11. Show that if Q@ = R™ and f € BV(§2) we can choose the approximation
fx in Theorem 15.10 (1) and (2) to belong to fr, € C°(R™)

Remark 15.12. Observe

e there is no assumption on regularity on 0f2.
k—o00

e We do not claim that ||Df, — Df]|(U) — 0 (because this would indicate that
Df € L}, and take f = xp as counterexample where F is a nice set)

We get a version of Rellich’s theorem, Theorem 13.35.

Theorem 15.13 (Compactness / Rellich’s theorem). Let U C R™ be open and bounded
with Lipschitz boundary OU . Assume (fx)ren s a squeunce in BV (U) satisfying

Sl;p | fxll BV (o) < oo.
Then there exists a subsequence (f,)jen and a function f € BV(U) such that

fo, 225 fin LNU).

Proof. Follows from Rellich’s theorem, just approximate fi by g, € C* (and thus g €
W), such that

1
e~ giller < 4

and )
| Dgrllzr = [|Dgrl|(U) < ||D fell(U) + T

We conclude that (g;) is bounded in Wt by Rellich’s theorem, Theorem 13.35, (there is
a subsequence) gj, which converges strongly in L'(/), and so f, converges in L'(U). O

If f € Wh(Q) and Q is bounded with smooth boundary, then f| € W (this works
o0

if p > 1, with W% = L!). Essentially this still works for BV -functions, in the following
sense

Theorem 15.14 (Trace). Let U be open and bounded with OU Lipschitz continuous. There
exists a bounded linear mapping

T:BV(U) — LYoU;H™™Y),
such that
/deivqsdm:—/Ugb-d[DfH/angs-nyd%”—l
for all f € BV(U) and ¢ € C*(U,R").
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Tf is called the trace of f on OU — and if f € WH(U) c BV (U) then it coincides with
the trace of Theorem 13.31.
For a proof see [Evans and Gariepy, 2015, Theorem 5.6]
Theorem 15.15 (Sobolev embedding). Let u € BV (R"™). Then
ull 72y gy < C IIDul|(R™)

L7=T (R"

where C' is a constant only depending on the dimension n.

Proof. By Exercise 15.11 we can approximate u by u;, € C2°(R™) such that |juy—ul| 11 gn) LN
k—o0 n ny k—oo n

0, fr == f L -a.e., and || Dfi]|(R") == |[Df[|(R").

By Theorem 13.41, for each k € N
< C||[Dug|| prwny = C || Dug[|(R™).

[ P
By Fatou’s Lemma, Corollary 3.9,

[|u| < lim inf ||ug|] < C liminf || Dug|[(R™) = C' || Dul[(R™).
k—ro0 L ) k—o0

_n_ _n_
Lnfl(Rn) nfl(Rn

|

15.2. Isoperimetric inequality. The isoperimetric inequality relates the area of a set £
with the length of its boundary JF. In its simplest form (an easy consequence of Sobolev-
inequality for BV, Theorem 15.15) it looks as follows

Theorem 15.16 (Isoperimetric inequality). Let E C R" be a set of finite perimeter. Then

n—1

L"'(E) ™" < CPer(E)

Proof. In this form this is the Sobolev theorem Theorem 15.15, for xg, then we have
el o gy < CIDXEI(B?) = Per(E)

Now we observe that
-1

el 2 gy = £7(B)
O
It is very interesting to find out what the optimal constant C' is, and what shape E needs

to have for this optimal constant to be attained (ball!). This is caleld Dido’s problem cf.
[Bandle, 2017].
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15.3. Reduced boundaries. Without going into too much detail let us discuss some cool
features about sets with finite perimeter. For details and proofs see [Evans and Gariepy, 2015,
Chapter 5].

For sets E of finite perimeter we have that OF can be quite a wild set. The measure ||OE||
leads to another notion of boundary: the points where |[0F|| has suitable density.

Definition 15.17. Let £ C R" be a set of locally finite perimeter. The reduced boundary
O0*FE of FE is defined as the collection of all z € R™ such that

(1) |OE||(B(z,r)) > 0 for all » > 0, and
(2) im0 f gy ) VEA||OE|| = vE (), and
(3) lve(z)] = 1.

Lemma 15.18. 0*F C OF.

Proof. Indeed, this follows from the first condition. If x ¢ OF then there exists a radius
r > 0 such that the ball B(z,r) C E or B(x,r) C R\ E. Take any ¢ € C°(B(z,r),R")

then we have
/ div ¢ = / div 6.
E ENB(z,r)

/ divgb:/ dive = 0,
E B(z,r)
or if B(xz,r) € R*\ E we have

Either, if B(xz,r) C £

/ divgb:/divd):().
ENB(z,r) 0
So in either case [pdive =0, so ||OE||(B(x,r)) = 0. O

Theorem 15.19 (Structure theorem for sets of finite perimeter). Let E C R™ be a set of
locally finite perimeter.

e H"1(B) < C||OE||(B) for all B C *E (where C is a constant depending only on
n)
e The reduced boundary 0*E can be written as
OE=J K UN,
k=1
where
[OE[(N) =0
and each K}, is a compact subset of a C-hypersurface Sy.
e vp| s normal to Sy for each k
Sk
o |[OF|| =H"'LO*E. In particular
Per(E) = H" (0*E).
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Definition 15.20 (measure-theoretic boundary). Let £ C R". The measure-theoretic
boundary 0,F of E is given by all x € R™ which satisfy

LY B(z,7)NE) -

lim sup 0
r—0 rm
and
"(B E
limsupL (Bz,r) \ E) >0
r—0 rm

We have 0*E C 0,F and H" 1(0,.E \ 0*E) = 0.
Theorem 15.21 (Gauss-green). Let E C R™ have locally finite perimeter.

(1) Then H" 1 (0.ENK) < oo for each compact set K C R™.
(2) For H" '-a.e. © € O.E, there is a unique measure theoretic unit outer normal
ve(zx) (this of course needs to be defined) such that

[ divo= [ o-vpdH Vo e CHR"RY).
E O« E

One can show that if £ C R" is £"-measurable and H"'(9,F N K) < oo for all compact
sets K C R", then E has locally finite paramter (in particular Theorem 15.21 holds for
open sets with Lipschitz boundary)

Part 3. Analysis III: Cool Tools from Functional Analysis
16. SHORT CRASH COURSE ON MAIN EXAMPLES: LP AND WP

We are going to use those a lot, so let us repeat their basic definitions.
Let € C R™ be an open set (this will be a standing assumption).
For p € [1,00) we say f € LP(Q) if

o = ([ 177)" < .

This looks very simple, but there are a few things to observe here:

e This is the Lebesgue integral, which essentially means it is defined for a larger
class of functions than if it was the Riemann integral (there are no other practical

differences). Namely f : Q — R needs to be measurable then (g | f \p)% is a defined

quantity (which could be infinite). Again, this has no real practical consequences,
thinking of the Riemann integral is not too far of, namely:
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e For every f € LP(f) there exists a sequence f;, € C°(Q) N LP(Q) that converges to
f, ie.
k—o0
1fe = Fllo@) —=> 0,

and thus in particular

1
Iy = fim ([ 1£:l7)"-

For continuous f Riemann and Lebesgue integral are the same — so thinking of |,
as the usual Riemann integral is just fine (essentially).
e We call || - ||r(o) a norm, technically it is not because || f||zr) = 0 does not imply
f(z) =0for all z € Q (take e.g. f=01in Q\ {zo} and f(zo) = 1).
The solution to this issue is that we consider two functions f and ¢ to be the
same (in the sense of integration theory) if

f(z) = g(x) for almost every z € ,

where “almost all” (short: “a.e”) is a precise notion: it means that the set N

of all x where f(x) # g(z) is a set of Lebesgue measure zero, which means that

for any € > 0 there exists a countable ball cover of N C U2, B(x4,r;) such that
oy (rs)" <e.

This almost everywhere notation leads to another (easily solvable issue): We
sometimes want to say f = g where f is a Lebesgue-integrable function and g is
continuous. Clearly a function f which a.e. is equal to a continuous function may
not be continuous (same example as above) — so there could be different continuous
functions representing an integrable function? No! If f = g a.e. and both f and ¢
are continuous, then f = g everywhere. Issue solved.

So || - || ze(e is a norm on the collections of functions (where two functions are
the same if they are the same a.e.)

Also: we usually don’t care about definining functions everywhere, almost every-
where is enough. Like ﬁ is a function (even though we have no idea what it would
be in z = 0).

e There is also L>(€2), it consists of all (measurable) functions f : Q@ — R such that

| £l () = sup | f(z)| < oc.
z€eQ

Now here is another issue: this supremum cannot be the usual supremum, if not
f=0in Q\ {zo} and f(z) = 1 has nonzero-norm (and this is inconsitent with the
almost everywhere considerations above). So this is (always, unless otherwise said
or forgotten to say) the essential supremum:

sup |f(z)] =inf {A >0: f(x) <A for almost every = € Q}
x€Q)
Observe it is not true that continuous functions are dense in L>(2). Take f(z) =0

for x| < 1 and f(z) = 1 for || > 1. This is clearly discontinuous, but we
see that | f|/z~@n) = 1. If there was a sequence of continuous functions f; €
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C% N fe = fllzeemn) k2% 0 then fr would converging uniformly and the limit of
uniformly converging continuous functions must be continuous!
e L2(0) is a special case since it is a Hilbert space, meaning there is a scalar product

(f,9) L :z/Qfg

Now let us define the Sobolev space W*P(£2). It means functions with k derivatives in L?
(and it is debated what the W stands for) — often it is handwavingly said f € WP(Q) if
[ € LP(Q2) and any partial derivative 0;f € LP(Q2). But how do we take a partial derivative
of a (possibly even discontinuous) function f? This leads to the idea of distributional
derivative. Instead of looking at (e.g. integrable) functions f evaluated at a point x (which
by the above discussion we know only works a.e. etc.), we could look at how a function f
acts on test-functions ¢ € C2°(£2): that is instead of considering

flz) VxeQ,
why not consider
= v C ().
flg] /Q feo VeoeCX(Q)

This interpreation of a function is called a distribution (we will talk about this more when
talking about the Fourier transform). The upshot is that this way we can measure every
propery of f, just like f(z). The basic lemma for this is the fundamental theorem of
Calculus of Variations (for a proof see Lemma 4.45)

Lemma 16.1 (Fundamental lemma of the Calculus of Variations). Let f,g € Lj,.() (i.e.
f,g € LX) whenever Q is bounded and Q C Q) and assume that

flel = glw] Vo € CZ(Q)

then f = g almost everywhere.

In particular we say that in distributional sense f = g if

flel = glpl Vo € CZ(Q)

And we know that f = ¢ in the integrable sense is the same as f = ¢ in the distributional
sense.

Also, if we have a distributional interpretation of a function, then we can take its derivative
by a formal integration by parts

oufle) = [ oo == | foip = —floiel.

The middle integral of course makes no sense in general (we would need that f is differen-
tiable), so we just use the definition

difle] == —fl0ip].
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This is called the distributional derivative 0; of f. And we say that 0;f = g if the two
distributions are the same. That is we say 0;f € LP(?) if there exists g € LP(Q2) (the
distributional derivative) if

Oiflel = glel Ve € CZ(Q),
ie. if
—/f@soz/gso Vi € CZ(Q).
If feLP(Q) and 0;f € LP(Q) for all i = 1,...,n then we say f € WIP(Q) (and similarly
it f e WhP(Q),

We can equip W' with a norm

T (Hfl!’zp(m oy Haifufzpm))
=1

For p = 2, Wh2(Q) is still a Hilbert space, with the scalar product

(f,9)wr2 = (f,9)r> + zn:@z‘f, 0i9) 12

i=1

One word of warning for distributional derivatives: they are not the same as a.e. pointwise
derivatives (which is a concept one should not use): the typical example is the Heaviside

function
H(x) . 0 z <0
1 x>0

Formally we might think that its derivative is 0 a.e. — but indeed its distributional derivative
is not zero (it is the Dirac measure)

H'lp] = 0(0) Yo € CZ(Q).

So we should be very careful to compute a derivative almost everywhere and hope thats
the distributional derivative (but sometimes this works).

If © is a nice set (e.g. a ball, or more generally a set with a non-crazy boundary) then
there is another way of thinking of Sobolev functions.

If p € [1,00) we have f € WLP(Q) if and only if there exists f, € C*°(Q) N WP(Q2) such
that

1 fi = fllwir o) Lt}
So again, when talking about Sobolev functions we may assume they are pretty much

smooth functions.

What happens when we consider the approximating functions f;, € C(Q)? Then we
obtain W,” (), which consists of all maps f € W'?(Q) such that f = 0 on 9Q (in a
suitable “trace sense”). This is a good space as well, and it has the nice property that the
only constant function in Wy*(Q) is the constant 0.
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Important inequalities are Poincaré inequality, Theorem 13.36, Rellich’s theorem, Theo-
rem 13.35, Sobolev inequality, Theorem 13.41, Sobolev embedding, Corollary 13.45, and
Morrey embedding Theorem 13.49.

17. FOURIER TRANSFORM

We follow presentations in [Grafakos, 2014] and [Lieb and Loss, 2001]

17.1. Quick review of complex numbers. It is way nicer and convenient to consider
the complex Fourier transform (even for real functions).

The complex plane C = R? consists of points z = a + ib where a,b € R and i is the
imaginary unit that is defined to satisfy i? = 1.

For z = a + ib we call a the real part of z and b the imaginary part of z,
R(a+1ib) :=a S(a+1ib) =10
The complex conjugation is the map z — Z is a map C — C defined as
a+ib:= a—ib.
We have the norm |z| (which coincides with the R%*norm)
la +ib]* = a® + b* = (a + ib) (a + ib)

The integral over complex numbers is defined by linearity. L.e. let f : R" — C then

| @z = [ R(f@)de+i [ S(f(@)da
(this is very similar to the integrals of f : R™ — RY which we also define componentwise).
Observe that for us the domain of functions will always be real, but the image space might
be C —ie. f:R"™ — C is the generic function.
17.2. Some motivation. According to Harmonic Analysts the Fourier transform is the

“single most important tool in Harmonic Analysis”, [Grafakos, 2014].

Let us illustrate why it is also important for differential equations by doing some well-
meant, formal calculations.

First we define for ¢ € R™ the Fourier transform of u at &

FNE© = f(©) = [ e f(x) da.

n

Let us ignore for now

o Fu(€) is complex (just use e=2™&2) = cos(—2m(¢, x)) + isin(—27(¢, x)) and inte-
grate imaginary and real part seperately.
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e The convergence of the integral might be an issue. It is absolutely convergent if
f € LY(R"), but its unclear what it means e.g. if f € L*(R")

The inverse Fourier transform
F )= f/(a) = [ et f(e) de.

Assume we want to find a solution to the equation

(17.1) Au(z) = i@xzaxlu(x) = f(z) inR"

One of the important properties is that derivatives become polynomial factors after Fourier
transform:

(02,9)" (€) = —i2mi&g(€).
For the Laplace operator A this implies
(Au)" (&) = —4n?[¢[*a(E).

This means that if we look at the equation (17.1) and apply Fourier transform on both
sides we have

—lgPa(e) = £(©).
that is
a(€) = — g2 f(©),
Inverting the Fourier transform we get an explicit formula for u in terms of the data f.

u(z) =~ (€72/(9) ().

This is not a very nice formula, so let us simplify it. Another nice property of Fourier
transform (and its inverse) is that products become convolutions. Namely

(9(OF€)" () = [ g"(x=2)f" () dz.
In our case, for g(§) = —|¢]72 we get that

u@) = [ g'(c—2) f(=)d

Now we need to compute ¢g¥(z — z), and for this we restrict our attention to the situation
where the dimension is n > 3. In that case, just by the definition of the (inverse) Fourier
transform we can compute that since g has homogeneity of order 2 (i.e. g(t&) = t=2g(&),
then ¢ is homogeneous of order 2 — n. In particular

9" (x) = |z[*""g" (/|2]).
Now an argument that radial functions stay radial under Fourier transforms (Lemma 17.8
below) leads us to conclude that

g"(z) = eafa* ™.
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That is, we have arrived that (by formal computations) a solution of (17.1) should satisfy

(17.2) u(z) = ¢ /Rn |z — 2" f(2) dz.

The constant ¢; can be computed explicitely, and one can check that this potential repre-
sentation of a solution u to (17.1) really is true.

17.3. Precise Definition. The Fourier transform is a fantastic operator on L*(R™) (and
a bit strange operator on L'(R™)) however on L?(R") the integral definition of F f may not
converge absolutely. So we would like to work with nicer dense functions. C°(R™) comes
to mind, but F(C°(R™)) is not in C°(R™), this is a version of the Heisenberg uncertainty
principle.

This is why we will work with Schwarz classes

Definition 17.1. A function f € C*°(R™) (possibly complex valued) is a Schwarz func-
tion, in symbols f € .#(R™), if it decays quickly at infinity, more precisely, the Schwarz
Seminorms

pas(f) = sup [+l"[D7f(x)] < o0 Va2 0,5 € NU{0}.
TzeR™
Exercise 17.2. Show

(1) CZ(R™) € Z(R)

(2) el is in ' (R™)

(3) e71#l is not in .7 (R™)

(4) ﬁ is not in . (R™)

(5) the only polynomial in .7 (R™) is the constant zero

(6) if f € L(R") the sois O“f for any multiindez «.

(7) if f € L (R") then so is 2° f(z) for any multiindex o.
(8) if f,g € L (R") then the convolution [ * g € ./ (R")

Exercise 17.3. Let f € C*(R"). Show that f € Z(R") if and only if for all positive
integers N and all multi-indices o there exists a positive constant Co n such that

[(0°f)(@)] < Can(1+|2|)~V.
Definition 17.4. Let f € . (R"™), then we define the Fourier transform of f as
FN©Q =F©) = [ e 1) da.
The inverse Fourier transform of f is given as
FAD@) = f) = [ e () de.
Equivalently, F~1(f)(z) = FF.

Observe while we prefer to work with real function f € .#(R™) the Fourier transform is
the complex function f: R"™ — C.
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Example 17.5. Let f(z) = e ™" then

Proof. From Advanced Calculus (this was this Fubini trick!) we have

/Oo e dt = Nz

— 00

o0
/ e dt =1,

g(s) = / e g e C = R2,

In particular

Now consider the map

Observe that this integral converges for each s because

—m(t?—s?) 6727rist
~——
lI<1

—m(t+is) _

(& €

SO

lefw(tJris)‘ < 6771-(9732)
and t — e ™*~%") ig clearly integrable for any s.

Moroever we have

L om0 — _omi(t + s)em0H9” = 1 Lot

ds dt

Integrating both sides (we can interchange the integration on the left-hand side since we
have good convergence of the integral)

d o 1 0)2
i — Y —7(t+is) —
dsg(s) T dt = 0.

Thus ¢'(s) = 0 for all s, that is g(s) = ¢g(0) for all s. Consequently,
/6_7W2€_27ritrd7' :/ €—7r7“2—27ritrd7,, _ 6727rt2 / e—ﬂ(r2—2itr72t2)dr
R R R

_ ¢ 2 _ <1\ 2
—e 2nt /6 w(r+it) dr
R

This proves the claim for n = 1.
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For n > 2 we use Fubini’s theorem

/ efﬂ|x\2€f2ﬂi<§,x>dx
Rn

:/ . (/ el g —2mita </ e_”|z12e_2”i§”1d$1> d:)s2> ...dz,
R R R
:5”'51\2/ (/ e’””?Qez“i&“dxg) . .dz,

R R

el gl mlénl?

-
Exercise 17.6. Assume that f € Z(R™) and Ff(&) = f(§) for all £ € R™.
Show that f(0) = [gn f(z)dx

Above we used an important property of the Fourier transform: we can take it component-
wise. Let us collect this, and related properties.

Remark 17.7. e Whenever f € .Z(R),g € .Z(R" ") (exercise: show that fg €
Z(R™)) we have

Fen (f(x1, 0 m0)g(@eg1, - 20)) (§) = Fre (f(@1, .- 20) (S0, E0) Frnt (9(Teg1s -, 00)) (Sogns - -

This follows, as above, from Fubini’s theorem.

The Fourier transform has many nice properties (most importantly how it behaves with
respect to differentiation!)

Lemma 17.8. Let f,g € S (R"™). Then

(1) 1 f ey < 1fllze.
(2) f+9=F+3q
(8) A\f = Af for any complex A € C
(4) Let
f(@) = f(-x).
Then o
f=71
(5) Fizy € R*. Denote by 7, : /(R") = .Z(R") the translation by y, i.e.
7 f(2) = f(z +y).
Then
F(r,/)(€) = 0 Ff(€)

1&n)-
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(6) Denote the scaling 6. f(x) := f(tx) for some fivzed t > 0. Then
F(0:[)(€) =t7"0(F(£))-

(7) F(Ou f)(€) = 2mi"F ()
(8) 0aF(€) = F (—2mia* f(x)) (€)
(9) If P € O(n), i.e. P'P =1 then F(f(P-))(§) = F[f(PE).
(10) Let f € Z(R",C) then Ff(&) = Ff(=€)
(11) If f is real and even, f(x) = f(—x) then Ff is real number
(12) If f is real and odd, f(x) = —f(—x) then F [ is imaginary
(13) If f is radial, i.e. if f can be written as f(x) = g(|x|), then Ff is radial.
(14) If f is positively o-homogeneous for some o € R, i.e. f(Ax) = X7, then Ff is
—n — o-homogeneous, i.e. Ff(A) = A"""Ff(§)
(15) If f,g € L (R") then F(f x g)(&) = f(£)3(E)

Proof. (1) We have

FHON = [ 2 @yda| < [ |26 | (@) do
(2) exercise
(3) exercise
(4) exercise
(5) We have

FE0E) = [+ e de
:efQﬂi(E,fy) / f(z)efQTri(E,z) dz

=TT FF(S),

(6) exercise
(7) We have using integration by parts (recall that lim ;. f(z) = 0)

xkf / 0, kf e~ 2mi&e) g
=— | f(z)0u (e 2mi(¢,) ) dx

R
— (—2migr) /]R” f(z)e 2mi&2) dy
=2mic* Ff(£).

(8) exercise
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(9) We will use the transformation rule for ®(z) := Pz, which satisfied det(D®) =
det(P) = 1. Also observe that (£, x) = (P¢, Px) if P is orthogonal.

(10) We have

(11) exercise

(12) exercise

(13) f is radial if and only if there exist g such that f(z) = g(|x|) for all z € R™. This
is equivalent to saying f(Pz) = f(z) for all z € R"” and P € O(n). Indeed set
g(r) := f(re) for r € R and e € R™ any unit vector (i.e. |e| =1). For z # 0 denote
by P € O(n) the rotation such that Px = |z|e. Then f(z) = f(P|z|e) = f(|z|e) =
g(][).

Now if f is radial we have for any fixed P € O(n) from the observations above

F(NE) = F(f(P))(E) = FF(PE).

So F(f) is radial.
(14) exercise
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(15) We have (using Fubini’s theorem since everything converges)

F(F )€ = [ (fxg)@)e

:/n/nf(a:_ ) ( )dy@ 271'1:1:5>d

= / fla —y)g(y)e *mievele 2mwS dady
R”

:/ ( (z—ye 27ri<w—y7€)dx> g(y)e_%i@@dy
R R

:/ ( 727r1 (2,€) dZ) (y)ef%ri(y,@dy
R R

= [ (Fr©) g(y)e—%“y@dy

/ g(y)e w8 dy

Rn

Fg(8)) -

|
/H: ~
~
~—~
mm
N~—
SN~—
~

Exercise 17.9. Proof the remaining statements of Lemma 17.8.

Here is the main reason we prefer to work with ./(R") when dealing with the Fourier
transform: It maps .(R") to .(R™) (but as we shall see below it does not map C°(R")
to C2°(R™), Theorem 17.14).

Theorem 17.10. Let f € .#(R") then f € . (R")

Proof. We have

D*f(x) < cx?J(@)(6).
Since f € .Z(R") we have g(x) = 2° f(z) € Z(R") (see Exercise 17.2).

In particular we have by Lemma 17.8
1D f (@)l < N1 P < oo,
that is f is C>*(R") since f, Df, etc. are all Lipschitz.
So we need to show that for g € .7 (R"™) we have for any K =0,1,2,...,.
sup [£[**]9(€)| < o0
g¢ERn
For K = 0 we have by Lemma 17.8

191 e ny < {9l L1 mn)
For K =1 observe that A
EPPR(E) = (—AR)"(€),
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where A =", 0,0,. Since g € Z(R") so is Ag.
So if we set gk := Agr_1 (with go = ¢g) we have that gx € .(R") and

sup [ 19(6)] = esuplaic(©)] < oo.
U
We will show below in Theorem 17.14 that the same is not true for C2°(R"), i.e. FCX(R") ¢
C*(R™).

But for this we need the following fundamental theorem on the Fourier inverse. Recall
that the (complez) L3-scalar product is

(f.9) = [ faac.
Observe that in this sense

Ff(&) = (f, ™),

Now in some sense (none of the integrals makes really sense)
<€27ri(§,-)’ 627ri(77,~)> = e = S £=1
N LU o2

Le. £+ e 2™ is an orthonormal system in L?(R"). So in some sense we have by formal
Fubini’s theorem

FUFN @) = [ o0 (f,emedg = [ fly) (), 2m00)dy
R~ R~

=f(z).
The fun part about this computation is that it actually works. Which leads to the most
important fundamental theorem of Fourier Analysis.

Theorem 17.11 (Fourier inverse). Let f,g € .#(R") then the following is true.
(1)
[ f@) @) = [ ) gla)de
(2) Fourier transform inversion
FUEN) @) =F(F'f)(2) = f(x) VreR"

(8) Parseval’s relation
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or equivalently,

(f.9) = ([.9).
(4)
| @@ = [ f€)g"(€)de.
(5) Plancherell identity

1fll2@ny = 1 fll2ny = 11f Y |2y

Proof. (1) We have (observe all integrals converge, so we can use Fubini’s theorem

| @ a@de= [ @) [ e g()dyda
= [ o) [ @e " dwdy

Rn
= /. 9() f(v)dy.
(2) Fix t € R" and € > 0 and set

g(g) — e?ﬂi(ﬁ,t>€—7r|£§|2

Observe this is the same we did in the formal computation before the theorem,
essentially g(¢) = e¥™&4 times the dampening e ™¢* which ensures that h €
S (R™) for any € > 0.

By Lemma 17.8 we can compute the Fourier transform: the factor e>™&% be-
comes a translation; the Fourier transform of e ™" is up to a scaling computed
in Example 17.5. So we find

r— t

g(z) = 516

Observe that § is an approximation of the identity (i.e. as e — 0 it goes to zero for
every = # t, and to oo at x = t).
From (1) we have

(17.3) / e )5”

r—1

= [ f@i)de = [ g

— f(x>€27rz<x,t>efﬂ'|sm|2dx
R

Now since f, f € Z(R") both integrals make sense. Moreover, by Lebesgue domi-
nated convergence theorem

a4y dim [ f@)emee el = [ faenea = 7

e—0 JRn

We also have in view of Exercise 17.6 (and substituting z = £=*)

1 2 02
/ —e / e 4y = 70" = 1.
R" € n
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So
[ @ = dr =)+ [ (@) - f(0) e
and thus
1 z—t 1 z—t|2
[ @t = i — )| < [ 15@) - rw)] el

Since f € (R") in particular f is globally Lipschitz, i.e. for some L € R we have
|f(x)—f(t)] < L|z—t| for any z,t € R™ (we can take L := ||V f||1~). Consequently,

1 z—t |2 1 z—t |2
/ flz)—e "= | dm—f(t)’ < L/ |z —t|—e "= " dz
n en R en
/_t 1 r—1 2
:Le/ ? —e "I e l dx
n € en

17.5 2
(175) :Lg/ 2| e ™ dz

<00

=%0.
Thus, letting ¢ — 0 in (17.3), using (17.4) and (17.5) we conclude

flt) £ @ )*e

The other equamon in (2) follows snnllarly.
(3) With the help of (2) and (1) we have

L f@gde = [ FF@)gl)de
= | (FN@)F g(r)d
= | (FD@Fgw)da

z—t1

e = [ faperieteelay =0 F(f) @),

(4) exercise (cf. (3))
(5) We have with (3)

12y = (£, ) = (£ ) = 1 122
g

The following looks ridiculously complicated, but is very useful for pseudo-differential op-
erators (which are defined by Fourier transform)

Example 17.12 (A ridiculous way to integrate by parts). Let f,¢g € .(R"™). Then for

1=1,...,n
[ fo9=~[ofg
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Indeed, we have from Parseval, Theorem 17.11,
[ 109 = [ 76 0:9)" (©)
= [ F(©)(+2mig)g" ()(¢)
= [ (7€) f(€)g"(€)(©)
— [(~2ri€) ()9 (©)(©)

—

== [ 0:f(€)g"(&)(S)

=— /@'fg'

Exercise 17.13. Show: if f,g € (R") then F(fq)(&) = f * §(€).
Hint: Use Theorem 17.11 and Lemma 17.8.

So why do we work with .(R") and not C2°(R")? Because the Fourier transform does not
take C2°(R™) to C°(R™) indeed (this is a version of the Heisenberg uncertainty principle:
you cannot localize in physical space and phase space at the same time)

Theorem 17.14. Let f € C=(R™) and assume that f € C=°(R™). Then f = 0.

Proof. The proof uses a bit of complex analysis. First if f, f € C(R") then so is the

restriction to R X {cy,...,c,} for any vector ¢ = (co,...,¢,) € R* 1. If we show that
f(-,ca,...,cp) is zero for every such vector ¢ then f is zero everywhere. So w.l.o.g. n = 1.
Define F as

F(¢+1in) = / 8T 2T (1) d
R
Fis called Fourier—Laplace transform of f, it is an extension of Ff : R — Cto F' : C — C.

F has good decay properties (made precise by the so-called Paley-Wiener theorem or in
this case Schwarz’s theorem), for us it is sufficient to observe that F' € C*(R?).

Indeed, since f € C2°(R™) there exists some R > 0 such that
x s 28I £ (1) € C°(—R, R),
and
age%i 5”Ce_%mcf(yc) = iz ™ gxe_%mf(a:),
87762“5””6_2”’7””]“@) = 2 eI f (1)),

Then either using the differentiation rules for the Riemann integral (since everything is
continuous and compactly supported, Lebesgue and Riemann integral coincide) or writing
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down the difference quotient and using the dominated convergence theorem, we conclude
F € C'(R?) and
|F(€ +in)] < || f]lz @mye™"
0 F (€ + in)| < 27 ||| £]| o1 @y 17
10, F (€ + in)| < 27 |2] ]| 11 ey,

where we choose 0 so large that f(z) = 0 whenever |z| > 2.

Moreover F'is holomorphic as a function from C — C. Namely one can check the Cauchy-
Riemann equations holds:
OeR(F) = 0,3(F)
and
O, R(F) = —0:S(F).
Alternatively one writes
627ri £mef2mymf<x> _ 627ri (£+in)xf(x)

2miz is holomorphic. Holomorphic functions are analytic (i.e. they are

and uses that z +— e
locally power functions).

But now since F is analytic, f(£) = F(€ 4 i0) can written as a power function around any
& € R, and for some positive radius of convergence r > 0 and (a;) € C

o0

fO =2 (6 —&)" VIE—&l<r
k=0
But now one can show (exercise!) that this implies that if f(&) = 0 then either f(£) # 0
for all £ =~ &, or otherwise f = 0.

Since f € C®(R™) C .%(R") we have with Theorem 17.11 f(z) = F ' f(z) = F10 =0
for all z € R. U

17.4. Tempered Distributions and their Fourier transform. We want to use Fourier
transforms for way more general functions. Plancherell Theorem 17.11 gives us an easy
way to compute the Fourier transform for L?, but what about functions like f(z) = |z~
(see Theorem 17.33)7.

We do a trick similar to the weak (distributional derivatives) and argue via test-functions.
But we need to know what convergence is in the space of test functions, so let us be precise:

Definition 17.15 (test functions). We consider two types of testfunctions, C°(R™) and
S (R™).

(1) We set D(R™) := C°(R") and say that a sequence f € D(R™) converges in D(R™)
to some f: R" — R
e there exists a compact set K such that supp fr C K for all £ € N and
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e for any multiindex o we have || 0°(fi — f)|| Lo ®n) LEtaNY)

It is easy to see that then f € D(R™) (exercise!)
(2) We say that a sequence f;, € . (R") converges in .(R™) to some f : R" — R if
for any multiindex «, 8 we have

1270 (fi = f)llpoeen) <= 0.
It is easy to see that then f € .7(R") (exercise!).

Exercise 17.16. Show the following: let f € ./ (R™) then there exist f,, € C*(R") C
S (R™) with fy converges to f in the sense of ./ (R").

Exercise 17.17. Show that the Fourier transform F : . (R") — (R") is continuous.
Le. assume that fr € /(R") converges to f € . (R") in the sense of #(R"™). Show that
F fi. also converges to F [ in the sense of % (R").

Distributions are dual spaces of D or ..

Definition 17.18 (Distributions and tempered distributions). e D'(R™) is the space
of continuous linear functionals on D(R") = C®(R"). More precisely, a linear
operator

L:C®[R") - R
belongs to D'(R™) if and only if for any f;, € C2°(R"™) converging to f in D then
Lf 2% Lf inR.

D’ is a linear space, called the space of distributions on R™.

o S'(R™) (space of tempered distributions is a subspace of D'(R™) (space of distribu-
tions). A linear functional L on .(R") (and thus on D(R")) belongs to .#’(R™) if
and only if for any f € . (R") converging to f in .(R™) then

Lf =% Lf inR.
e [ €D belongs to LP if there exists g € LP(R™) such that

flel = /gw Vo € CF(R")
e We identify functions f : R" — R with

flel= [ fedo
and for measures p
ulel == [ fdu
R

Observe these objects may or may not define distributions or tempered distribu-
tions.

e A distribution f is equal to g if f[p] = g[p] for all ¢ € CZ(R™). (for tempered
distributions cf. Exercise 17.19)
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e Derivative of a distribution is always defined: We simply set

aaf[gp] = _f[aagp]
Exercise 17.19. Let f,g € ' (R"™). Show that the following are equivalent.

o flo] = gly] for all o € CF(R")
o flo] = glg] for all p € 7 (R™)

Hint: FEzxercise 17.16.

Example 17.20. We said when talking about Sobolev spaces,
aaf =g

/fé’aso = —/990 Vo € C(R")
So this is equivalent to saying that d,f (as a (tempered) distribution) is equal to g
Proposition 17.21. f € D’ belongs to LP(R™), 1 < p < oo if and only if

[flell < Allellr Ve € CF(R™)

where p' = p%l.

That is we have
flel= | 19

where g € LP(R™) and moreover ||g||rr@ny < A.
Proof. This is a consequence of Riesz representation theorem, Exercise 5.42. U

However, many distributions are not functions.

Exercise 17.22. e Let [ be defined as follows (for some fized £ € {1,...,n})

flel = [ Oupda

Show that f is a tempered distribution, i.e. f € S .
o Let i be a Radon measure, and p(R™) < oo and set

flel= [ fdp

Show that f is a tempered distribution.
o Let

flel = ¢(0)

Show that f is a tempered distribution.
What is Opa f?
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o Let
flol = [ e o@)de

Show that f is a distribution, but not a tempered distribution.

e Give an example of a Radon measure j1 on R™ so that p is no tempered distribution.
Hint: What L}, -function is not a tempered distribution

o Let f € L. .(R™). Show that f is a distribution , but may not be a tempered
distribution.

o Let f € LP(R™), p € [1,00], show that

flel = [ f@)ela)

is a tempered distribution.

So in general we can identify functions (and measures) with their distributions (if they
are). If we define the Fourier transform on distributions, we have a huge class of functions
whose Fourier transform is defined. To do so, we use Theorem 17.11(1) (which is similar
to the integration by parts we use for weak derivatives)

Definition 17.23 (Fourier transform on tempered distributions). Let f € .#”/(R"™). Then
f=Ff e L (R") is defined as

fle] = flg]
Observe that F f is a tempered distribution by Exercise 17.17. Thus F : ./(R") — .%'(R")
is linear.

Example 17.24. e Fix xy and let d,,[p] := (o) which is clearly a tempered distri-
bution. Then

—

dolp] = P(0) = /n (p(x)e—Qﬂi(z,;m) du

SO, gxz — e—27ri<$,z0>'
In particular S =1
e Conversely the Fourier transform of the constant 1 is the dirac delta at zero, F[1] =
do. Indeed, f(x) =1 is a tempered distribution and

Filel = 11F¢l = [ Fela)de =F (Fo) 0) = o(0) = [ odda.

e Let p(z) = . Then in view of Lemma 17.8,

Ple| = /n rpFo(x)de = i 2mixp Fo(x)dx = 1 /n F (On,p) (v)dx

271 Jrn 271 Jr
= [ F0ne) )
= F T (F (0,) (1)) 0)
z;ﬁ@ka(o)
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That is, in the sense of distributions,

F(a*) = ;ﬂaxkao.

We conclude: Fourier transform send polynomials to derivatives of dirac delta’s and vice
versa.

Theorem 17.25 (Fourier transform on L?(R™)). Let f € L*(R").

(1) Ff € L*(R™). That is, the tempered distribution F(f) belongs to L*(R™), in the
sense of Definition 17.18.

(2) F : L*(R") — L*(R™) is a bounded linear operator. In particular, whenever f, €
C>(R™) converges to f € L*(R™) then there exists a subsequence k; — 0o

Fflz) = Zglilo}'fk(x) a.e. x € R™.
(3) We have all the properties of Theorem 17.11 for f,g € L*(R™). The Fourier inverse
becomes
FYUF)) (2)=F (F_lf))(x) = f(x) almost every x € R"
(4) F : L*(R") — L*(R") is an isomorphic isometry, that is it satisfies
IF fll2@eny = 17 gl 2@

Proof. (1) Observe that if f € L*(R") the tempered distribution satisfies by Holder’s
inequality and Theorem 17.11.

Al =11FAl = | [ 7o

<[ All2@n [ Fepllz2
=[1Fll 2@y llepll 2

By Proposition 17.21 we find that F f belongs to L*(R"™) (observe that 2’ = 2). So
we have

Filgl= [ Ffe VoeCr@®).
Moreover,
(17.6) I F fllzo@ey < N1 llz2@n).

Clearly F is linear, so (17.6) shows that F : L*(R") — L*(R") is a bounded linear
operator with norm < 1.
(2) Since F : L?* — L? is a bounded linear operator, we have from Equation (17.6)

IFf = Ffllirzen < If = gllrz@n-
In particualr if f, € C2°(R™) converges w.r.t L? to f

k—o00
|Ff = Ffillee < If = fill oy 22 0.
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L*-convergence implies a.e. convergence up to subsegeuence.
(3) Let f,g € L*(R™) then there exist fi, gr € C°(R™) such that

k—00
If = fell 2@y, 119 = grll2@ny == 0.
By the boundedness of F we then have that

\f = fellcz@nys 119 = Grll 2@ LmssNy
We now apply Theorem 17.11 to fi and g;, (observe that fi, §x € % (R")). Taking
the limit it is then easy (by bilinearity) to see that Theorem 17.11 (1), (3), (4)
hold for f and g. Again we conclude Theorem 17.11(5) from Theorem 17.11(3) by
plugging in f = g.
For the Fourier inverse formula, up to taking a several subsequences we also have
from (2) above and Theorem 17.11(2)

F(F1f)(z) = igrilo]:(]:’lfki)(x) = Zlgélo fr,(x) = f(x) ae zeR™

(4) is a direct consequence of Theorem 17.11 taking f = g.

Exercise 17.26. Let g € C°(R), and denote
t

G(t) = / g(s)ds.

—0o0

Show that G may not belong to ./ (R), but G € %' (R). Show that

FG(r) =2 () , 79(0)6, o (7)

2miT

Hint: write G(t) as a convolution of g and X[,cc)-

Theorem 17.27. Let m € L>®(R™) and define the following multiplier operator for f €
L3(R").
Tf(x) = F ' (m(&)Ff(€))-

Then f is a well defined linear operator and
1T f | 22®ny < [Imllzoe || £l 2grn)-

Remark 17.28. e Actually one can show that a multiplier operator is bounded in

L*(R") if and only if m € L>°(R™).

e This gets way more complicated for LP(R™) (it is an ineed open question what are
necessary and sufficient conditions): m € L is necessary so that 7" is bounded from
LP to LP, but it does not suffice to ensure LP-boundedness (essentially good decay
at infinity and differentiability of m are sufficient). This is related to Calderon-
Zygmund theory in Harmonic Analysis.

e Statements such as Theorem 17.27 are called multiplier theorems in Harmonic Anal-
ysis, famous ones are due to Marcinkiewicz, Mikhlin, Hérmander.
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Proof. By Plancherel’s theorem
1T f | 2@y = 1T Fllz2ny = 1Im(€) fllzany < mllzoe | fllageny = IImllzeoll £l z2gny-
O
Example 17.29. Consider u € LP’(R") solves in distributional sense
Au=f in R"
From our computations at the beginning of the
u=F (¢ Ff)
So we have for any «, 8 € {1,...,n},

Dopt = cF ! (ﬁz‘iﬁ]‘—f)

Clearly we have
£¢P
&1

So from Theorem 17.27 we conclude that actually

<1

~Y

||aaﬁu||L2(R") = ”f”L?(IR")-

That is if Au = f we controll all the second derivatices of f (in L?). In other words we
have the (amazing) result

I1D?ul| p2(ny < Iltr(D*u) || 2geny — =
and this even though tr(D?u) only takes into account the diagonal of D?u!!! O
If F: L?*(R") — L*(R") is bounded then surely F : LP(R™) — LP(R™) is bounded?
WRONG!
Theorem 17.30 (Fourier transform on LF). Let p € [1,2] and p' = ;B € [2,00]. If
f € LP(R") then f € L (R™) and

1 gy < 11|z

Proof. We will prove

1w @ny < CllFllze@n)
for a constant C' = C(p) > 0. With complex interpolation one can show that C' = 1.

For p =2, p/ = 2 this is a consequence of Theorem 17.25.

For p =1, p’ = o0 it is a consequence of Fubini’s theorem that distributional and pointwise
Fourier transform coincide almost everywhere. Namely if f € L!'(R") then

Rnfcpz/wfso Vo € CZ(R™).
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So the claim follows from Lemma 17.8(1).
For some p € (1,2) the claim then follows from interpolation, Theorem 4.15. U

Remark 17.31. For p > 2 the result of Theorem 17.30 is false. Indeed, for any p € (2, 00)
there are functions f € LP(R™) for which f (which is a tempered distribution) is not an

even locally integrable function. See [Grafakos, 2014, Exercise 2.3.13]
We have observed above that FL' C L*. Actually we even have

Exercise 17.32. Let f € L'(R") then f is continuous (in the sense that there is a repre-
sentative of f € L*(R™) which is continuous).

Hint: Write the integral of f (€) — f (n) and use dominated convergence theorem.

Let us pretend we want to solve for a given f € LP(R™) the Laplace equation
Au(z) = f(x) x € R",
where A =37 | 0,0;. Taking the Fourier transform we find that @ should satisty
clél*a(€) = f(¢),
that is u should be such that .
U= E|§|_2f(€)
That is we have the almos explicit representation
(1 s
u=F (2l ©).
We can simplify this representation and obtain the Newton potential or Riesz potential

Theorem 17.33 (Fourier transform of |z|*™™). Let f € C°(R") and a € (0,n). Then
o (1E7F(©) = cuma [ lx—yI* " Fly)dy.
Here co := 7 %/*T'(at/2), where T' denotes the T-function,

(o) = / T et
0

Proof. Since f € C>®(R"), f(€) € S(R"). The map & — |¢]™* € LL (R") if o < n

A

(exercise! Polar coordinates), and moreover since a > 0 the map |{|7“f(§) is a tem-

pered distribution which is also integrable in R™. Thus F(|¢|~*f(€)) is well-defined (as a
distribution and a function).

We first claim that for any £ # 0
ol = [T eTE
0
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Indeed we have setting u := 7|&[|*\
/Oo e mEPANE 1)

—(rle?) 7 [T e (e fA) T
*‘g B a d
=(rlel) ™ et
)
)

= (nl¢P 5/ e u dp

Q

= (m¢?) * T (a/2)
=ca |7
Then we have by Fubini’s theorem (applicable since we are integrable)
FEf©) / / e PN TIGN 26D f(€) dg

_ /O A5 ( /[R i) (orlei f(g))) déd

Observe that the interior integral is the inverse Fourier transform of e~™** f(.), and the
Fourier transform makes products into convolutions. That is

( / i) (e—ﬂw ﬂg)) dé
=F! (e”’"‘“f(')) (x)
=F! (e‘”"‘z)‘) * ]—"_lf(x)

——
=f

=F! (e’“"m) * f(x)
Now with Example 17.5 and scaling properties of the Fourier transform
F! (e_’THQA) () =F! (e_ﬁlﬁ'F) (2) = A~ P by |
SO we arrive at
a n -y 2
WF (1) (@) = [T aE [ xE IS py)dy dn
0
n -y 2
— (/ )\5—1)\—56—”|7| d)\) Fy)dy

R~ \Jo

As above we have

o0 @ n z—y |2
(/ AFTIA g dA) = Coalr —y|* ",
0

and we can conclude. O
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Remark 17.34. e The formula of Theorem 17.33 holds also for f € LP(R"), cf.
[Lieb and Loss, 2001, Corollary 5.10]
e One can indeed compute that if n > 3 and f € LP(R"), p € (1, 00),

u@) = [ o=y (y)dy.

then u is a distribution and there exists a constant C' (explicitely computable) such
that

Au=Cf in D/(R").

17.5. Real Fourier transform. The cis-formula says
e2™ET) — cos(2m (€, ) + isin(27 (€, )

So we could have written (but won’t)

RFF() = [ cos(2n(g,a)f (x)da

and

mF(§) = [ sin(2m(€,2))f (x) da

17.6. Fourier transform for periodic functions. The Fourier transform maps L?(R")
into L?(R™), and this makes us feel that F maps L?(R") into itself. But this is not really
the case, as the Heisenberg uncertainty principle illustrates: the domain L?(R") (R™ is the
geometric space) is different from the target L?*(R™) (the phase space).

This becomes more visible if one considers Fourier transforms on periodic functions.

Definition 17.35 (periodic functions). A function f € Cp.([0,1]") is a function f €
C>®(R") with f(z + k) = f(x) for any k = (k1,...,k,) € Z".

The torus T" := R"/ ~ where x ~ y iff x = y + k for some k € Z™. In other words,
T = [0, 1)

Any function f € LP(T™) can be extended to a periodic function on R (remember we only
need to define it a.e.)

f(z) = f(z — k) where k € Z" such that z — k € T"
Observe that f probably is not in L? (R™) since it does not decay at infinity.

Exercise 17.36. Let p € [1,00) and f € LP(]0,1]). Show that for any e > 0 there exists
fE € c) ([07 1]) such that ||f - faHLP(R") <e&.

per

Hint: The periodicity is the main issue, show that we can actually choose f. € C((0,1)).
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Definition 17.37. The Fourier transform for periodic function f € Cp¢.([0,1]") is given
by

Ffk) = (m([o,un))—l/ Fla)e 2R gy ke 7,

[0,1]"
That is, F maps f € C55,.([0,1]") into a sequence (F f(k)),czn-

We will see: instead of mapping from L?*(R") to L*(R"), for periodic functions F maps
from L(R"),er to £2(Z™).

Exercise 17.38. ) U.Ff”goo(zn) < (L0, ") | £l ot omy -

o F (Opaf) =2mikf(k)
e Show that for ¢,k € Z" we have

. : 1 (=k
Lr O, 1™ -1 / —27i{z,k) 27r1(:):,€>d —
(80N [ e T=V0  (4k

Definition 17.39. o A trigonometric polynomial P of degree < N on T" is a function
of the form

P(x) = Z cpe?mike)

where ¢, € C are coefficients.
e The N-th Fourier polynomial of a map f € L*(T") is given by

Syf(z) = > Ff(k)e*mithm,

k€{=N,...0,...N}»

Clearly Sy f is a trigonometric polynomial.
e The (formal) Fourier series of a map f € L*(T") is given by

Sf(@) = lim_Swf(@)

whenever that limit exists.
e More generally, the inverse Fourier transform for a sequence (cg)rezn is given by

F  (er)rez) (@) ==Y cpe®™ @8 = lim 3 Fepe?mihe)

N
kezn T ke{~N,..0,.,N}"

again whenever this series converges.

Exercise 17.40. Use the complex Stone-Weierstrass theorem (see Advanced Calculus), to
show that for any f € C’ger([O, 1]) and any € > 0 there exists a trigonometric polynomial
P. (of some finite order) such that

||f — P||L°°([0,l]) < €.
Definition 17.41 (The nuisance factor). Define
w = LT~
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We want to show that F~1Ff = f. For this we first observe that Sy[f] is the projection
of f onto the space of trigonometric polynomials of degree < N.

Theorem 17.42. Let f € L*(T") and N € N. Then we have for any trigonometric
polynomial P of degree < N
(1) w||f — SN[f]H%Q(Tn) <w|f - PH%Q(T,L), and equality holds if and only if P = Sy f.

(2) Wllf = SxlflZainy = wllFF2geny = Shetn,.0...vpn [F(R).
(3) In particular we have | Sy[f]| 2y < C||fllr2erny for some uniform constant C

(depending on n, but not on N or f).

Proof. For simplicity let us denote

Denote by
(f.9) = w [ f@)gla)da
the scalar product. Then we have, Exercise 17.38,
<6k, 6@) = Ope-
Let P be a generic trigonometric polynomial of degree at most N, i.e.

P(z) = Z CLek-
Then we have
(f =P f=P)=(,[)+ (P, P)=(f,P) = ([, P)
=i+ X JalP- X (fwE- ke

ke{—N,....0,..,N}n k€{—N,..0,...N}»

—ollfl+ X R —al - |fR)]

ke{=N,....0,...N}»

>0

In particular we have (applying the above for P = Sy[f]),
ol f = Swfllfe =wlfli== > |f)

Thus for any P,
wllf = Pllze = wllf = Snfll7= + > [F(R) = exl* = |1 = Sn fll7:

k€{=N,....0,...N}»

>0

and equality holds if and only if P = Sy f.

(3) follows from (1) via triangular inequality taking P = 0. O
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Exercise 17.43 (Bessel). Prove this corollary to Theorem 17.42. Let f € L*(T™) then
Yo FR)IP < w0l f 12
kezn

In particular the left-hand side series is absolutely convergent, i.e. F maps L*(T") into

3(Z").
One can then prove the following version of Parseval/Plancherell
Theorem 17.44 (Parseval). If f € L*(T") then

(1) limy—oo [[f = Sn[f]]l2 =0

(2) Wil fllzzeny = IFFllezn)

(3) More generally
(f, 9 2y = (Ff, Fa) ez,

w [ fi=% Fmak).

kezm

that is

Proof. (1) First assume that f € Cp,.([0,1]) and let ¢ > 0. By Exercise 17.40 there
exists a trigonometric polynomial P of some degree N such that

1f = Pllzzeeny < LYT")Z | f = Pllee(rny < L(T")2e.
By Theorem 17.42 we then have
If = Snlfllzzeeny < If = Pllr2eny < L7(T)z2e.
Moreover, for any k£ > N we can apply again Theorem 17.42 to obtain
1f = Sklfllzzerny < |If = Snlfllz2eny < L£7(T7)2e.

This implies the claim under the assumption that f € CJ,,.([0, 1]).
If f € L*([0,1]) take f. from Exercise 17.36 such that

1f = fellzzqony < e
By Theorem 17.42(3) and linearity of Sy, we have for any k € N
If = fellzzqoay + 1Sk f — Sefellr2qoay) < Ce.
So pick N for f. as above, then for any £ > N we have
1f = Sl Allz2ny < |fe = Sklfelllz2ny + Ce < Ce.

This proves (1).
(2) follows from (3)
(3) Exercise 17.45

Exercise 17.45. Prove Theorem 17.44(3)
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17.7. Application: Basel Problem.
Exercise 17.46 (Solution of the Basel problem). 3%, & = &

flz) = {x x € |0, %]

hint: Set

r—1 x € (

and use Parseval’s theorem.

17.8. Application: Isoperimetric Problem - Hurwitz proof in 2D. The isoperi-
metric problem also called Dido’s problem™ is the following question: given a fixed length,
what is the shape of a set of maximal area whose boundary has said length. It’s solution
is the isoperimetric inequality: for any open set 2 with smooth boundary 0f2,

nL™M(Q) =T L (B(0,1))w < H"1(9),
with equality if and only if §2 is a ball.

In two dimensions there is a beautiful proof due to Hurwitz (which sadly does not work in
higher dimensions). See also Section 15.2

Two-dimensional proof. So let us consider a set  C R* = C. Denote by v : [0,1] — R?
7(0) = (1), the boundary curve parametrizing OS2.

H!(00) = Length(y) = | ()]t

By rescaling we can assume w.l.o.g. that Length(v) = 1. By a reparametrization we may
also assume that |y/'(z)| = 1 for all z (this is called arclength parametrization).

Then we need to show ]
L2(0) < —.

(@) =< 47
We have by Plancherel’s theorem, Theorem 17.44, and then Exercise 17.38,

1 1
w=w [ W OFdt=w [ HOF + ) P
0 N—— 0

=1

_Z |'Yl ‘2 + |72( )|

kez
=4m* Y |k[? (I% )2+ 172(k)| )
keZ
We record this for later

w
(7.7) S K ()2 + ) = 1o

keZ
41

named after Queen Dido, founder of Carthage, who had to optimize the area of her city that she could
surround with a Bull’s Hide (which she had cut into strips)
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On the other hand we have by the integration by parts formula
= 1dx:/8x1dx:/ V) ot (H)dH (¢
[ 1da= [ o RACEROIE0

By the area formula (v : (0,1) — 09 is a diffeomorphism) we have

[ vt tan @)

_/ )t

Now observe that v is the unit normal, so it is orthogonal to 7/(¢) (which has norm one)
so v(y(t)) = (75(t), —v1(t)) (assuming that 7 is correctly parametrized, otherwise we use
v(—t) to ensure the unit normal is outwards facing).

Thus,
1
WLA(Q) = w /0 (V) dt = (v1, o) pacn).

Using again Plancherell we have

—

WL Q) = " T (K)A(K).
keZ
Since A is a real number, we can take the real part and have again with Exercise 17.38
wC(Q) = 1Y k2R (7 (k)7 (k)
keZ
Using this and (17.7) we have

(-22)

=k (Fik))? + 2(k)[?) — k2R (7(k) (k)

= 3 (1K = k1) (R0 + 1500)°)
+ SR + R~ sgn(k)28 (7E((F) )

Using that |a & b|? = |a|? + |b|? & 2R(ab) we conclude that

1 L£XQ)
()
=3 (kP = [k) (TR + 7))

kEZ

+ 3 [kl 171 (k) — sen(k)ira(k)[*

kEZ

>0

)
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since |k|? > |k| for all k € Z.

We readily conclude that

i.e. )
— > L3N
- 2 L)
Equality holds if and only if both
(17.8) 0=">" (1k]* = [l) (1Fi(k) 2 + [72(k)?)
keZ
and
(17.9) 0= [kl [71(k) — sgn(k)ira(k)|*
kcz

(17.8) implies (since |k|> > |k| for |k|] > 1), that
F1(k) = 42(k) =0 Vk € Z\{0,—1,1}.
Also, from (17.9) we conclude in particular
7(1) = i72(1)

Fi(—1) = ~#7(-1)
which leads to

(17.10) A1 (£1)? +42(£1)* = 0.

But since F~1Fy = v we have
%i(t) = Fi(=1)e”*™ + 7:(0) + Fi(1)e*™, i =-1,0,1.

293

Thus, for p := (771(0),72(0)) (observe the Fourier transform at 0 is a real number!) we have

= ((F(=D)* + @(=1)?) e + (Fi(1)* + ((1))?) e~

+ 27 (=71 + 2%2(=1)7%(=1).
By (17.10) we conclude that
V(1) = p* = +271 (= 1)71(1) + 272(—1)72(—1) = const

That is v parametrizes a circle.
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17.9. Discrete Fourier Transform and periodicity. More generally one can define
Fourier tranform on locally compact Abelian groups G, and F maps G into its Pontryagin
dual group G.

If G =R" then G = R"; if G = T" then G = Z".
For example we can define the Fourier transform on X = {0,..., K — 1} where K € N.

Let f : X — C then for k£ € X define (careful: the sign convention is not the same
everywhere!)

K-
Z —27r1—
The discrete Fourier transform (there is an analogue version for the periodic Fourier trans-

form on L%(T)) is good in detecting periodicity. Namely assume that f is p-periodic, i.e.
f(z) = f(y) if z =y mod p. Here we assume that p := % e N.

f(k)

Theorem 17.47. Assume that f is p-periodic as above then f(k) # 0 implies that k is an
integer multiple of %.

For the proof of Theorem 17.47 we need
Exercise 17.48. Show the following

(1) Let x GR\Z N € N. Then
sin(N7z)

Z > — (isin(r(N — 1)) 4 cos(n(N — 1)z)) sin(mz)

. . , N-1 ( 2riz\*
Hint: Write the sum as a geometric sum, »,_, (e ) .
(2) In particular

whenever x € R\Z but Nx € Z.

Proof of Theorem 17.47. Using periodicity we have

1 KZI f —27r1—
= — (& K
\/E =0 j=0
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Set L := % and let k= AL +pfor A€ Z and 0 < pu < L. Since e 2™ = 1 we have

Sk

L
(Jp) k ik
e —2mi= } : iT

0

.
Il

We see from Exercise 17.48 that whenever p>0 he above sum is zero. That is, whenever
k is not an integer multiple of L = % then f (k) = U

Even with noise the Fourier transform is still good in guessing periodicity. This is used in
cryptography, because the periodicity can be used to compute (or rather: guess) the prime
factorization of an integer. Shor’s algorithm, [Shor, 1997], is a version of this proposed for
quantum computers, which supposedly can compute the (Quantum-)-Fourier transform
extremely efficient, and thus break most of prime-number based cryptography systems.

17.10. Further reading on applications. [Stein and Shakarchi, 2003, Chapter 4]

17.11. Sobolev spaces via Fourier transform. Without going into details, the Fourier
transform is also very useful to obtain a definition of Sobolev spaces on R" (or a periodic
Torus):

Recall that
F(0af)(&) = ci€*F(f)(E).
Thus,

if(aaf)(f) F@.1)(€) = GleRIF )

So, by Plancherel/Parseval Theorem 17.11 we have

| fllL2@ny + | DS 2@ny = | F fllL2@ny + ClENF f(E) | 2@ny-

This holds at least if f € #(R"). Indeed, using approximation by C2°-functions we have
the following (cf [Evans, 2010, p.297])

Theorem 17.49. Let f € L*(R™) then the following are equivalent for any k € N.

(1) f e WH(R")
(2) (L+ (€M) FF() € L*(RY).
(3) (L+[€*)2Ff(€) € L*(RY).

In that case we have

k
1 lwrzgeny 2 11+ [617)2 F fllagey = 11+ 161°)F |l 22y
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We could be curious wether this holds for L?(R"™), p € (1, 00). But observe that f € LP(R")
is not the same as Ff € LP (R"), we only have an embedding.

Instead let us have a look at the following reformulation of the above theorem.
Theorem 17.50. Let f € L*(R") then the following are equivalent for any k € N.
(1) f € W (R")
(2) F-1 (1L + ) FFf) € LA(RY).
(3) F1((1L+ |62 Ff) € LARY),

In that case we have

| llwreeqeny = 17" ((1+ 622 FF) 2@ = I1F (L + 1€9FF) 2

This version of the definition is indeed extendable to p € (1,00). Namely we have

Theorem 17.51. Let p € (1,00). Let f € LP(R™) then the following are equivalent for
any k € N.

(1) f e WP (R™)
(2) F1 ((1+ [E9)Ff) € Lr(RY).
(3) F~1 (L + [€)5Ff) € LP(RY).

In that case we have

1 lwergey 2~ 1F 1 (14 €22 FF) lzoem = I1F 1 (1 + 165 FF) Il zoen

If we can do that, then why not do this for k£ € [0, 00) (instead of only k € N?)

Definition 17.52 (Bessel potential spaces). Let p € (1,00), s € [0,00). We say f €
LP(R™) belongs to the Bessel potential space or (one of the many) fractional Sobolev spaces

HeP(R), iff
F 1 +1P)3Ff) € LP(RY
and we set

/]

more) = [F (A + [EP)EFF) logn.

Equivalently we have

Theorem 17.53. f € H*P(R") if and only if f € LP(R™) and the fractional Laplacian
(“A)2f = F 7 (|g"Ff) € LP(RY).

We then have

f
| fllzse@ny = || flle@ny + [(—=A)2 || Lo @ny-
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In general the above theorem is not obvious at all, since we cannot take absolute values
inside the Fourier transform. However for p = 2 we have Plancherel’s theorem!

Exercise 17.54. Show Theorem 17.53 for p = 2.

The notion fractional Laplacian is justified by the following
Exercise 17.55. Show that for f € .7 (R"™) and s = 2 we have
(A)2f = c(=A),
where ¢ is some constant and
—A=011+0n+...+ 0w

is the Laplacian.

Observe that it is quite unclear how to define H*P({2) — and indeed there are different

options, all with advantages or disadvantages. The most common one (if 0f is smooth at

least) is by extension.

Definition 17.56. We say that f € H*P(Q) iff there exist ' € H*P(R") such that F'| = f.
Q

We sat
| ]

where the infimum is taken over all F' such that F/| = f.
Q

wow() 7= 10 [|F[| ren geny

One might think another option would be to write || f||zr) + [|(—=A)2 f|| o) — but what
is (—A)z f if f is defined only in Q7

For completeness let us mention another fractional Sobolev spcae, the Gagliardo-Slobodeckij
(or sometimes: Besov)-space.

Definition 17.57. Let s € (0,1) and p € (1,00), Q C R™. Then f € W?(Q) iff f € LP(Q)

and
[flwsw(q) == (/ﬂ A Mdm dy) ’ < 0.

o gl
We then set

1f lwer@) = lflle) + [flwer@)-
One can show that W##(R") = H*?(R"), but in general W*? £ H®P.

Can we define f € W*P(R") also via the Fouuier transform? Yes we can but it gets crazy
— it leads to the notion of Besov-spaces and Triebel-Lizorkin spaces.

Let f € Z(R"), and take any n € C°(B(0,4)), n=11in B(0,1) and set
p(x) :=n(2r) —n(z),
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and _
pi(x) == p(2'x).
We then set the Littlewood-Paley projection
A f = F Hpi(O)F 1)
Essentially A; cuts off f at the frequency [¢] ~ 27.

Then we define

Q=

flggr =l (Z QjSQ\Ajf\q) o (en)

JEZ
then f belongs to the Triebel space F;** if f € LP(R") and [f]Fqs,p < 00. And we can also
set

fpgr = (Z 2j5q||Ajf||qu(Rn>) :
€z

Then f belongs to the Besov space ByP if f € LP(R") and [f]psr < oco.

We then have

e = e = [flwer@y  f € SR
and (this is called Littlewood-Paley theorem):

[flpsr = (=) flle@ny  f € FL(R).
18. TorPOLOGICAL F1XED POINT THEOREMS

We first recall the Banach Fized Point theorem

Theorem 18.1. Let X be a complete metric space and suppose T' : X — X is a contrac-
tion, i.e. there exists A € [0,1) such that

d(T(x),T(y)) < Ad(z,y) Vz,y € X.
Then T has a unique fived point, i.e. there exists exactly one x € X such that Tx = x.
Moreover, for any x € X,
r = lim T"(x),
n—o0
where T" =T oTo...oT: X — X.
[ ——

n times

Banach Fixed Point theorem is very nice and useful, but the notion of contraction is a
strong assumptions. In some situations where Banach Fixed Point theorems do not work
(as we shall see below) topological fixed point theorems may become applicable.

Recall first the (finite-dimensional!) Brouwer Fixed point theorem, Theorem 14.2. We
stated it on unit ball, but it can be extended to any compact convex set (which is
nonempty).
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Theorem 18.2 (Brouwer Fixed Point). Let K C R"™ be a nonempty compact convez set.
Then any f € C°(K, K) has a fized point, i.e. there exists ¥ € K such that f(x) =

Lemma 18.3. Fvery compact conver set K C R™ that consists of at least two points is
homeomorphic to a unit ball in R® for some £ € {0,...,n}. That is there exists a bijective
7: K — B1(0) C R such that 7 and 71 are both continuous.

Proof. Assume first that K has nonempty interior, i.e. there exists some xq € K and r > 0
such that B(zg,7) > 0 then we can w.l.o.g. assume zq = 0 and set p to be the Minkowski
functional, see Proof of Theorem 10.21, i.e.

p(m)::inf{t>(): llfxeK}.

Then p(x) < oo since for each x € R™ we have %ﬂ% € B(0,r) C K. Since K is bounded,
we have p(z) > 0 for all z € R™\ {0} and p(0) = 0.
On the other hand (cf. again proof of Theorem 10.21) we have

K ={zeR":p(x) <1},

where we use convexity and compactness of K. We also have (yet again see Theorem 10.21)
p(Az) = Ap(z) and p(z +y) < p(z) + p(y).

We then set
plx)
)= 2O
0 z=0
We then have

K=A{z:p(r) <1} ={z:[—p(@)] <1} ={z: |7(z)| <1}

| x
||

That is p : K — B(0, 1) is surjective. Also, 7: K — B(0,1). p is injective: indeed assume

7(z) = 7(y)
Clearly 7(x) = 7(y) = 0 if and only if z = y = 0 so we may assume x,y # 0. Then
|7(x)| = |7(y)| so p(z) = p(y). Thus 7(z) = 7(y) implies ] = 7y that is 2 = Ay where
A > 0. But then p(z) = Ap(y) which implies A = 1 and thus z = y.

So 7: K — B(0,1) is bijective.

As for continuity let z € K. First assume z = 0 then 7(z) = 0. Recall that we know that
B(0,7) € K s0if 0 < |y| < § we have |7(y)| = 2r|yp(y/(2r|y])) < 2r|y|. In particular
IT(y)| < 1if |y| < 1, so 7 is continuous at 0.

Next fix © # 0. Then y — ﬁ is a Lipschitz function for all y &~ = (since y # 0) and p(x)

is Lipschitz by reverse triangular inequality. So y +— 7(y) is Lipschitz as a product of two
Lipschitz functions for y ~ x.



ANALYSIS I & IT & III VERSION: December 5, 2022 300

We have by now shown that 7 : K — B(0,1) is a continuous bijection, it remains to show

that 77! : B(0,1) — K is continuous. However observe that
2|
)= G T
0 x=0
For the same reason as before, 77! is continuous: around any z # 0 it is a Lipschitz
function since p(x) # 0. And for x = 0 we see that for 77! (y) = yp(é) which since as a

continuous function p is bounded on the compact set 0B(0, 1) we have

T W)l <yl sup p(z) <1l fyl < 1.

This settles the claim if we assume K has nonempty interior.

However in general K may have no nonempty interior. But then it must be lower dimen-
sional. Without loss of generality we again may assume that 0 € K.

Let

X = span{K} = {x eR":x=> Nz forsome (z;); € K and (), C R} :
i=1

Clearly X is a linear subspace of R” and K C X. If dim X = n then there must be n
linear independent z; € K \ {0}, i =1,...,n. But then their convex hull

{z1,. . 2, }" =D Ny forany \; € [0,1] with Y N =1} C K
i=1 =1
contains an open neighborhood of the origin, i.e. K has nonempty interior in R".

Thus, if the dimension of X must be strictly less than n (or K has nonempty interior).
Let dim X = ¢, and consider h : R® — R’ the projection that maps X into R’ — this is a
smooth diffeomorphism as a map h : X — R, In particular h : K — h(K) is smooth, and
h(K) is still convex. If £ > 1 then we are sure that h(K) has nonempty interior in R and
we can conclude.

The only case left is if £ = 0, then K consists of only one point which is excluded by
assumption.

U

Exercise 18.4. Prove Theorem 18.2 by combining Lemma 18.3 and the Brouwer Fixzed
Point theorem on a ball, Theorem 14.2.

The Brouwer Fized Point Theorem Theorem 18.2 can be extended to infinite dimensional
spaces. One of these extension is the Schauder Fized Point Theorem.

Theorem 18.5. Let X be a Banach space and K C X be compact, convex and nonempty.
Let F: K — K be any continuous mapping (F does not need to be linear!). Then F has
a fized point, i.e. there exists v € K with F(z) = .
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Proof. Fix n € N and cover K by finitely many balls B(xk,%), k=1,...,K(n), and
x, € K. Consider the convex hull of the centers of these balls
K™ :={a1,...,2xm ™ :={>_ Maz; forany \; €[0,1] with Y\ =1} C K.

=1 i=1

K™ is a convex, finite dimensional set — and compact (since it is bounded and closed) —
so we could apply Brouwer Fixed Point Theorem, Theorem 18.2. For this, we need to
somehow restrict F' to K™ but make sure that this restriction maps K" into K".

For z € K set
K(n)

! 1y
dist ((L‘, K\ B T, — )l‘l.
Zg@&a(%K\B@mD);; \ B, )

Gn(z) =

Observe that for any x € K at least one of the summands must be nonzero, and the
distance function is Lipschitz continuous — so Gy, (x) is a continuous function on K.

Also, if we set for some z € K

1

Ai =
> dist (2, K\ Bz,

1)) dist (x, K\ B(x;, i))

then Y, \; =1, \; € (0,1), and thus
Gn(x) € K" Vz e K.

Moreover we have G, is not too far away from the identity, indeed for any = € K,

1 1 .
dist (:L',K B(x;, — ) -

(18.1) =0 unless ||z — 2] < *
S dist (2, K\ B(xi, 1))
“xi dist (2, K\ B(xi, 1))

|G () = ]| <

1
-

S|

1
1
So if we set
F,(z) :== G,(F(x))
Then F,, : K — K is continuous, and since GG,, maps K into K™ we have
Fiy(z) : K* —» K"

is continuous. By Brouwer’s Fixed point theorem (since K™ is finite dimensional), Theo-
rem 18.2, we conclude that F,, has at least one fixed point z,, € K", i.e. F,(z,) = x,.
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In particular (z,),en € K and up to passing to a subsequence we may assume that z,
converges to some x € K. We then have by continuity of F,

[ = F (@)l = lim [z, — F(2,)|| = T [[F,(20) = F(2)]]

n— oo
= T |G (F(zn) — Flz)]
s 1
< lim — =0.
n—oo n,
Thus F(x) = z and we can conclude. O

We want to slightly weaken the conditions of Theorem 18.5, namely we are going to show

Corollary 18.6. Let X be a Banach space and K C X be closed, convexr and nonempty
set. Let F': K — K be any continuous mapping and assume that F(K) is precompact, i.e.
F(K) is compact. Then F has a fized point, i.e. there exists x € K with F(x) = x.

We need the following result about convex sets.

Lemma 18.7. Let X be a Banach space and A C X be precompact, i.e. assume A is
compact. Then the closure of the convex hull of A, A" is compact and convex.

Proof. Tt is easy to show that A" is convex, we focus on compactness.

Fix any € > 0, then we can cover A by finitely many balls B(xz;,¢),i=1,...,N(g). Then
A C {[Eh PN ,.Z'N(E)}cmw + B(O, 5).

On the other hand, {z1,..., 2N} is compact (as a finite dimensional closed and

bounded set). So we can cover it by finitely many balls B(x;,¢),i = N(e)+1,..., M(e,xq, ...

That is, for any € > 0 there exists M = M(g) such that

M
A ) By, ).

=1

In particular, for any € > 0 there exists M = M(e) such that

M
Acone | ) B(a, 2¢).
i=1
This property is called totally bounded and together with the closedness of B := A and
completeness of the space it implies compactness: take any sequence (z;);eny C B = Ao,
Take € := % from the finite covering above there must be some & such that infinitely many
sequence elements lie in B(z,1). We keep the first sequence element of (z;); and then
disgard all the sequence elements not in B(zy,1). Taking ¢ = i we repeat the argument:
infinitely many subsequence elements must belong to some B(Z, %) N K, we keep the first
and second subsequence element, and disgard then all elements not in B(Zs, %) By this
we obtain a subsqeuence of which for each k£ € N all but finitely many sequence elements
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lie in some B(Zy, %) N B — implying that the sequence is Cauchy, hence by completeness of
X convergent, hence by closedness of B has a limit z € B. Thus B is compact. O

Proof of Corollary 18.6. Consider

K = (K)conv
Since K is convex, F(K)®" C K. Since K is closed we have that X' ¢ K. By Lemma 18.7,

K is compact. Moreover we can restrict ' to K and obtain a continuous mapping F'|
K

K — K — By Theorem 18.5 F has a fixed point in K C K. O

A corollary of Corollary 18.6 is the following

Corollary 18.8. Let X be a Banach space and assume let B = B(0,1) be the open unit
ball of X. Let G : B — X with

e G(0B) C B, and

e G(B) is compact.

Then G has a fized point in B(0,1), i.e. there exists x with ||x||<1 such that G(z) = x.

Proof. We want to apply Corollary 18.6, however G maps into X not B. This can be
mitigated by a projection into B:

Set

Fla) = {G@f) if | G(z)]| <1

Gz .
Lo |G > 1.

Then F : B — B is a continuous map. Since G(B) is compact, so is F/(B) (continuous
map maps compact sets into compact sets, and the projection into B is continuous!).

So F has a fixed point, i.e. there exists z € B with F(x) = z.

Assume that ||z|]] = 1. Since by assumption G(0B) C B we have ||G(x)|| < 1 thus
x = F(x) = G(x) which implies ||z|| < 1 — contradiction. So we know that ||z| < 1.

But then ||F(z)| = ||z|| < 1 and thus G(z) = F(x) = x. O

From the above we can deduce the the Schaefer’s fived point theorem also known as the
Leray-Schauder theorem. Its main advantage is that we do not have to identify a convex
domain for F.

Theorem 18.9 (Leray-Schauder). Let X be a Banach space and assume that F: X X
[0,1] — X be a continuous and compact mapping, in the sense that for any bounded set

A C[0,1] x X we have F(A) C X is compact (i.e. F(A) is precompact).
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e F(z,0) =0 forallz € X, and
e there is a constant M > 0 such that for all

x € Xsuch that there exists p € [0, 1] with x = F(x, p)
we have ||z]| < M.

Then F(-,1) has a fized point, i.e. there exists x € X such that F(x,1) = z.

Leray-Schauder is a homotopy argument from the constant map (every point is a fixed
point).

Proof. Without loss of generality, M = %, otherwise we apply the argument below to

Fla, ) = oo (Mo, ).

Indeed, if # € X is a fixed point of F for some p € [0,1], i.e. if F(x, ) = x, then
2Mz = F(2Mz, 1)
and thus by assumption
Ml < M, & o < 5
And F still satisfies all the previous assumptions.

That is, from now we may assume that

1
(18.2) if we[0,1] and x = F(z,pu) thenl|z| < 3

For ¢ € (0, 1] we define the map G. : B(0,1) — X by

F(q25,1) if lzf| <1—¢
Ge(x) = (lx )1—H$|| .
F (& ) ifl-e< |zl <1

x> e

Then G. : B(0,1) — X is continuous. Since B(0, 1) is bounded and F' is a compact map,
we also have that F(B(0,1)) is compact. Lastly, if ||z|| = 1 then G.(x) = F(z,0) = 0.
That is G.(0B(0,1)) = {0} C B(0,1)*.

We can apply Corollary 18.8 and find that for each ¢ € (0, 1] there must be some x. with
|z]| < 1 with

Ge(ze) = ..
Apply this result to ¢ = %, then we find xy, ||| < 1, with

42Here we could have relaxed the assumption F (z,0) =0 a bit in the statement of the theorem
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We set

. 1 if |z <1—1
k=) - < ] <

We then have

(18.3) Ty, = {F((l‘b’“k) il <1 =5

Ffnm)  H1—¢ <la] <1

In particular z, C F(B(0,1),[0,1]), so since F is a compact operator, we may choose a
subsequence k — 0o (not relabeled) such that z;, 2=°% z in B(0, 1) C X. We may choose
a further subsequence (again not relabeled) so that py Lt p e [0,1].

We claim that p = 1. Indeed, if this is not the case and g < 1 this must mean that for all
but finitely many & we have py < 1 and thus [|z;|| > 1 — 1, so when passing to the limit
we have ||z|| = 1 and

z = lim xp = lim F (xk,,uk> = F(z,pn)
[l

k—o0 k—o0

But this is a contradiction to (18.2). So indeed p = 1.

Next we pass to the limit in the (18.3) and we have

7=F1) orz= F(”x”, 1)
xr

If ||z|| = 1 the two options coincide, however this cannot happen do to (18.2).
So we have ||Z|| < 1. Then we have again for all but finitely many k that ||z,|| <1 — 1, so
Lk
zp = Fm—17 )
(1=3)
and passing to the limit we have
r=F(z,1)
That is x is the fixed point we were looking for.
We can conclude. O

Leray-Schauder is also often written in the following way:

Corollary 18.10 (Leray-Schauder). Let F': X — X be a continuous and compact mapping
of a Banach space X into itself, such that the set

{reX: x=upFx for some0 < pu<1}

is bounded, i.e. there exists M > 0 such that whenever for some pu € [0,1] and some x € X
we have x = pF'x then
[zlx < M.

Then F' has a fized point.
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Exercise 18.11. Show that Corollary 18.10 is indeed a consequence of Theorem 18.9.

The main point of Corollary 18.10 is that we can assume we have fixed points for pF,
show their boundedness (a priori estimates), if we can prove appropriate estimates for
solutions of a non- linear PDE, under the assumption that such solutions exist, then in
fact these solutions do exist”. This is the method of a priori* estimates. [| The advantage
of Schaefer’s theorem over Schauder’s for applications is that we do not have to identify
an explicit convex, compact set.

Observe that we get no uniqueness from Leray-Schauder.

18.1. Fixed point theorems applied in PDE. In PDE, fixed point theorems are often
used to show existence of solutions which are distortions of “easy” PDE. Banach Fixed
Point can deal with small perturbations, Leray Schauder is good for compact distortions.

Example 18.12 (Application of the Banach Fixed Point). Let B be the unit ball in R™.
Let F': R" — R be a uniformly Lipschitz map, i.e. assume there exists some A > 0 such
that
|F(A) — F(B)| < A|JA— B| VA,BeR"

Then there exists an €y > 0 (depending on n and A) such that for each € € (—¢¢, g¢) there
exists a unique solution u € Hj(B) to

Au =g —eF(Du) in B.

u=0 on 0B
So the point is that Au = g we can easily solve, and Au+eF(Du) is “not too far”. Observe
that since F' could be nonlinear, it is difficult to obtain a solution variationally or by linear
approximations (F need only be Lipschitz!). Here Banach Fixed Point, Theorem 18.1,

comes into play. The point why our argument works is because F'(Du) is lower order (A
has differential order two, Du is order one).

We need to construct 1" which is so that if it has a fixed point u than wu is the solution we
want.

We define T : H}(Q) — H(Q2) via
ATu = g —eF(Du).

Le. given u € H}(B) solve the equation Aw = g — eF(Du) (observe the right-hand side is
in L? so we can easily find a unique solution w € H}(€)) and call Tu := w. If it happens
that we find a fixed point u, i.e. T'u = u, then u is indeed the solution we wanted.

Observe that T : H}(Q2) — Hg(Q2) is nonlinear if F is nonlinear.

We need to show that Tu is a contraction: For this we consider the equation for Tu — Tv.

A(Tu — Tv) = e (F(Dv) — F(Du))
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We need some estimates, the trick is often to multiply this equation with T'w — T'v and
integrate by parts, i.e. (here we use that Tu — Tv = 0 on 0f2)

/ A(Tu — Tv)(Tu — Tv) = — / D(Tu—Tv) - D(Tu—Tv) = —| D(Tu — T)|[22(,-
B
On the other hand we have the PDE, so we get
| D(Tw = To) |2 = /B (F(Dv) — F(Du)) (Tu — Tv).
Thus, by Hoélder’s inequality,
ID(Tw = To)l[725) < [el| F(Du) = F(Dv) || pas) | Tu = Tl r2s).-

By Poincaré inequality, Corollary 13.38, (again using the boundary being zero) we then
have

ITw = Tl ) < Clel|l F(Du) — F(Dv)|| 2 | Tu — Toll 1 5)-

Dividing both sided by | Tu — Tv|| g1(py (if it is zero there is nothing to show) we obtain
that (here we use the Lipschitz assumption on F')

HTU_TUHHl(B) < C’&l”F(DU)—F(DfU)HLZ(B) < C‘E’AHDU—D’UHLQ(B) < C’glAHu—UHHl(B)
Clearly if || < g9 and &g is so small such that C'Ale| < 3 we get
1
|Tw — Tv|| g gy < §||u — V|l Yu,v € H}(B),
thus T' is the required contraction and thus it has a unique fixed point.
Applying Banach Fized Point theorem, Theorem 18.1, is usually preferable to Leray-
Schauder, since it provides automatically uniqueness, and a method of construction (the

fixed point is given by u = lim,,_,o, T"u). Leray-Schauder doesn’t provide any hint where
the fixed point is, but it works e.g. for non-Lipschitz maps.

Example 18.13 (Leray-Schauder). Leray-Schauder, Corollary 18.10, is very helpful to
solve compact distortions of nice PDE, for which we nevertheless cannot use Banach Fixed
Point theory Theorem 18.1 (which gives uniqueness!).

As an example let us try to find a solution v € H}(B) (B is the unit ball in R?) to
Au =g+ |Dul’ in B,
where g € L?(B) is a given fixed function and 6 € (0, 1).
Again we define the operator Tu via
A(Tu) = g+ |Dul’.
If u € HY(B) then |Du| € L%(B) so |Dul’ € L7 (B) so the solution u surely belongs to H'.
That is T : H}(B) — H}(B) is an operator.
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If we try to use Banach Fixed Point theorem, Theorem 18.1, we would need to show
contraction, and consider

A(Tu — Tv) = |Dul’ — |Dvl’.
Multiplying with T'u — Tv, we get
|D(Tu = T0)|ags) =1l (1Dul’ = |Dol?) (Tu = T0) 13
<Dl = (Dol | g | Tu—=Tol|
Ln+2 Ln=2

SIDu|® = 1D’ 20 [ID(Tw = Tv)l| 25

n+2
So we have shown
ID(Tw = Tv)|z2(m) S 1Dul” = [DV|’|| 2n,

We have, Exercise 18.14,
|Dul® = |Dv|’| < |Du— Do,
and thus arrive at (last step is Holder, since 9n2—f2 <2)
ID(Tw = Tv)l| 2y S 1D = Dul”y 2, < |Du — Dlf12 ),
By Poincaré we then have
1Tu = Toll ) < llu— vl ).

Soif 6 € (0,1), T : H}(B) — H}(B) is continuous (but not Lipschitz!), if # = 1 then T is
indeed Lipschitz, but T is still not a contraction! So it is not clear how we would use the
Banach Fized Point argument from before.

But now we could check for the assumptions of Leray-Schauder, Corollary 18.10! First we
need that T : H}(B) — H}(B) is compact.

Let (ug)reny C H () be bounded, i.e.
sup || ugl| g1 ) < oo
keN

We then have
ATy, = g+ |Duy’
Testing this equation with T'(uy) we have
1T (wllzn < IDT ()22 < N9l 1T (wedllz + [11Durl’ | 2y I T (ur) || 2 s)-
By Young’s inequality ab < ea® 4+ 1b* we find for any € > 0

C
IT (w7 < IDT (wi)lz2s) < — (I911Z2() + 1 Duel’lI32(s)) + CIT () s -

Taking ¢ so that eC' < % We can absorb to the left-hand side

1T ()l < MgllZz sy + 11 Dusl 1725



ANALYSIS I & IT & III VERSION: December 5, 2022 309

Since ¢ € (0,1] we conclude that

s%p T (ug)|| g1 < o0.

Then there exists a weakly convergent subsequence (not relabeled) T'(uy) Lt N weakly
in H}(B). We need strong convergence (of a subsequence) in H}(B)! Taking a further
subsequence (again not relabeled) we obtain from Rellich’s theorem, Theorem 13.35, that

T (ug) koo w strongly in L*(B). As we have seen above, the right-hand side only depends
on the L%norm of Tuy, so we are going to use that to conclude convergence. We have

A(Tuk - TUZ) = ]Duk|0 - ]Dude
Testing yet again with Tuy — T'uy we find
ID(Tuy, — Tue) |22y < I1Durl” = |Duel’||i2(m) | Tus, — Tuel| 12z -
(B)

uniformly bounded in k, ¢ £,k—00

Thus (DTug)ken is a Cauchy sequence and thus convergent, the limit is unique so Tug
converges strongly to w in H}(B).

That is T is compact.

In order to apply Leray-Schauder, Corollary 18.10, we need to give a priori estimates of
solutions to uTu = u, where u € [0,1] and v € HJ(B). If u = 0 there is nothing to show
since then u = 0, so let ;> 0. Then we have
ATu = g+ |Dul’
and thus .
~Au =g+ |Dul’
i
ie.
Au = g + p|Dul’
What are we going to do? We are going to test with u.
lull sy < 1 Dulliegs) <ullgllezllullzes) + plllDul’||2s) llull22cs)
p<l
S C@)Nglze + ellullizm + 1 Dullze0p) llull 2s)
So we have for small enough ¢ using that 6 <1,

lull sy sy SC)llglLe + lull 35 (s

And here we need to use that # < 1, because then we have by Young’s inequality for any
>0

lulli, < Ol sy + CO).
Thus we have shown

lull () < CE)llgllz + C(6),
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The right-hand side is clearly independent from g and gives a uniform bound of solutions
to pT'u = u.

We finally can use Leray-Schauder, Corollary 18.10, to conclude there exists some u €
H}(B) such that Tu = u, and thus a solution to

Au = g+ |Dul’

Exercise 18.14. (1) Show that for each 6 € (0, 1] there exists a constant C' = C(6) > 0
such that
la® =] < C(@)|a—b]" Va,b>0.
(2) Find a similar estimate if 6 > 1

19. HILBERT SPACES

Hilbert spaces are very special spaces, so they deserve some extra attention.

Hilbert spaces are Banach spaces with a scalar product — if the space is not complete but
has a scalar product . More precisely.

Definition 19.1. Let (X, *,+) be a linear space, or vector space, (X,*,+). A scalar
product or inner product is a map (-,-) : X — R with the following properties

(1) (z,y) = {y,z) Vr,yeX
(2) (x,x) >0 and (z,z) =0if and only if x =0
(3) M+ py, z) = Mz, 2) + u(y, z) forall \, p € R, z,y,2z € X.

A vector space equipped with a scalar product is called a inner product space or pre-Hilbert
space, with the induced norm ||z|| := /(z,z). If it is complete it is called a Hilbert space.

Recall, Exercise 7.9, a norm || - ||x can be derived from a scalar product if and only if it
satisfies the parallelogram identity

20l2l” + 2lly* = llz + yl* + e — yl* for all z,y € X.

We also recall Cauchy Schwarz inequality which holds whenever we have a scalar product
(and the norm is the induced norm).

{z,y) < [l [yl

Examples for Hilbert spaces are 2, L?, or W2,

From Calculus we recall the formula (e.g. in R?)
(v, w) = [v|w] cos(8),

where 6 is the angle between v and w. And this is really a feature of the Hilbert spaces,
we can talk (reasonably) about angles — in particular we have orthogonality.
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Definition 19.2. In a (Pre-)Hilbert space H we say
v Lw if (v,w) =0.

Example 19.3. Two functions f,g € L?(R") with supp f Nsupp g = @ are orthogonal in
L?. Indeed,

<ﬁmm=/79=0

Exercise 19.4. (1) Consider f € L*(R",R")
(2) Let u,v € WH2(R") and set

Ozu
f=Vu= ( d,u )

ol _ [ —O4u
g =V v:( Do

Show that f L g in L*(R? R?)
Exercise 19.5. Let H be a Pre-Hilbertspace. Show that if x 1 y then
lz +yllE = llel” + llyl*

Orthogonality depends on the specific choice of scalar product. Even if two Hilbert-space
norms are equivalent, two vectors being orthogonal with respect to one norm/scalar product
may not be orthogonal with respect to the other.

Exercise 19.6. (Cf. [StackExchange, b])

(1) Let (-,-) be the usual scalar product for R*-vectors. Define a different scalar product
[-, -] with two vectors v,w € R?* such that v L w with respect to {,), but v { w with
respect to [,]. Show that the induced norms are equivalent (this is easy!),

(2) Show that if V' is equipped with two scalar produts (,) and [,]. Assume that we have

(v,wy=0 < vw=0 Yo,welV.
Show that then there exists A > 0 such that
(v,w) = Av,w] Yv,weV.

From Calculus we know that we can describe a plane P through the origin in R? via its
normal vector n, P = n*. This construction works also in arbitrary spaces:

Definition 19.7. Let v € H. Set
vhi={weH: wlvl
More generally let Y C H then its orthogonal complement
Yt={veH:vly VYyeY}
(in particular 0+ = H)
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Exercise 19.8. Let U C V C H. Show that V+ C U+.

Lemma 19.9. Y+ is closed® linear subspace of H.

Proof. Let v,w € Y+ and take A\, u € R. For any y € Y we have v L y, i.e. {v,y) =0 and
w Ly, ie (w,y)=0. Thus

(Ao + pw, y) = Mo, y) + p(w,y) =0,
and thus M\ + pw L y. This holds for any y € Y, so we have \v + pyw € Y+ —ie. Ytisa

linear subbspace of H.

The interesting part is that Y+ is closed. This follows from the continuity of the scalar
product. Let v, € Y+ with v = limj_,oc v,. Take any y € Y, then

[0 )] = (v = v ) + 0] < [lo— vil[ly] == 0.
Thus (v,y) = 0, which holds for any y € Y, and thus v € Y+ making Y closed. 0

Lemma 19.10. If Y = H then Y+ = {0}.

Proof. Assume y € Y. Since Y is dense in H there must be some sequence Y > y, LN Y,
and thus )
ey k—o0
0= (ye.y) — (y.9) = llyl>

That is y = 0, and thus Y+ = {0}. We can conclude. O

The opposite of Lemma 19.10 is clearly false. Take Y = {1} C R then Y+ = 0. However,
if H is Hilbert and Y is a linear space then the converse is true, Proposition 19.12.

Lemma 19.11. Let H be a Hilbert space and let C C H be a closed conver nonempty set.
Then for each x € H there exists exactly one ¢ € C with

o = el = dist (2,C) = i [}z — 2]

If C' is a linear space then ¢ satisfies
z—ceCh

Proof. Fix x € H. If x € C then we chose ¢ := x which satisfies all the above assumptions.

In the more general case, since d := dist (z, (') is an infimum over a nonempty set there
must be a sequence ¢; € C' such that

|z — e 222 d.

We need to show that ¢; converges (if we already had reflexivity of Hilbert spaces we
could use weak convergence, however that prove is based on this lemma): For this what
essentially amounts to quantifiable strict convexity of the unit disk.

43ince we might be in infinite dimensions, linear subspaces might not be closed! Think of C(R™) C
L?(R") with the L%-norm.
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Consider cg, ¢, for k and ¢ large. We could imagine that either ¢, ~ ¢, or the convex
combination %ck + %Cg should be “even closer”. With the scalar product we can quantify
this:

Consider u,v € C' (in our imagination we should think ||v — z|| and ||u — z|| close to d, but
this is not necessary for the argument):

R R R
:i (||x — v+ ||lz —ul? +2(z —v, v — u))
=7 (2l =l + 2l — Pl — 0Pl — ul]* + 2 — v,z — u)
=1 (2lle vl + 2w — ul? — Ju — o)
This is a very geometric inequality: if v and v are not very close to each other, then the
convex combination Y% will be closer to z than the worst distance of z to v or w.

2

In particular we have

v+ u|?

2

1 1 1
Jllu = ol <5lle = vl + Sl =l

Since C'is convex, we have that *£* € C and thus Hx — 24l > d. We conclude

1 2 2 2 1 2 2
(19.1) =l < (lle =l —d)+§(\]a;—u\\ —d*) Vuve C.

N | —

If we set u = ¢ and v = ¢, and use that ||cx, — z||,|lce — x| B 4 we conclude that

(¢)een is a Cauchy sequence, since H is Hilbert and C' is closed we find a limit ¢ € C. By
continuity we conclude that

|lc — x| = dist(z,C).

We now prove uniqueness of ¢ - and it relies on quantifiable strict convexity (19.1): If ¢
and ¢ both satisfy ||¢ — z|| = ||¢ — z|| = dist(z, C) then by (19.1) we have that ¢ = ¢.

Lastly we need to show that (if C' is a linear space!)
r—ce 0t
Fix any ¢ € C, then (1 —t)c+tc e C for all t € [0,1]. Set

f(t) = llz = (1 —t)e —te|* — d*



ANALYSIS I & IT & III VERSION: December 5, 2022 314

We then have f(t) > 0 for all ¢ € [0,1] and f(0) = 0. We then know the sign of the
one-sided derivative

0< iy TB=FO) _ o= (1=t~ tef® — |l — e
T =0t t—0 t—0+ t
_ iy ST =@ te =0l = Jlo — el
t—0+ t
iy Jr =P+ Ble =l = 2tte —ex &) — o —
t—0+ ¢

=2(c—¢,x —¢)
So we have
0<{(c—c,x—c) VYceC.

If C' is a linear space, we can take ¢ = ¢ 4 ¢ and have

0<{(¢,x—c) VeeClC.
We can also take —¢ and thus have

0<(-¢,x—cy VeceC .
which implies

0> (¢c,x—c) Veedl.
Together we have shown

0= (¢x—c) VeeC

and thus can conclude. ]

Proposition 19.12. H Hilbert and Y linear space. Then Y+ = {0} means Y = H.

Proof. Let 2 € H. Since Y is closed and convex, by Lemma 19.11 there must be some
y € Y with dist (2,Y) = ||z — y|| — and we have

y—z€Y™r
Since Y+ = {0} we find that y = z and thus z € Y. That is Y = H. O

Lemma 19.13. Let H be a Hilbert space and Y a closed linear space. Then H =Y @Y+
in the sense that for any x € H there exists a unique y € Y and a unique §j € Y+ such
that

T=y+y
and we have
zl” = llyll* + Iy 1>

Proof. First we discuss uniqueness. If 4,y € Y and ¢, 9> € Y+ such that

T=y1+y1 = Y2+ Yo
Then
Y1+ Y1 = Y2 + Yo,
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then we have

Yoy —th=0Gh—h ey
Thus y; —yo and §o — 41 € YL NY. But if y € Y\ {0} then {y,y) = ||y||> >0soy & Y.
Thus Y N Y+ = {0}. This implies 41 = y» and §; = ¥, so uniqueness is established.

Now let x € H. Since Y is a closed linear space, by Lemma 19.11 there exists a unique
y € Y such that
ly — || = dist (z,Y).
and we have
ji=y—xzecY™t
We can conclude. O

i
Lemma 19.14. Let H be a Hilbert-space. Consider Y+ = (YL> . Then we have
Y+t = spanY.

In particular if Y is a closed linear subspace we have Y+ =Y.

Proof. Clearly we have Y+ D Y.

Set W := spanY. By Exercise 19.8 we have W+ C Y+, and thus

W oy
Also observe that for any v € Y+ and any y € spanY we have y L v by lienarity of the
scalar product. Thus spanY C Y+, and with Lemma 19.9 we find that

W 5 Y+ 5 spany = WL

It suffices thus to show that W+ C W, then the previous set inequalities are equalities
and we can conclude.

Take now any y € W++. Since W+ is a closed linear subspace of a Hilbert space, W+
is itself a Hilbert space. So we can apply Lemma 19.11 and find w € W c W+t with
w = dist (y, W), and then we have v := y — w € WtN W+, But then (v,v) = 0, which
means v = 0 which means y = w € W. We have shown that W+ C W as requested and
we can conclude. O

Theorem 19.15. Let H be a Hilbert space, then the following are equivalent

(1) H is separable (i.e. there exists a countable dense set)

(2) H has a countable orthonormal basis, i.e. there exists a sequence (o) H for each

xr € H we have
dim H

r= Y oz, o)

k=1
where the convergence of the (possibly infinite) sum is in H.
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We only prove (1) = (2), the other direction follows from the exercise Exercise 19.17.

Proof of Theorem 19.15: (1) = (2). Let @ C H be a countable dense set. In particular
span() = H.
Where span denotes all the finite linear combinations of Q.

We can now pass to a smaller set Q) such that still
span@ = H,

but each finite subset of @ is linearly independent (simply consecutively remove linearly
dependent vectors, which we can do since (@ is countable). Let N be the number of elements
in @ (clearly N < dim H).

We write
Q = (v1,v9,...).
Since each finite subset of () is linear independent we know |v;| # 0, so we may set
U1
01 '=— —.
v

Now we define o;, 2 = 1,..., N inductively by
n
Oiy1 i= Vig1 — Z Oi<0i7 Uz’+1>
i=1
and set
0;
Ojy1 ' = 7—-
|0i1]
This process is called Gram-Schmidt-orthogonalization of linearly independent vectors.
For this we observe that by linear independence 6,1 # 0 and 0,4, is linear independent of

(Okﬁc:l'

By induction we conclude that (0;)Y, is a (finite or infinite) sequence of mutually orthog-
onal vectors, all satisfying ||o;|| = 1.

On the other hand we still have

span{o; : i=1,...} =spanQ = H,
since o; are each (finite) linear combinations of elements of Q.
We claim that (ox)I_; is a basis as in (2). So let z € H.

Consider for £ =1,..., N,

¢
Yo =X — Z or{x, o).
k=1

Then we have
ye L spanfoy,..., 00} V.
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Thus,

L
]l = llyell* + > (=, ox)[*

k=1
In particular we get
N
[z, 00)[* < o0,
k=1

and thus yy € H, defined as
N
Yn ‘=T — Z 0k<37>0k>
k=1
exists. If yy = 0 we are done. Assume yy # 0 then
O;éyNJ_ok szl,,N
In particular, for any z € span{oy,...,on}
lyx = 2[* = llyn |l + 1217 = flywl* > 0.
That is dist (yn, span{oy, ...,ox}) > 0 which implies
yn & span{oq,...,on},
which is a contradiction to the construction of (0;);.
Thus yy = 0 and we can conclude. O

Exercise 19.16. Assume that H is a Hilbert space, (ox)ken with ||ogx]] =1 and oy L o; for
k # j. Assume that x € X satisfies

00 N
T = A0 = lim A0
5 heor = Jim 3 heon

(convergence in H ).

Then
ol =[]
k=1

Exercise 19.17. Show that every seperable Hilbert space is isometric isomorphic to £*(N).

Hint: Use the representation (2) in Theorem 19.15 and show with the help of Ezercise 19.16
that

z = ({2, 0) ) ren

18 an isometric isomorphism.
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19.1. Riesz Representation for Hilbert spaces and reflexivity.

Theorem 19.18 (Riesz representation theorem). Let H be a Hilbert space. Let x* € H*,
then there exists exactly one x € H such that

oyl =(T,y) YyeY.

Moreover, ||x*|| g+ = ||Z||u-

Proof. If * = 0 there is nothing to show, we just take x = 0.

So without loss of generality we may assume

2| - = 1.
We take any sequence (xy)gen, ||zx|| = 1 such that
() S 2] = 1.

We now essentially use strict convexity of the unit ball of H: “Tm is strictly inside that

unit ball. Using the scalar product structure we can quantify this (the following argument

should remind you of the argument used in Lemma 19.11):

2 1
4

=— (24 2(zk, zy))

T + Xy
2

(el + llzel® + 2(wk, 22) )

(4 -2 + 2<£Bk, SB())
(19.2)

(4= llzsll? = el + 24ze, 22))

(4= Il — )

2

I R N N IS

Tk — Ly
2
Let € € (0,1), take k, ¢ large enough so that z*(x;) > 1 — ¢ and *(zy) > 1 — . Then

-1

1 * *
1—¢ gi(:c (z1) + 2% (20))

N (xk + ZEg)
=T
2

T+ Xy
S 77

Y

=1
Squaring this inequality we have

T — T2

14e2-2<1—
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and thus
2 e<e?

T — X
i ¢ <2 -¢2 < e

This holds for any ¢ € (0,1) for all large k and ¢, so we have shown that (zy); is Cauchy,
so since we are in a Hilbert space there exists a limit * = limy .o, ;. By continuity we
have ||zZ|| = 1 and

z*[z] = 1.
Assume there is any other Z with ||Z|| = 1 such that z*(Z) = 1. Set w := Z££. We have
r (w) =1

and in particular

() =
TN\ | =
lwll /-l

If & # & we have ||w|| <1 ((19.2) — strict convexity of the unit ball), and thus we have

which is a contradiction to ||z*|| = 1. So Z = z, i.e. T is the unique vector such that
[Zlm =1 and  2*[z] = [l2"].

(so far the above argument is based only on the (quantifiable) strict convexity of the unit
ball in the space X)

We now claim that
o'yl = (z,y) VyeH.
If y = Az this is clear, because
AT = X = (&, \T).

Now let y € z+. We claim that z*(y) = 0. W.l.o.g. we may assume that ||y|| = 1. For any
t € R we then have by orthogonality

12+ tyl? = 2 + 2 ly)2 = 1+ £2
Set

T+ ty
t) = .
“W=17p
Then ||z(¢)|| = 1 for all £, 2(0) = z, and we have

d Tty T

_ — i L1FE2
Cdt tZOZ@ - 113% t

Y

Setting now

f(t) = 2" (=(1))
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we have that f(0) = 2*(z) = 1 and f(t) = 2*(2(t)) < |[|Jz*|| = 1 for all ¢. That is f attains
its maximum at ¢t = 0 and f’(0) = 0 (checking the differentiability of f is an exercise). But
then

z*(y) = f'(0) = 0.
Thus, we conclude that z*(y) = 0 for all y € Y.
Let now y € H. In view of Lemma 19.13, we can uniquely split y into
y=AT+7,
where § € 2. We then have
2 (y) = A" () + 2" () = X = (2, \z) + (y,z) = (y, ).
=1 =0

We can conclude. O

With Theorem 19.18 the structure of the dual space of a Hilbert space is very similar to
the Hilbert space itself. Firstly we observe

Corollary 19.19. Let H be a Hilbert space. Then H and H* are isomorphic under the
isomorphism

H>zxz— 2",
where for fized x € X we set
z'lyl = (z,y) yey.
Exercise 19.20. Prove Corollary 19.19.

We can define a scalar product for H*:

For z*,y* € H* let z,y be the (unique) representatives of x* and y*, respectively, from
Theorem 19.18. Then we set

(@, y" )+ =z, y)u
Exercise 19.21. Show that (-, )y« defined as above
(1) defines indeed a scalar product in H* and

(2) induces the norm || - || g~
(8) Conclude that H* is a Hilbert space.

This is what it means when we sometimes say H* = H for a Hilbert space.
If H* = H then certainly H** = H* = H — so we should have reflexivity? Yes, indeed.

Corollary 19.22. Let H be a Hilbert space, then H is reflexive.
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Proof. Recall, cf. Section 11, that the canonical isomorphism
JH cHw— H™

is given

Jg:H>xw— 2™ e H™.
Here for fixed x the functional z** € H** is given by

e (y*) =y"(x) fory* € H".

Jy is always injective and an isometry from H to H**. H is called reflexive if Jy is
moreover surjective.
So let x** € H**. Since by Exercise 19.21 H* is a Hilbert space, we can apply Riesz
representation theorem, Theorem 19.18, and find some x* € H* such that
(19.3) Uyl ="y e Yyt e HT
Again applying Theorem 19.18 to H, we find the representative x € H such that

o'lyl = (x,y)u Vy € H.

Clearly z is a plausible candidate to satisfy Jyx = x**. To see this is correct, we need to
show

(19.4) oyt = Ixxlyt] = ytlx] Vy* e H.
Fix any y* € H*. Again by Theorem 19.18 there exists y € H such that
(19.5) vzl = (y,2) Vze H.

In particular we have

% (19.5) de " .

This shows (19.4) and we can conclude. O

~

19.2. Lax-Milgram Theorem and application to existence theory. Another impor-
tant application of the Hilbert-space Riesz representation theorem is

Theorem 19.23 (Lax-Milgram). Let H be a Hilbert space, A: H x H — R be a bilinear
and continuous map**, such that for some A > 0

[A(z,y)| < Mlzllm lylla Yo,y € H,
and for some X\ > 0
(19.6) |A(z, )| > A||z||3; Ve e H
Then there exists a bounded linear isomorphism T : H — H such that
Ax,y) = (Tz,y) Va,y € H,

and we have
1T e <A, T e@m <A

“may be not symmetric!
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Proof. Fix x € H then the map
H>y— A(z,y) €eR

is linear and bounded — thus it belongs to H*. Consequently, by the Riesz Representation
Theorem, Theorem 19.18, there exists exactly on element of H, we shall call it suggestively
Tz (because it depends on x) such that

A(r,y) = (Tz,y) Vr,y€ H.
It seems like this is it, but obverse: we don’t know much about 7' — we still need to establish

it is a bounded linear isomorphism H — H.

As for linearity: Let x1, 29 € H and puq, uo € R. We then have by definition of T'
A(zr,y) = (T'(21),y),  Alza,y) = (I'(22),y) Vy € H.
Then we have for any y € H,
(T (w1 + paza), y)

=A(pr1 + pazo, y)

= A(z1,y) + peA(zs, y)

=1 (Twy,y) + po({T'wa, y)
Thus

(T(prx1 + poxs) — iTwy — poTre,y) =0 Vy € H.
Taking y = T' (121 + poxe) — piTwy — poTxo we find that
1T (a1 + paxs) — Ty — poTas |3 = 0
and thus
T(mzy + poxs) — Ty — poTay =0
i.e. we have shown
T(xy + pows) = p1 Ty + poTze = 0.
That is, we have established linearity of 7" (we haven’t used (19.6) for this).
Now we show that T is bounded. Observe that
(T, y)| = [A(z,y)| < Az ||yl
Let now y := T'x then we have
| Tz||* = (T, Tx)| < Alla||||T|
Dividing by ||Tz|| we find that || Tz|| < Al|z|| which means that ||T||zmm < A. Thus
T : H— H is a linear bounded operator.
Next we show injectivity. Let x € H. Then we have
Az,y) = (Tw,y) Vye H.
Set y := x, using (19.6) we find with Cauchy-Schwartz,
Mz|* < (Tw,z) < | Tz||«],
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dividing this inequality by ||z|| we have shown
Azl < [T,
which implies injectivity.

We can also use this to show closedness of TH. Indeed, let x, € H and assume that
k—o00

Tz, — z € H. We then have
Mk = ael| < [Ty, — Tz,

and thus since (T'zy)ren is a Cauchy sequence, so is xy (here we use that A > 0). Since H
is a Hilbert space there exists T = limy_,o, xx. By continuity we have

Tz = lim Tx, = 2.
k—oo
That is £ = T~ 'z. We conclude that TH C H is closed.

Now we want to show that TH = H (i.e. T is surjective). In view of Proposition 19.12
and closedness, TH = TH, it suffices to show that (TH)* = {0}. Assume z € (TH)".

Then we have

(Tw,z) =0 VexeH
By the definition of A we conclude that

A(x,z) =0 VzeH.
But then we can take z = 2z and have

M|zl* < A(z,2) =0,

that is (since A > 0) we have z = 0. Thus TH* = {0}. We conclude that T is linear a
bijection with bounded ||T|| and ||77!||. That is, T is a linear bounded isomorphism. [J

The following very useful statement, a consequence of Theorem 19.23, is often referred to
as Laz-Milgram Theorem as well. It has more the feeling of solving an equation (and we
will see this is exactly what it does in PDE).

Corollary 19.24 (Lax-Milgram). Let H be a Hilbert space, A : H x H — R be a bilinear
and continuous map™®, such that for some A > 0
Az, )| < Alzlla llylla
and for some A > 0
Az, 2)| > Al
Assume z* € H*. Then there exists exactly one x € H such that
Alz,y) =2"(y) VyeH

and T satisfies
2] < A7HI2"

H*-

4Smay be nonsymemtric!
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Proof. In view of Theorem 19.23 we find T': H — H a linear bounded isomorphism such
that

A(r,y) = (Tz,y) Vr,y€ H.

Now let z* € H*. By Riesz Represenation Theorem, Theorem 19.18, there exists an z € H
such that

2"yl = (2, 9).
Set 7 := T~'zZ. Then we have the estimate

121 < 1T < A7z

Morever,
Az,y) = (Tz,y) = (TT 'z,y) = (z,y) = 2*[y] Vy € H.

We can conclude. O

The typical application of Lax-Milgram is as follows.
Example 19.25. We want to solve the PDE
—div(AVu) = f in Q)

where u € W,*(€2). We know this is equivalent to solving
/Q Aasst - v = fl0].

Let f € (Wy?(Q))* and assume A : Q — R™ " is measurable, uniformly elliptic, i.e. for
some constant A > 0

(Av,v) > Av|* in Q
and A is bounded supg, |A| < A.

We can set
Alu, v) = /Q AasOstt - Dav.
Then by ellipticity,
Aluyu) 2 A [ VUl 2 Jullwsao,
where the last inequality is Poincaré inequality.
And by boundedness,
[A(u, v)| S AVl r2) [[Vol|r2e) < Allullwrz@) [[Vollnrze).

Thus the conditions for Lax-Milgram Theorem 19.23 are satisfied, and we find that there
exists a unique solution v € Wy*(Q) to

/Q AasOst - v = fl0].
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20. OPEN MAPPING, INVERSE MAPPING, CLOSED GRAPH THEOREM

We now begin to discuss some important results from classical Functional analysis, and for
this review briefly the main definitions

e Normed spaces, Banach spaces, Hilbert spaces, Section 7
e linear bounded map, Section 8

20.1. Weak Baire Category Theorem. These sections are inspired by [Megginson, 1998]
and [StackExchange, a].

We want to avoid the full notion of Baire category, instead we prove a weak version of
the Baire Category theorem, that implies as important consequences Zabreiko’s Lemma,
Lemma 20.8, which in turn implies such important theorems as open mapping theorem
etc.

Definition 20.1. Let X be a vector space. A set A C X is called absorbing if for each
r € X there exists a number s, > 0 such that

1
;a:EA YVt > s,.

Clearly if X is a normed space and A is any open set containing the origin, then A is
absorbing. The converse may not be true in general, see Exercise 20.3 below, but we have
the following (which is a weak version of the Baire cateogory theorem)

Theorem 20.2. Let X be a Banach space and C C X be a closed, convex, and absorbing
set. Then there exists an open set U C C containing the origin 0 € U.

Proof. Let
D={xreX:zeC, —xeC}cCC.

Observe that D is closed and convex. Consider the interior D° of D
D° = {z € D : such that Ir > 0 with B(z,r) C D}.

Clearly, D° is an open set. In general it could be empty, but if we can show that D° # 0,

then we can set ] ]
U:={x: x:§a—§b a,be D},
which is an open set. Moreover if x € D° then —x € D°, so D° # () implies 0 € U. Lastly,

it a € D? and b € D° then —b € D° and thus by convexity of D,
1 1 1 1
—a— =—b=— —(=b)e D
0 gb =gt el,
and thus U € D C C. Thus U is the open set we were looking for. We just need to show

that D° is nonempty.
Assume to the contrary that D° = ().
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We are going consider for n € N,
nD :={nx: z€ D}.
If D° = then (nD)° =0 for all n € N.

This implies that for each n € N the set X \ nD is dense in X. Moreover X \ nD is open
(since nD is closed).

Since X \ D is open (and since its dense X \ D # (}), there must be z; € X and r; € (0, 1)

such that B(zy,r1) C X\ D.

Since X'\ 2D is open, we have that B(z1,71)\2D = (X \2D)NB(x1,71) is open. Moreover,
since X \ 2D is dense in X, B(xy,71) \ 2D is nonempty. So there must be x5 € X,

r9 € (0,1/2) such that B(xq,re) C B(xz1,71) \ 2D.

We continue like this and find a sequence of points (z;)32; and radii r; € (0, 1) such that
B(zy,r;) C B(xi_1,7ri-1) \ iD # 0.

We then have that

11
T <2 EERVEE)
|z; — x| < max{l E}

that is (x;);en is a Cauchy sequence and thus z := lim; ,,, x; € X (since X is a Banach
space).
We then have for any i € N
7€ Bl C X \iD.
That is, 7 ¢ D for all i € N.

On the other hand, since C' is absorbing, there must be some ¢ € N such that %i € ' and

%(—:E) € C, and thus %:Z“ € D, contradicting the previous statement. Thus X \ iD cannot

be dense for all 7, meaning in particular D cannot have nonempty interior.
0
Exercise 20.3. Let X = ((*(N), || - |[e).

(1) Show that X is not a Banach space.
(2) Consider the set

C:={(an)nen € X = Jlan]lo} <1}

Show that C' is closed, convex and absorbing. However show that C' has empty
interior.
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20.2. Zabreiko’s Lemma. For us the important consequence of Theorem 20.2 (which
is a weak version of Baire’s theorem that we will not discuss here) is Zabreiko’s Lemma,
Lemma 20.8. It implies many of the results that are usually proven by Baire’s category
theorem.

Definition 20.4. A seminorm on a vector space X is a map p: X — R such that

(1) p(Ax) = [A|p(x) for all z € X, A € R
(2) plz+y) < p(z) +p(y) for all z,y € X

(observe this is lightly different from sublinearity in Hahn-Banach, Theorem 10.2, which
assumes the multiplicity only for A > 0)

Exercise 20.5. Show p(0) = 0 for any seminorm p on a vector space X

Exercise 20.6. Show the reverse triangle inequality holds for any seminorm p on a vector
space X

Ip(z) —ply)| < plr —y) Vz,ye X.

Exercise 20.7. Let p be any seminorm on a vector space X. Show that if p is continuous
at 0 then p is continuous in any point x € X.

Lemma 20.8 (Zabreiko’s Lemma). Assume p : X — R is a nonnegative seminorm on a
Banach space X that is moreover countably subadditive, namely

o0

p(z Tn) < Zp<xn)

n=1
whenever (T, )neny C X such that

00 N
an = lim Z-’En mn X
n=1 n=1

N—o00 “—

——
eX

Then p is continuous.

Exercise 20.9. Let (X, || - ||) be a normed space.

(1) Show that p(x) = ||z|| is a countably subadditive seminorm.
(2) Let p : X — R be any nonnegative seminorm on X. Show that if p is continuous
then p is countably subadditive.

Proof of Lemma 20.8. By Exercise 20.7 we need to show that p is continuous in 0.

Set

G:={xeX:px)<l1}
Clearly 0 € G and if z € X then for s, := 2||z|| we have 1z € G for any ¢ > s, since p is a
seminorm. That is GG is absorbing.
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G is also convex, indeed if z,y € G and A € (0,1) then
p(Az + (1= A)y) < Ap(z) + (1 = A)p(y) <1,
and thus Az + (1 = \)y € G.

Albeit, G is not closed. However its closure G is still convex (exercise) and absorbing
(exercise).

By Theorem 20.2 there exists some # > 0 such that
|zl <0 = =zed.
Fix now ¢ > 0. We claim that
2| < ge = pla) <.
which readily implies continuity of p at 0.
All we need to show for this is (by homogeneity of p),
(20.1) |lz|| <0 = plz) <2

Fix any such z with ||z|| < §. We know that x € G but this does not yet imply =z € G
(and thus we do not know p(x) < 1)

However, since € G we do know that there exists some 1 € G such that ||[z—z1||x < 27'6.
Then

2(x — 1) € G,
and thus there exists xo with 2zs € G, i.e. p(x2) < % and
12(z — 21 — 225)||x < 2726
continuing like this we find z,, € X such that 2" 'z, € G, i.e. p(z,) < 27", and

n
HZE — ZkaX <270 TH—OO> 0.
k=1

That is >°;2; xx = x. Then we have by countable subadditivity of p
plz) < playg) < Y 2F =2
k=1 k=1
This implies (20.1) and we can conclude. O

Completeness of the space X is really important, Zabreiko’s Lemma fails without it.

Exercise 20.10. Consider X the vector space of sequences (ay)ren with only finitely many
nonzero entries, i.e.

X:{<ak)k€Ni dK eN:q,=0 Vk’ZK}

We can equip X with two norms, the {*°-norm and the £*-norm.
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(1) Show that (X, || - ||e=) and (X, ]| - ||n) are not complete.
(2) Show that the

p((ar)ren) = ||ak|lo

is a countably subadditive seminorm on (X, || - |le=) but p is not continuous on

(X - fleoe)-

Zabreiko’s Lemma implies several important theorems at once — we will discuss them in
the next sections.

20.3. Uniform Boundedness Principle/ Banach Steinhaus Theorem. We have
proven the Uniform Boundedness Principle or Banach Steinhaus Theorem in Theorem 12.18,
but we state it here again.

Theorem 20.11 (Banach-Steinhaus or Uniform Boundedness Principle). Let X be a Ba-
nach space andY a normed vector space. Suppose that F is a (possibly uncountable) family
of continuous, linear operators T € L(X,Y). If F is pointwise bounded, that is if for all
x € X we have

sup ||Tz|| < oo
TeF
then F is uniformly bounded in norm, i.e.
sup || T'|
TeF
Exercise 20.12. Use Zabreiko’s Lemma, Lemma 20.8, to show Theorem 20.11.

Hint: Set p(x) = supper || T

Again, completeness is important

Exercise 20.13. Let X be as in Exercise 20.10. For (a,)neny € X and m € N

T ((an)nen) := may,.
Set
F :={T,,,m € N}.
Show that the uniform boundedness principle fails for F in (X, || - ||n).

Corollary 20.14. Let (T),)nen be a sequence of linear bounded operators from a Banach
space X to a normed space Y. Assume that for each fired x € X the limit lim, . T,z
exists in Y and set Tx :=lim,_ ., T,x. Then T is a linear bounded operator from X toY .

Exercise 20.15. Prove Corollary 20.14.
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20.4. Open Mapping Theorem. A (not necessarily linear) function from a topological
X to another topological space Y is open mapping if for any open set U C X we have
f(U) C Y is also open — i.e. if f maps open sets to open sets.

Theorem 20.16 (The Open Mapping Theorem). Let X,Y be two Banach spaces and
T:X —Y be abounded linear operator. If T is surjective then T is open.

Proof. 1t suffices to prove that for the open unit ball B C X the set TTB C Y is open.
Indeed let U C X be any other open set and y € T(U). Then there exists x € U such that
Tx =y. Since x € U and U is open there exists a scaled copy of B centered at z inside U,
that is there exist r > 0 such that

r+rBCU.

Since T'(B) is open, so is T'(x+rB) = y+rTB. On the other hand y+rTB = T(z+rB) C
T'(U) so an open neighborhood of y lies inside T'(U). This holds for any y € T'(U) so T'(U)
is open.

So we only show that T'(B) is open, where B is the open unit ball.

For y € Y set
ply) = inf{flzl) : @ € X, Tw = y}.
p is well-defined since T’ is surjective.

We observe that
(20.2) p(Tx) < |||

Clearly p(0) = 0. Let A € R\ {0} then

1
p(\y) =inf{||z|| : =z € X, Tz =y} =mf{|N|z/\|: ze€X, Txx =y}
=[Ainf{||Z]|: 7€ X, Tz =y}
=[Alp(y)-
We prove countable subadditivity and triangular inequality for p at the same time.

Let (yn)nen be a sequence in Y such that Y, v, converges in Y. Fix € > 0, then for each
n € N there exists x,, € X such that Tz, = y,, and

lznll < plyn) +27"e.

Then we have

Yo llall <D plyn) + e

In particular >,y x, € X converges (here we use that X is a Banach space). Since T is

continuous we have
S = YT () =T(zxn)
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Applying p we have

P ) =T (Z xn>> ey (z a:) 1< lanlls < 3 plun) +

Letting ¢ — 0 we conclude.

By Zabreiko’s Lemma, Lemma 20.8 we conclude that p is continuous. But now observe
T(By={yeY: JxeB: Tor=yl={yeY: py <1}=p'((-1,1)).
Since p is continuious p~! of (—1,1) is open, so T(B) is open, so we can conclude. O

Exercise 20.17. Consider the identity operator on X from Ezxercise 20.10 defined as

I ((an)nen) = ((an)nen) -
Show that I : (X, || |ler) = (X, || - [|ex) s a bounded linear operator that is not open.

Corollary 20.18. Let X,Y be two Banach spaces and let T : X — 'Y be a compact linear
operator. If T is surjective, then Y must be finite dimensional.

Proof. It T : X — Y is surjective (it is also continuous) then 7' is open by Theorem 20.16.
Let B denote the open unity ball in X. Since T is open, then T(B) C Y is an open set

containing the origin, so there exists a closed ball B(0,e) C T'(B). Now B(0, ¢) is compact
(since its closed and lies in the impage of a bounded set under the compact operator T').
The Riesz lemma, Exercise 7.20, says that the unit ball (hence also B(0, ¢)) is only compact

iff the dimension is finite. O

20.5. Inverse Mapping Theorem. As a corollary of the open mapping theorem we have
the the inverse mapping theorem. Observe that in general just because f : X — Y is con-
tinuous and bijective there is (in general) no reason that f~! is continuous, Exercise 20.20.

For linear maps on Banach spaces this is true however.

Theorem 20.19 (Bounded inverse theorem / Inverse Mapping theorem). Let X be a
Banach space and T : X — Y be a bounded linear operator such that T : X — Y is
bijective. Then T~':Y — X is a linear bounded map

Proof. The fact that T~! is linear is easy to show from the bijectivity. By the open
mapping theorem T maps open sets to open sets, and since (T!)~! = T we have that T1
is necessarily continuous. Il

Exercise 20.20. Consider the identity operator on X from Ezercise 20.10 defined as

I ((an)nen) := ((an)nen) -

Show that I : (X, ||+ |ler) = (X, || [|e=) s a bounded linear operator which is bijective — but
whose inverse is not continuous.
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The inverse mapping theorem says that vectors spaces X which are Banach with respect
to two norms which create the same topology have equivalent norms.

Exercise 20.21. Let (X, ||-|l1) and (X, ||-||2) be two Banach spaces with the same underlying
Vector space X. If the identity map I : (X, - |l1) = (X, - |l2) @ continuous, then the
norms || - ||1 is equivalent to || - ||2.

Exercise 20.22. Let (X, ||-||1) and (X, ||-||2) be two Banach spaces with the same underlying
Vector space X. Assume that for some A > 0 we have

[zl < Aflzlls Vz e X.
Then there exists X > 0 such that
AMlzlls < flz]p Vo e X.

20.6. Closed Graph theorem.

Theorem 20.23 (Closed Graph Theorem). Let T : X — Y be a linear map from a Banach
space X to a Banach spaceY .

Suppose that T is a closed operator in the following sense: whenever x,, € X converges to
x € X and at the same time Tx, converges toy € Y then we have T'x = y.

Then T is a bounded operator.
Proof. For x € X we set p(z) := ||Tz||y. If we show that p is continuous then there must
be some ¢ > 0 such that

sup |Tzlly = sup (p(z) —p(0)) < 1.
l|lzl|<é lll| x <6

This clearly implies
ey < 5 llellx,
and thus 7' is bounded.
How do we show p is continuous? Zabreiko’s lemma, Lemma 20.8.
Clearly p(Az) = |A|p(x).

So let > oy 2k be a convergent series in X. We need to show
p(>_ ) <D p(ak).
k k

If the right-hand side is infinite, there is nothing to show. So we may assume that

gp(m = Xk: | Tzr|ly < oo.
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Since Y is a Banach space we have that >, T'r; converges in Y. Then we have the following

n o
n—oo .
E Tp —— rp in X
k=1 k=1
and

T (Z:ck> = ZTa:k e, ZTxk inY
k=1 k=1 k=1

By the assumption of closedness of 7" we then have

T(3 20) = Y. T,
k=1 k=1
and thus

p<§ ) = 17 @)y = | gmuy < i I Tzl = gpm).

k=1

We can strengthen the Inverse mapping theorem Theorem 20.19,

Theorem 20.24. Let X,Y be Banach spaces, and assume Z C X. Assume thatT : 7 —'Y
is linear, closed (as defined in Theorem 20.23), injective, and surjective. Then there ezists
a map T™' € L(Y,X) such that TT™' :' Y — Y is the identity and T~'T : Z — Z is the
identity.

A good example to have in mind for the above is X = L*(Q), Z = W?%(Q) N W,*(Q)
(equipped with the L%norm!) and Y = L?(R%) and T = A.

Proof of Theorem 20.24. Set
I'={(z,Tz): xze€Z}CXxY.

Since T' is a closed operator we have that I' C X x Y is a closed subspace, and thus a
Banach space. Set 7 : ' = Y,

m((z,y)) =y
the projection into Y. Since T is injective, so is m (on I'). Since T is surjective, so is 7.
That is 7 : I' = Y is bijective.

Moreover 7 : I' = Y is closed. If (zx,yx) € I' converge to (z,y) € I' and 2, € Y converge
to z € Y and we know that 7((xy,yx)) = 2z, then we have y, = 2, and thus y = 2. Since
(g, yr) € I' we have Txp = yi, and by closedness of T' we conclude that Tx = y. Thus
m(x,y) =y = z, and 7 is closed.

By the closed graph theorem, Theorem 20.23, 7 is continuous. By Theorem 20.19 7! :
Y — I' is continuous.
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Set
T = X
as the projection ¢ (x,y) := x. Clearly ¢ : I' — X is bounded linear.

Now we check that
THlU=¢gort: Y - X
is indeed the map we are looking for. U

Exercise 20.25. Consider the identity operator on X from Fxercise 20.10 defined as

I((an)neN) = ((an>neN>'

Show that I : (X, ||« |lg<) = (X, || - ||r) contradicts the closed graph theorem on incomplete
normed spaces.

Exercise 20.26. Show that Closed Graph theorem, Inverse Mapping theorem, Open Map
theorem are equivalent (i.e. show that assuming any of the three is proven, it implies the
other two).

An application of the closed graph theorem

Proposition 20.27 (Hellinger-Toeplitz). Let H be a Hilbert space and suppose that T :
X — X is a linear (but not necessarily bounded) map, such that there exists the adjoint
T*, namely a map T : H — H such that

(Tz,y) = (x, T"y) forallz,y€ H.
Then T is bounded.

Exercise 20.28. Show that T* as above is necessarily linear

Proof. In view of Theorem 20.23 we need to show that T is closed. So assume that (z,),en
n—oo

converges in H to x, and Tz, —— 2. We need to show that Tz = z.

We have for any y € H,
(z.y) = lim (T, y) = lim (0n, T*y) = (2, T"y) = (T, y)
That is
(z—Tzx,y)=0 Yye H.
Taking y = z — T'x we find
|z — Tx||7 =0,
thus z = Tz and we can conclude. O

Exercise 20.29 (Jests Gil de Lamadrid). Let (X, || - ||x) and (Y, || - |ly) be both Banach
spaces. AssumeY can be equipped with another norm || - ||o which satisfies, for some C' > 0

lell2 < Cllally Ve €Y.

(1) Give an example to show that (Y, || - ||2) may not be complete.
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(2) Let T : (X, ]| lx) = (Y, || - ||2) is a bounded linear operator. Using the closed graph
theorem, show that T : (X,|| - ||x) = (Y, || - |ly) is also bounded.

Exercise 20.30. (1) Let (X, || - ||x) be a Banach space and'Y C X a Vector-subspace
of X. Assume that there exists a norm || - ||y which satisfies

lyllx < Cllylly forallyeY.

Let T : (X,] - |lx) = (X,] - |lx) be a bounded linear operator, and assume that
T(Y)CY. Then

U NBENANS
is a bounded linear operator.
Hint: Show that T‘ (Y- y) = (Y- |lx) is bounded and use Exercise 20.29.
Y

(2) Let T (L*([0,1]), | [l z2o.1p) — (L2([0,1]), |- [[£2o1))) be a linear bounded operator
with the following property. If ¢ € C°([0,1]) then Ty € C°([0,1]). Then

T (C([0,2]), I - = o.a1y) = (C°([0,1]), I - [z 0.11)

s a linear bounded operator.

21. CLOSED RANGE THEOREM, SPECTRAL THEORY, FREDHOLM ALTERNATIVE

Although we did not discuss this before, especially for spectral theory it makes sense to
consider spaces X on the compact field C. There is not much difference (except for the
scalar product) in doing so.

21.1. Adjoint operators. Let T': X — Y be a linear and bounded operator.

Consider y* € Y*. Then y* o T € X*. We call the operator that maps y* into y* o T" the
adjoint operator T,

T°:Y*" — X¥,
and we record its defining property

y'[Tz] = (T"y")[z] VrelX

Since T is linear, so is T, and we have
Theorem 21.1. Let T € L(X,Y). Then T* € L(Y*, X*) and we have
ITlecxyy = 1T 2evx)

Proof. For y* € Y* we have
ly [Ta]] < [ly”|

v | T eex,vy 1] x-
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sup || T*y"||x- = sup |T*y"[z]|

[y ly=<1 =[x <1, [ly*[ly=<1

= Sup |y [T']|

lzllx <1, [[y*[ly=<1

=T £(x,v)

by Corollary 10.14.

How should we think of T*?

336

Assume that X and Y are finitedimensional spaces, e.g. X = R" and Y = R™. Let
T:X — Y is linear (and thus bounded). Every norm is equivalent on finite dimensional
spaces, so we might take as well the scalar product norm. We then have that each element
of X* corresponds to an element of X, via the identification

*

¥ X3zw (z,x)

So if y* € Y* then we have y* = (-,y). Thus

becomes

Now in finite dimensions, we know that 71" corresponds to a matrix 7" € R
simply the matrix-vector product. Then what is T*7 it is the transpose 7% € R™*",

So T™ is a generalization of the transpose operator in R-valued vector spaces.

y'[Tz] = (Ty")[z] Vee X,y"eY”

(y, Tx)ygm = (T"y,x) Vre X,yeY

(y, Tx)gm = y'Tx = (Ty) x = (T*y, T)gm.

What if X =C” and Y = C™? Recall that the complex scalar product

(v, w)em = v'W

Then Then we have

ytﬂ _ (T*y)tf,

= . -
so T* =T" —i.e. the conjugate transpose or Hermitian transpose.

and Tz is

More generally, it T : Hy — H, are two Hilbert spaces, we have H; = Hy, and H; = H,,
see Corollary 19.19, so we can identify T : Hy — H; so that

(y, Txyy, = (T"y,x)y, for x € Hy, y € H.

Example 21.2.

Let I : X — X be the identity. Then I* is the identity as well.
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Let X =Y = (?(N) where 1 < p < co. Set the right-shit operator
Sy (21,29, x3,...) — (0,21, 9, 23, . . .).

What is ST 7 By Riesz representation theorem we know that any element of (/7)* can be
identified with an element of /¢, where % + % =1

Given z € (P(N), y € (?(N), we have

Z ((S4)x), ur = Z Trp—1Yk = Z LEYk+1 = Z 2k (S4) Yk
k=1 k=2 =1 k=1

That is (54)* is the left-shit operator
S_: ($1,l’2, X3, .. ) — (1'2, xs3, .. )

Exercise 21.3. Let X,Y,Z be normed vector spaces, T : X — Y, S :Y — Z be linear
and bounded. Show that

(1) (i + ) =17 + 13

(2) (NT})* = NIy for all X € C,

(3) (SoT) =T 0"
Theorem 21.4. Let T : X — Y be linear and bounded, and assume T~' Y — X exists
and is continuous. Then T™* is continously invertible as well and we have

(T*)—l — (T_l)*.

Proof. Since T is continuously invertable we have T o T~ = Idy and T7'T = Idy. We
take the adjoint of both sides, and from Exercise 21.3 we obtain

T o (T*l)* — Iy

(171) 0T = Iy
Thus (T7')* is the inverse of T*. O

21.2. Closed Range Theorem. We can use the adjoint operator to study solutions of
the equation
Tr=y
Solution means that for given y we find x and hopefully x is unique — i.e. the question
is about surjectivity and injectivity. Recall the finite-dimensional case: If 7' : V. — W
is a matrix operator then T is surjective if and only if 7% = T* is injective — this is the
rank-nullity theorem:
dimim7" + dim ker7 = dim V.

For an operator T': X — Y we denote by its image or range

mT={yeY: JreX: Tr=y}
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and its kernel

kerT'={z e X: Tz =0}
Observe that the ker T is always a closed set if T is continuous — but im7 may not be
closed.

The following result is an extension of that concept — where we will use of annihilators:
For A* C Y~
LA = {y e Y :forall y* € A*: y*[y] = 0}
and for ACY
At ={y e Y :VyeY y'ly] = 0}.
We then have (cf. Lemma 19.9 for the Hilbert-space version)

Exercise 21.5. (1) Let A C X. Then At C X* is a closed linear subspace of X*
(2) Let A C X* then tA C X is a closed linear subspace of X

Observe that for Hilbert spaces H its dual H* corresponds to the scalar product with H
itself.

Exercise 21.6. Let H be a Hilbert space and consider the canonical identification v : H* —
H from the Riesz representation theorem, Theorem 19.18. Let A C H, and consider by the
usual orthogonal space A

A={zrecH:x1la Vac A}

Show that )
A= 1A

We also have the following (cf. Lemma 19.14 for the Hilbert-space version).
Exercise 21.7. Let X be a normed vector space and U C X be a subspace. Then
1 (UJ_) - U

Hint: If x € U use the Hahn-Banach theorem, Corollary 10.18. For the other direction
show that + (UL) is closed and U C + (UL).

With the notion of annihilators we have the following partial extension of the rank-nullity
theorem:

Theorem 21.8. Let X and Y be normed vector spaces and T : X — Y be linear and
bounded. Then

(1) (imT)" = ker T*
(2) +(ker T*) = imT
(3) +(imT™) = ker T
(4) (ker T)* D imT*
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Proof of Theorem 21.8(1). Let y* € (imT)". Then we have for all z € X

0=y [Ta] = (T"y") (2).
Since this holds for all x we have that T*y* = 0 and thus y* € ker T™.
On the other hand, assume that y* € kerT*. Then y*[Tz] = 0 for all x € X and thus
y* € (imT)*. O
Proof of Theorem 21.8(2). From (1) we have

(imT)" = ker T*

Applying + to both sides we have

(7)) = (ker )
So the claim follows once we show that

L ((mT)*t) = mT.

This follows from Exercise 21.7 U
Proof of Theorem 21.8(3),(4). We skip those, they are similar to (1) and (2) — cf. [Clason, 2020,
Theorem 9.6] O
In particular, T" is surjective if and only if 7™ is injective and im7" is closed.

Theorem 21.9 (Closed range theorem). Let X,Y be Banach spaces and assume that
T:X —Y is a linear bounded operator. Then the following properties are equivalent.

(1) imT C Y is closed
(2) imT =+ ker T*
(3) ker(T™) is closed
(4) imT* = (ker T)*.

Proof of Theorem 21.9: (2) = (1). By Exercise 21.5, if (2) holds then im7 is closed. [

Proof of Theorem 21.9: (1) = (2). Let y € imT. Then there exists z € X such that
Tz =y. For any z* € ker(7™) C Y* we then find

2] = 2" [Ta] = (T[] "= 0.
Thus y € + ker T™*.
So we have shown im7" C + ker T*.

For the other direction, it follows from Exercise 21.7, but we repeat the proof: set Z :=
LkerT* C Y* (a linear normed space) and assume there exists yo € Z \ imT. Then

vyl =0 Vy* € ker T™.
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On the other hand we can apply Hahn-Banach theorem, in the form of Corollary 10.18
(here we assume (1) i.e. that im7 C Y is a closed space). Then we find some y* € Z* with
y*[yo] # 0 and y*(im7") = 0. The latter says

y'[Tz] =0 VzelX.
We can extend (again by Hahn-Banach) y* from im7 to a map on Y, i.e. y* € Y*. Thus,
(T*y")[z] = y*[Tx] =0 Vze X.
But this implies that T*y* = 0, thus y* € ker T*. Since yy € Z = ~ker T* we have
y*[yol =0,

so we found a contradiction and such a g, does not exist.

We can conclude. O
Proof. The proof of the remaining directions of Theorem 21.9 can be found e.g. in
[Clason, 2020, Theorem 9.10]. O

As a corollary to Theorem 21.9 we obtain

Corollary 21.10. Let X,Y be Banach spaces and assume that T : X — Y is a bounded
linear operator with dual operator T* : Y* — X*. Assume that

(1) imT CY
(2) ker T* = 0.

Then T is surjective. l.e. for anyy €Y there exists x € X such that Tx = y.
If T is moreover injective, we have for some constant p > 0 (only depending on T')
[zl < pllyll-
Proof. The surjectivity follows immediately from Theorem 21.9. The last estimate follows
from Theorem 20.24 (Inverse mapping theorem). O

Remark 21.11. The closed range theorem can extended to densely defined operators
(such as A on L?) — this can be be found in [Brezis, 2011, Theorem 2.19.]

21.3. Example: Solving a PDE via the closed range theorem. The typical example
to have in mind is the following.

Example 21.12. Let Q CC R™" and A : 2 — R™ "™ an measurable, bounded, and uniformly
elliptic matrix i.e. for some A > 0

(Av,v) > AJv|* a.e. in Q
and A is bounded supg, |A| < A.
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We want to solve

—div (AVu) = f in Q2
u =0 on 0f)

We already discussed how to obtain a solution u € W,*(Q) via the Riesz representation
theorem (in the form of Lax-Milgram Example 19.25).

Recall that
H™(Q) = (W5*(Q)) .
This is a Hilbert-space, so (H~(Q))" “ =" H~*(Q) — but this is inconvenient to use. Instead
we use that Wy(Q) is reflexive (as a Hilbert space), so we use (H~(2))" = Wy*(Q).
Set
Tu := div (AVu).
Then T : W'2(Q) — H1(Q) is continuous.

Let v € (H1(Q))* then we can identify v with an element in W, (), and we have
_ _ ¢ T (A
v[Tu] = /Q(AVu, V) = /Q<Vu,A Vo) = —div (A"Vv)[u].
That is T* : Wy (Q) = (H1(Q))* — H-1(Q) = (WH2(Q))* is simply —div (A'V").

e It is easy to see that both T" and T are injective, i.e. ker T = 0 (this follows from
uniqueness of solutions).

e We show that T(W,*(Q)) is a closed subset of H~'(Q): Assume Auy, = f; for
ug € W01’2 and f, € H ' and f, — f in H~!. Testing this equation with u; we
have

IVurllZz@) < 1kl llwellwee.

Using Poincaré inequality we obtain

unlfe ) S el [lunllwre.
That is
lurllwrz@) < I fell -1

That is uy, is bounded in W12, so up to subsequence u;, weakly converges to some
u € Wy?(Q). Using testfunction we see that Au = f. Thus, A(uy — u) = fi — f,
so from the same argument as above

ur — ullwrz) S fe — flla— 2% 0.

Corollary 21.10 implies surjectivity of 7', i.e. for any f € H~'(Q) there exists u € Wy*(Q)
solving

div (AVu) = f.



ANALYSIS I & IT & III VERSION: December 5, 2022 342

21.4. Fredholm Alternative. The following looks very similar to the closed range theo-
rem, Theorem 21.9, (and philosophically it is not too far). Our proof will however not use
that.

Theorem 21.13 (Fredholm Alternative). Let X be a Banach space. Let K : X — X be
a compact operator and A € C\ {0}. Then one and only one of the following properties
holds.
(1) The homogeneous equation
A — Kx =0

has a nontrivial solution x # 0
(2) For each y € X the inhomogeneous

A —Kx=y
has a unique solution x € X

Proof of Theorem 21.13: if (1) holds then (2) does not hold. This is the easy part: As-
sume (1) holds, that is there exists & # 0 such that

Ar — Kz =0.
Take any y € X. Either there is no solution to
A —Kr =y
(i.e. existence fails). Alternatively, if there is some & with
AN — K=y
then also Z + = solves the same equation (i.e. uniqueness fails). In either case (2) cannot
be true. U

For the other direction in the proof of Theorem 21.13 we need two lemmata:

Lemma 21.14. Let K : X — X linear bounded and compact and set Y := ker(I — K).
For each x € X there exists y € Y such that

[l =yl < AJ(I = K)z]]
Proof. First we observe that for each x € X there exists (at least) one y € Y such that
Iy =l = inf llz = yl.
Indeed, let (y¢)een be a sequence
lye = ll == inf |l — gl

Then w.l.o.g.
[yell < [lfl + inf flz —yll +1 vE
yey
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That is y, is bounded. Moreover y, = Ky, (since y, € Y), so by compactness, up to

subsequence, 1y, Lo, y € Y. Since Y is closed (by continuity of I and K) we find that
y € Y, and indeed

— zf| = inf [z — y.
ly =« = inf [lz -y

Assume now the claimed inequality does not hold for any A, then there exists xj such that

inf llox =yl > KT = Kzl

Taking y;, the optimal projection of zj into Y from above (i.e. |y, — zx|| = inf ey |y — z]|)
we can also say

1@k = ye) = yll = llex — yell > KT = K)(zx —yr)| Yy €Y.

Set 2z, := =% then we conclude

llzx—ywll’
l2x —yl|= 1 > k[[(I — K)z|| VyeY.

Since K is compact, we can pick a subsequence such that Kz koo, Z, then from the
above inequality we find

_ K
lze = 2| < I(I = K)z|| + | Kz — 2] = 0.
That is limg_,o 21 = 2, and thus
2=yl =1=|z] vyeY.
On the other hand from the convergence we have z = limy_,,o Kz, = Kz, that is z € Y.

This contradicts the previous estimate since we could choose y = Zz. Il

Lemma 21.15. Let X be a Banach space and K : X — X compact and bounded and
linear. Then im(I — K) is closed.

Proof. Let z;, € im(I — K) with z = limy_, 2x. We need to find z € X with (I — K)z = z.
Firstly, there must be z; € X such that z; = (I — K)xj. Secondly, by Lemma 21.14 we
may assume that

k]l < Ascllzell,
that is (2 )ken is bounded. Up to subsequence we then may assume that Kxj converges,

and thus zj, = 2z + Kxy is convergent to some x € X. By continuity we have (I — K)x =
zZ. U

Proof of Theorem 21.13: if (1) does not hold then (2) holds. W.l.o.g. A = 1, otherwise
multiply with % and consider %K instead (which is still compact).

We have S := I — K : X — X is a linear bounded operator, which by assumption is
injective. We need to show that S is surjective.

Set
S":=80...085,
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and set U™ := imS™. By Lemma 21.15, U™ are closed subspaces, since we can write
=0

where K is compact.

Clearly U, = S™"(X) = S*(S(X)) € S™(X) = U,. If S is not surjective, then this
set-inequality is strict:

Indeed assume that y ¢ imS. Then S™y € U,. Assume S™y € U, then there must be
some r € X with Sty = S™y, which implies

S*(Sz —y) =0.
Since S is injective by assumption, we conclude that Sx = y, a contradiction to y ¢ im.S.
So either S is surjective, or there exists x ¢ imS, which implies that U, 1 C U,.

Hence, if we assume S is not injective, we can apply the Riesz Lemma, Lemma 7.18, to the
closed subspaces U, ;1 € U,: we can pick sequences (x,)nen such that x,, € Uy, ||z.]|x =1

1
|lu—x,]|x > 3 Vu € Upig.

Thus if m > n
|Kxy, — Kxpllx = || Stn — ST + T —x0]| >

€Un+1

N —

But this implies that K cannot be compact, because the sequence is (z,),en are bounded.
Contradiction, so .S must have been surjective all along. Il

Theorem 21.16. Let @ C R™ be a smoothly bounded open set. Let A € L>(£2)

Then exactly one of the following statements is true:

[ J
Au—ANz)u=0 1inQ

has a nontrivial solution u € H(Q) \ {0} in distributional sense (i.e. X behaves
like an eigenvalue!)
e For ecach f € L*(Q) there exists exactly on u € H} () such that

Au—ANz)u=f inQ
in the distributional sense.
Proof. Fix A € L*(Q).

We want to apply the Fredholm alternative, but where is the compact operator?
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And why don’t we just apply the Direct method, Theorem 12.30, to solve this sort of PDE?
Well the issue is that A has no prescribed sign, so the energy we used in Theorem 12.30
may not be coercive.

Let A := ”)\HLOO(Q)

1 1
=~ [ |Dv|*+ = / A) |v]? /
E@)i= [ 1DvF+5 [ (@) o+ [ fo

This energy is coercive, and as in Theorem 12.30, for each f € L*(2) there exists a unique
solution u = u(f) € H}(Q) to its Euler-Lagrange equation

Au—A+ANu=f inQ,
and we have

IVullr2@) < Cllfllz2@)

So if we set K f := u(f) we have a linear bounded map from L?(Q) — Hj (). By Rellich’s

theorem, Theorem 13.35,we can consider K : L*(Q2) — L*(Q) as a linear bounded, compact,
map.

Our original solution
Au—u=f
is then equivalent to
Au—A+MNu=f—-Au
Which, applying K to this equation, is equivalent to
u=K(f —Au)

or equivalently,
u+ AKu=Kf.
Setting h := K f we conclude that we would like to solve
u+ AKu = h.

The claim now follows from Theorem 21.13. O

21.5. Spectrum. (We follow substantially the exposition in [Clason, 2020]) For a matrix
A € C"™ we say that A € C is an eigenvalue if there exists an eigenvector v € C" \ {0}

Av = v

We now extend this notion to bounded linear operators (where we switch for completeness
now to C as an underlying field).

Let T' € L(X, X). Then the spectrum o(T') is defined as
o(T)={ e C: T — X isnot bijective},

that is A & o(7T) if and only if T'— A : X — X is bijective (and thus by the inverse
mapping theorem, Theorem 20.19, (T — M\I)~! : X — X is a linear bounded operator).
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If for some A € C there exists v € X \ {0} such that
Tv = \v,

then we call A an eigenvalue and v its eigenvector. The Eigenspace of an eigenvalue A is
given by
ker(T'— M) :={ve X :Tv— lv =0}

In contrast to the matrix (i.e. finite dimensional) case, A € o(T") does not necessarily mean
A is an eigenvalue! It could also happen that T — AI is simply not surjective!

The complement of the spectrum (i.e. all A where T'— A[ is continuously invertible is called
the resolvent set
p(T) = C\ o(T).
and
R\ = (T —XI)7!

is the resolvent function.

The spectrum o(7") is sometimes decomposed into

(1) point spectrum o,(T) ={A € C: X =T not injective}
(2) continuous spectrum o.(T) := {\ € C: \I=T is injective but not surjective, but with dense range
(3) residual spectrum o, (T) = {\ € C: A\I-=T is injective, but not surjective and without dense rang

So: elements of the point spectrum are the eigenvalues.
if X € 0,(T') then ker(A — T) is called the Eigenspace. Observe

Lemma 21.17. ker(\ — T) is invariant under T', in the following sense

reker(\[ -T) =Tz ecker(M —T).

Proof. If x € ker(A\ — T') then
(M —T)Tz = T(M — T)z = 0

That is Tx € ker(A —T). O
Example 21.18. Consider again the right-shift operator
Sy P — 0P,
(x1,22,...,) — (0,21, 29,...).

We have
(M — Sy )x = (Axy, Azy — 1, Awg — 9, . . ).
That is, for any A € C, (A\I — S, ) is injective, i.e. 0,(S;) = 0.

Observe that 0 € 0,5, since imS, contains only sequeneces with first entry zero (i.e. is
not dense in /7).
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One can show that the operator S, is surjective if and only if |A| > 1. Thus o(S;) =
B(0,1) C C.

The spectral radius
r(T) := sup |}

Xeo(T)
We recall the von Neumann theorem:

Exercise 21.19. Assume T : X — X is a linear bounded operator with ||T|| < 1

Show that I — T is invertible, i.e. there exists (I —T)™' : X — X which is linear and
bounded.

For this you can use the von Neumann sum

N
T k
Sz = 1\}1_I>noo kz::OT ,
where TF = To...oT. Show that S is a linear bounded operator, and it is indeed (I —T)~*.
We have for the spectral radius
r(T) < |7,
by the following

Lemma 21.20 (Spectral radius bound). If A € C and |\ > ||T|| then A & o(T).
Exercise 21.21. Prove Lemma 21.20 — Hint: consider (%T — I) and use Ezxercise 21.19.
Lemma 21.22. Let X be a Banach space and T : X — X linear and bounded. Then
o(T) C Cis a closed set in C.
Proof. We prove that p(T) = C\ o(T) is open.
Let A\g € p(T). Since (Aol — T') is invertible we may write

M —T =Nl —-T)—(Xo— NI
(Aol =T) (1= (N = NNl =T)7")
(Aol =T) (I -T)

where we set .
T:= M~ NN -T)7",

which is a bounded linear operator from X — X.

By Exercise 21.19, if ||T|| < 1 then I — T is invertible. On the other hand ||T| = ||Xo —
(Ao — T)71|| < 1 whenever |A\g — A\| < 1. Thus

M—T= NI -T)(I-T)
is invertible for A & A\g, and thus A € p(T). O
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Exercise 21.23. Prove the following extension of Lemma 21.22:

Let X be a Banach space and T : X — X linear and bounded. Take \g € p(T') = C\ o(T).
Then for any A € C with

A= ol < [T [I7!
we have that NI — T is bijective and

(A =T)7 =D (ho = NI
k=0

Here Ty, := (M —T)~1.

We can obtain the following structure

Theorem 21.24. Let X be a Banach space and assume T : X — X is linear and bounded.
Then

(1) o(T) is compact
(2) |\ < ||T|| for all X € o(T)
(3) If X # O then o(T) C C is nonempty.

Proof. The first two properties have been proven already: Lemma 21.20 implies that the
spectrum o(7T) is a bounded set, and Lemma 21.22 implies o(T") is closed.

It remains to prove (3).

Let ¢ € L(X,X)* a functional on the space L(X,X) which consists of bounded linear
mappings from X to X.

We consider fe : p(T") € C — C given as

fe(N) = E[(AT =T) 7.
For A\g € p(T) whenever |\ — \¢| < 1 by Exercise 21.23,

[e.e]

FeN) =[N =T)7" =Y (Ao — NFE[(A T — T)~*+1].

k=0

Here we have used the convergence of the series in L(X, X) and the continuity of &.
Thus fe(A) is a power series for C 3 A = A\g. That is:
For any A\g € p(T") we know that fe(\) is holomorphic for all A = Xo.

If o(T) = () then p(T) = C, that is f is a power series everywhere, i.e. f: C — C is
holomorphic.

We are now going to use Liouville theorem (bounded holomorphic functions in C are
constant):
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Observe that if A > 2||T'|| then, by von Neumann series Exercise 21.19,

(M —T)" 12

since
AT || Lx,x) <

l\D\»—t

That is,

2
| feM] < ([l nx.x)- *|| Z AT lxx) < 5 1€l x)e-

That is, f¢ decays at infinity, since it is holomorphic it is also continuous: that is f is a
globally bounded holomorphic function. By Liouville theorem, f; must be constant. Since
fe = 0 at infinity we see that f; = 0.

That is for all £ € L(X, X)* and all A € C we have
¢[(M —T)"1]=0.

But then (by Hahn-Banach, e.g. Corollary 10.14) (Al — T)~' = 0 which is impossible
because (A — T)~! must be invertible (as the inverse of a function). Contradiction, and
we can conclude. O

We recall the notion of spectral radius

r(T) = sup |}
Aeo(T)

Now we get all algebraic:

Let p be any (complex) polynomial of degree n,
= Z akzk.
k=0
Then we can define .
T):=> aT"
k=0
Here T* =T o...T k times and T° = I.

Then p(T') : X — X is still a bounded linear operator as a composition of bounded and
linear operators.

We have the following curious relation

Theorem 21.25 (Spectral polynomial theorem). Let X be a Banach space and T €
L(X, X) linear and bounded, and let p be a polynomial as above.

Then
o(p(T)) =p(a(T)) ={p(A): Aea(T)}.
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Proof. If p is constant, then p(T") = a¢T, and the above statement is obvious.
Assume now p has degree at least 1.

Assume A € o(p(7T)). We show that A € p(a(T)), i.e. there exists u € (7)) such that A =
p(p).

Set

q(z) = p(z) — A.
This is a polynomial of degree n. The fundamental theorem of algebra gives us n roots
Uiy -yt € C, and we write for some ¢ € C\ {0}

q(z) = i (z — )
Since A € o(p(T)) we know that p(T') — Al is not bijective. The above formula implies
that there must be some k € {1,...,n} such that T"— puzI cannot be bijective, so this
wi € o(T).

We then have

That is, A € p(a(T)).
Now assume A € o(T'). We show that p(\) € a(p(T)).

Set

Then X is a root of ¢, and thus

q(z) = (z = A)r(2),
for some polynomial r of degree at most n — 1.

Then
p(T) = p(W)I = q(T).
Since A € o(T'), we have T'— A is not bijective.

We need to conclude that ¢(7) is not bijective. Assume to the contrary it is, then by the
following exercise and since

¢(T) = (T = M)r(T) = r(T)(T = M),
we have that r(7") must be bijective (since T'— Al is not bijective). But then
o(T)r(T)™" = (T = AI),

that is 7' — AI is bijective, a contradiction. Thus ¢(7T") = p(T') — p()\) is not bijective, and
thus p(A\) € o(p(T)). O

Exercise. Let X be a Banach space and let S, T : X — Y be bounded, linear operators.
Assume that neither S, T are bijective.
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(1) Give an example of X, S, T as above such that ST is bijective
(2) Show that S oT or T oS are not bijective.

Exercise 21.26. Let X be a Banach space and T : X — X linear and bounded. Show that

1 . n %
Jim ([T = inf (1717 x)-
Hint: |T?|| < ||IT)|*.

Theorem 21.27 (Spectral radius theorem). Let X # () be a Banach space and T : X — X
linear and bounded. Then the spectal radius r(T') can be computed by

. il . =
r(T) = lim [T = mf 7] x)-

Proof. We prove first the lower bound
r(T) < }fellg 1T 12 x)-
Assume X € o(T) (observe that by Theorem 21.24, o(T') # 0).

By the spectral polynomial theorem, Theorem 21.25, we have \" € o(T™). By Lemma 21.20
this implies |A"] < ||7"||. That is
ik

AL <77

Take the supremum over all A € o(T") then we have shown
r(T) < |T"||» Vn€N.
That is ) )
r(T) < inf | T"||» = lim ||T"]=.

This establishes the lower bound.

Now we prove the upper bound. Recall the function
fe: p(T) = C\o(T) = C
given by
Je() = ¢[(M = T)7]
where £ € L(X, X)* was any fixed functional, from the proof of Theorem 21.24. We had
shown already that f is holomorphic around any point A € p(7') = C\ o(T)).

In particular, fe is holomorphic in {|A| > r(T))}, and we have for |[A] > ||T’|| (by von
Neumann series, Exercise 21.19) the Laurent series

fe0) = S AT

This Laurent series must be valid in the whole annulus {|A| > 7(T")}. That is the above
series converges, in particular

AR == 0.
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This holds for any ¢ in L(X, X)* so we have weak convergence (see Section 12) for any
Al > r(T),
ATFITR < 0 weakly in L(X, X).

Weakly convergent sequences are bounded, Theorem 12.17, so we have

sup AT pox x) < oo

keN
That is for any || > r(T) ther must be some C' = C'(A) > 0 such that

1
ITH% < (CINFH) T =2
That is for any [A| > r(T)
lim sup || 7% % < [A]
k—o0

we conclude that
lim sup | T%||F < r(T).

k—o0

Combining this with the lower bound and Exercise 21.26 we conclude. U

Next we try to recover properties of eigenvalues, the first one is that eigenspaces are linearly
independent:

Theorem 21.28. LetT : X — X be linear and bounded. Then eigenvectors corresponding
to distinct eigenvalues are linearly independent.

Proof. We argue by induction on the number of eigenvectors N. If we have only one
eigenvector there is nothing to show.

So now we assume that we have already shown that if we have N eigenvectors to distinct
eigenvalues, then they are linearly independent.

Let now

()3 e X\ {0}
be eigenvectors of T to eigenvalues \; € C, i.e. Tx; = \x;, where ()\Z)f\g{l are pairwise
distrinct, A\; # A; for all @ # 7.

Assume that
N+1

=1

We can apply T' to that sum and obtain that

N+1

=1
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One of the eigenvalues )\; is nonzero, w.l.o.g. Ayy1 # 0. Then we have two equations

0=>N ;=0
0= 2z = 0

AN+1

Subtracting the last from the first equation we find that

N )\z

i=1 AN+1

Since the first N eigenvalues must be linearly independent by induction hypothesis, we

conclude that
Ai .
<1— ),ui:O 1=1,...,N
AN+1

since \; # Ayy1 for i =1,..., N we conclude
wi=0 i=1,..., N.

We conclude that also 1 = 0 (since zy41 # 0) so we have that y; = 0fori =1,..., N+1,
and thus (2;)2! must have been linearly independent. O

21.6. Spectrum for compact operators. When looking at compact operators, we can
say more. First of all: any nonzero X in the spectrum is an eigenvalue. And if the dimension
is infinite, 0 is in the spectrum (but it may or may not be an eigenvalue)

Theorem 21.29. Assume that T : X — X is a linear bounded and compact operator and
X is a Banach space. Then every nonzero element in X € o(T) \ {0} is an eigenvalue.

Also if dim(X) = oo then 0 € o(T).

Proof. We can apply the Fredholm alternative, Theorem 21.13. If A # 0 is not an eigenvalue
(i.e. there is no nontrivial solution to the homogeneous equation (Al — K)v = 0), then by
Fedholm alternative (Al — K) must be surjective (and since A is not an eigenvalue it is
injective). Thus A/ — K is bijective, thus invertible — meaning that A & o (7).

Also, since T is compact, in view of Corollary 20.18 (which is a consequence of open
mapping theorem and Riesz Lemma), 7" is not surjective. Meaning 0 € o(7T) since T'— 0/
is not invertible. O

Lemma 21.30. Let T : X — X be compact and X\ # 0 an eigenvalue. Then the eigenspace
ker(Al —T')

is finite dimensional.

Proof. Since X # 0 we can consider \J —T = X\(I — 3T). ;T is still compact, so w.l.o.g.

A=1.

Set Y :=ker(I —T). Then
Ty=y VyeY.
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Thus T’ .Y — Y is the identity, in particular 7| :Y — Y is surjective. Since on the
Y Y

other hand T’ is still compact, by Corollary 20.18, Y must be finite dimensional. U
Y
Theorem 21.31. Assume that T : X — X is a linear bounded and compact operator and
X is a Banach space. Then eigenvalues form a finite or countable set, i.e.
o(T) = {0} U{N}IY, if X is infinite dimensional,

or
o(T) = {\}YY, if X is finite dimensional,

where N € {0,1,...,} U{oo} and each \; € C\ {0} is an eigenvalue. If N = oo then we
can order

M| =X >

and then have lim;_,.o A\; = 0.

Proof. Tt suffices to prove that for any r > 0 the number of eigenvalues satisfying [A| > r
is finite. If this was not true, then there’d be distinct eigenvalues

/\Z', |/\Z|ZT,Z:1,273,
and corresponding eigenvectors

For n € N we consider the (closed) linear spaces
H, =span{xy,...,x,}.

Since each x; belongs is eigenvector to a different eigenvalue \;, we have that dim H,, = n,
Theorem 21.28.

By the Riesz lemma, Lemma 7.18, we can find w,, € H,, such that

1
Jwall = 1, llww =yl 2 5 for any y € Hy 1.

We can represent w, = a,r, + yn,_1 for some y,_1 € H,_1, a, € R. Thus for k£ < n,
Twy, € H;, C H,_; and hence

| Tw, — Tw|| = ||an nzn + Tyn_1 — Twyl|

:|>\n| || Ap Ty + Yn—1— (yn—l - /\7:1(Tyn—1 - ka?)) || Z

Wn EHn—l

N3

Therefore the sequence {T'w,} has no convergent subsequence which contradicts compact-
ness of 7. O
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21.7. Spectral theory in Hilbert spaces. We now restrict our attention further to
Hilbert spaces.

We work in complex Hilbert spaces, so in particular
(v,w)y € C

and

and (this is a choice)

A+ po,w) = Mu, w) + p{v, w),
and thus

(w, M+ p) = Mw, u) + f{w, v).

If T € L(H,H) where H is a Hilbert space, then T* : H — H. In particular we can talk
about what it means to say T = T*. Observe for (real) matrices T" we have T* = T' if
T! = T. For complex matrices these are unitary matrices U' = U.

Definition 21.32. Let H be a Hilbert space. A linear operator T': H — H is said to be
self-adjoint if

(Tz,y) = (z,Ty) Vzx,y € H.
Observe that in view of Proposition 20.27 any such 7" is a bounded operator.

Theorem 21.33. Let T € L(H, H) be self-adjoint then

(1) (Tx,x) is real
(2) Eigenvalues are real
(3) Eigenspace of T corresponding to distrinct eigenvalues are orthogonal to each other'®

Proof. Observe we use here the complex scalar product, i.e. (Tx,z) € C in general.
However we have

(Tz,z) = (x,Tz) = (Tx, z),
and thus (T'xz,z) must be real.

In particular if A is an eigenvalue of T" and x an eigenvector, then
R > (T, 2) = Mz, 2) = A||z|?
Thus A € R as well.
Assume that \; # Ay are two eigenvalues with corresponding eigenvectors v; and v,. Then
A (o1, v2) = (Tr,v3) = (v, Twg) = Mg (v, v5).

Since A1, As € R this implies
()\1 - )\2) <U1, UQ) =0,
i.e. U1 1 (%) (Since /\1 7£ )\2) O

46fr6m Theorem 21.28 we already know linear independence
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We already know that any o(7) is bounded by ||T||, Lemma 21.20. Here we can obtain
the maximum value

Theorem 21.34. Let T € L(H, H) be self-adjoint and compact, the |T|| or —||T|| is an
eigenvalue of T'.

Proof. Let x, € H be a sequence such that ||z,|| =1, ||Tx,| — ||T]|. Since T is compact,
we may assume that Tz, “—— y € H, and thus ||y|| = ||T.

Moreover we have T%z,, —= Ty. Then
C.S. .
T 2 . 2 ™=T . o 2
[Tyl = lim [[T72,[| = lim (T%%,, 2,) ~ =" lim (T2, Twn) = || T
Repeating this argument
I7?yllllyll = (T%y.y) = Tyl > |TI1* = IT1MlyI1* = 1T2yll[ly]l-
Thus we actually have an equality

(T%y.y) = IT%yllyll

This is equality in the Cauchy-Schwartz inequality — which means that 72y and y must be
collinear, i.e.

T?y = py
for some p € C (but since T? is still self-adjoint, we already know that u € R). Also
observe that we already know T?y # 0 from the above estimates.

We have , )
— <T y>y> — ”TH — ||T||2
v y) (TP
Let x =y + ||T||"'Ty. If x = 0 then Ty = —||T||y and hence —||T|| is an eigenvalue of T
If z # 0 then
To=Ty+|T|"T% = Ty + |71 71"y = Ty + | Tlly = | T2
That is ||77]| is an eigenvalue. O

The following is the infinite dimensional version of the spectral theorem of Algebra (saying
that we can diagonalize symmetric matrices)

Theorem 21.35 (Spectral Theorem). Let T : H — H be compact and selfadjoint linear
map, where H is a Hilbert space.

Then there exists a finite or countable sequence of real eigenvalues (NN, € R, |N\y| >

|Xo| > ..., for some N € {0,1,2,...} U{oc}. If N = 0o then lim; o, A; = 0.

(1) For each eigenvalue X;, its corresponding eigenspace is finite dimensional

dimker(\I —T') < oo.
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(2) For two distinct eigenvalues the eigenspaces are perpendicular
ker(A\;l —T') L ker(\;I —T) whenever i # j.

(8) And, we can decompose H into ker T' and the eigenspaces, namely

N
H =XerT & @ker(\I —T),
i=1
in the following sense. For any vector x € H there exists exactly one y € ker T,
y; € ker(\I — T') such that

N
r=y+ Z yi in H
i=1
Moreover y and y; are all mutually perpendicular.

In particular if ker T'= 0 we can form a orthonormal basis of eigenvectors of X,
i.e. there exists a countable sequence (og)il, where M > N, |log|| =1, or L o; for
k # j, each oy is an eigenvector to some A;, and for each x € H,

M
=Y (z,o05) 0, convergence in H
k=1

Proof. We obtain the sequence of eigenvalues \; # 0 from Theorem 21.31.

(1) This is true since T is compact by Lemma 21.30.
(2) This follows from Theorem 21.33
(3) Set

N
Y := Pker(\I - T),
i=1
i.e. for each y € H,

N
yEY Hy=3 u
i=1
where y; € ker(\; — T'). Observe that the right-hand side assumes convergence in
H! Clearly, Y is a linear space. We can also check it is a closed linear space: let
z €Y, Z=1limy . 2x € H. Then

N
2k = Zfl/i;m
i=1

and thus
N

Ry — Z¢ = Z(yi;k - yi;@)'

i=1
Since for @ # 7,

(Yik — Yize) € ker(NI —T) Lker(MI —T) 3 (Yjie — Yjue)
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we have
N
(21.1) Iz = 2ellF = D N1yisk — Yisell-
i=1
So in particular
|z — 2zel|lm < e = sup yik — Yiellm < e
(2

This implies that for each fixed 4, the sequence (y;.x)ken is a Cauchy sequence, thus
there exists a limit z; := limy_ o y;. Since y; € ker(A\,I — 1) (which is a closed
space) we have z; € ker(\; ] —T).

For each L € N and any k € N we then have

L L L
Z ||?Jz‘;k - @z”%{ N Z ||yzk - yw”%{ + Z ”yzf - ??z||?{
i=1 i=1 i=1

Thus,

L L
> My = 9illz S e — zellar + 32 Nvie — Gill-
i=1 i=1
So for each € > 0 there exist some K € N such that for all k,¢ > K,

L L
> My = Billr S €+ Myie — Gill-
i=1 i=1

Taking the limit in ¢ — oo we have

L
> i — Gilli S e
i=1

This holds independently of L, and thus for any € > 0 there exist K € N such that
for k > K

> lyi = will S e

i=1
In particular we have 272, y; € H and for all k£ > K,

o 112
a— Y Uil Se,
=1 H
that is,
o 112
fflo - 2w =0
Consequently,
— < 2 — k—o0
Z—Zyi Sz — zl]” + zk—Zyi —= 0.
i=1

=1

Thus z =32, 9, € Y —ie. Y is closed.
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Next we are going to show that
ker T =Y.
For C we see that if y € H such that Ty = 0, then

N N
Suny) =Sy y) = Z (Tyi,y)
i=1 =1

#00

So we have for any y € ker T that y € Y.

359

For D let z € Y. We claim that Tz € Y*. For this take any 4 € Y. Then, by

definition of Y, for some y; € ker(\;I —T) we have
N

?J:Zym

i=1
and thus

min{N,i} min{N,i} min{N,:}
Ty = hm i | = hm Ty; = lim il

i=1

cker(A\;I—T)
Consequently,
(T2y) = (2 Ty) =0,
eyt ey
That is T . : Y+ — Y is a linear compact, self-adjoint operator. Observe that

the only eigenvalue T’ ‘ could have is 0 (because any other eigenvalue must lie in

L

Y'). However in view of Theorem 21.34,

o

of T — thus 0 = T‘ and we conclude that Y+ C kerT.
yJ_

We have thus estabhshed

ker T =Y.
By Lemma 19.13, using that Y is closed we have
H=kerT @Y.

We can conclude.
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Exercise 21.36. Let (\;)2, C C be any sequence with lim; ., A\; = 0.

Set
T : *(N) — (*(N)
be defined as follows
T(x1,z9,...) = (Mx1, AT2, .. .,).
Show that

o T' is compact.

T is self-adjoint on (*(N) if and only if \; € R for alli € N

Show that the eigenvalues of T are exactly Ay, ...,.

If \; # 0 for all © show that T is injective, i.e. ker T # 0.

Given an example to show that T is not surjective (which according to Corol-
lary 20.18 it can’t be).

21.8. Spectral theorem for the Laplace-Operator. We want to study the eigenvalues
of the Laplace operator A. This is not so obvious, because for what space would we have

A X = X7

We could take X = L? and consider A : D(A) — L? as densily defined operator by taking
D(A) = W22, But this is very messy (also then A is not compact...)

The principle idea is that (at least formally) if we want to consider eigenvalues, e.g.
Tu =\
then if we can apply 7! (i.e. if it makes sense) this is as good as
u = \T""u.

That is (formally) % is an eigenvalue of the inverse operator if A is an eigenvalue of 7" and
vice versa.

To make this precise, we need to precisely write what we want. We say that A € C is an
eigenvalue for the (Dirichlet-)Laplace problem in €2 (for simplicity: open, bounded set with
smooth boundary) if there exists a solution u # 0 of

—Au = \u in
u=20 in

Observe that if we change €2, or change the boundary data then the Eigenvalue of A will
likely change®".

4Tthis is related to the famous 1966 article "Can One Hear the Shape of a Drum?” article by Mark Kac
in the American Mathematical Monthly
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So if we want to consider the inverse operator for A (depending on 2 of course) then we
want to consider the solution operator 7' that maps f € L*(Q) to u € Wy(Q) solving

—Au=f in €2
u=20 in €2

From existence theory (we have considered various arguments) 7' : L2(Q) — Wy ?(Q) C
L?(92) is well-defined linear operator and we have

1T fllwr2) < N fllz2@)-

(Actually from regularity theory we know more: we know the same estimate for W??2(Q)
on the left-hand side, but that does not matter for us, so we are content with the W12-
estimate).

Now if
—Au = \u in 2
u=20 in 2
Then this implies T'Au = u and thus iTu = u — and vice versa. So Eigenvalues of T are

as good as discussing eigenvalues of A.

Moreover T : L*(Q2) — L?*(Q) is compact. Indeed, let (fx)ren be a bounded sequence in
L2(),
Sup | ficll2() < oo.
Then by the above estimate
Sup 1T fell w2y < oo

By Rellich’s theorem, Theorem 13.35 there exists a subsequence (fx, )ien such that fj, con-
verges strongly to some limit f with respect to the L?(£2)-norm (here we use the boundary
regularity of 9Q) — thus T : L*(Q) — L*(£2) is indeed compact.

Proposition 21.37. The operator T : L*(Q) — L*(Q) is a self-adjoint, compact operator.

Proof. Compactness we have discussed. As for self-adjointness, we need to show
(21.2) (Tf.9)=(f.Tg) Yfg€L*Q)

Set u :=Tf and v := Tg. Then u € Wol’Q(Q) and —Au = f, that is (the distributional
definition)

/VquzJ:/fgo Vo € C=(Q).

By density we can use the above equation also for ¢ € Wy*(Q). Indeed, let @), € C(Q),
or 222 o in Wy () (this smooth sequence exists by definition of W;*!). Then we have

[vuve &= [Vuvpe= [ fo Vo 22 [ fp
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Thus we actually have
/Vqupz /f o Ype W P0).

In particular we can take ¢ := v and then have
/Vqu:/f v={(fTg).
On the other hand, using the equation Av = g, tested with u € Wol 2(Q) we also have

/VUVU = /ug =(Tf,q).
So we have established (21.2) and T is self-adjoint. U
We can now apply the spectral theorem to T' (and thus —A) By Theorem 21.33 all eigen-

values of T' (and thus of A) must be real numbers, and they form a (finite or countable)
sequence (1), where N € NU {+o0}.

Lemma 21.38 (—A is a positive operator). Let Q C R™ be open and bounded.

Then all eigenvalues \ of —/ are strictly positive.

Proof. Assume that u € W,*(Q) solves
—Au = A u in €,
which means

/ww - )\/wp Vo € WH2(Q).

Testing this equation with ¢ :=u € W, 2(Q) itself we have

/Q\Vu\z = )\/Q\u|2.

If A <0 this implies that |Vu| = 0, that is u = const in each connected component of €2,
and thus since v € W,*(Q), v = 0. But then u is not an eigenfunction to .

That is, whenever u is an eigenfunction of A we have A > 0. U

So when we apply the spectral theorem Theorem 21.35, we find that
N
L*(Q) =ker T & Pker(T — ;1)
i=1
Since kerT = 0 (0 is not an eigenvalue by Lemma 21.38) and the dimension of the

Eigenspaces ker(T' — p;I) is finite, Lemma 21.30, we must have N = oo and thus there are
must be a decreasing sequence py > ps > ... > 0 such that lim; , . y; = 0.

Since T' = (—A)~! we have for \; := ui the following results

Theorem 21.39. Let Q C R"™ be open, bounded, and with smooth boundary OS2 € C°.
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(1) The eigenvalues of the Laplace operator —A : Wy (Q) — L*(Q) are positive and
form an increasing sequence

>\1<)\2<)\3<..., hm)\lIOO

1—00
(2) The dimensions of the corresponding eigenspaces are finite, dim E, < oo, i = 1, 2,
(3) We have
Lz(Q> = @ E>\¢
i=1

and hence we may choose an orthonormal basis of L*(2) consisting of eigenfunctions
(up)ren of —A.

Observe that by regularity theory all eigenvalues must be C>(£2).

In particular we may expand any f € L*(Q) into

k=1

Then the action of the Laplacian —A on f is (at least formally)

k=1 k=1
Observe that in general the series on the right-hand side has no reason to converge in LQ(Q)
— since —A f may not belong to L?!

Observe also that in general u;, and A\, depend on the shape of Q.

We can use this spectral decomposition to write a power of (—A). Using that A\, > 0, we

can write
o0

(=AY f = Z()\k)suk(uk, f)-

k=1
This is called the spectral fractional Laplacian.

Example 21.40. Let n = 1 and Q = (0,1). Then —A = —%; and one can check

dz?
wy(z) == V2sin(nrx),n € N

are eigenfunctions of —A and the corresponding eigenvalues are (nm)?. And indeed w,
form an orthogonal basis of L*((0,1)) — and the expansion in that basis is the (sinusoidal)
Fourier series.

For n > 2 such explicit computations are very difficult (already: there are many more
open sets € in 2D than in 1D — although observe Theorem 21.34 (which since we look at
inverses, describes the smallest eigenvalue of —A).
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There is a method of computing the eigenvalues variationally, which is the method of
Rayleigh Quotients, which is defined as

IVwl|72q)
Hw||L2(Q)

Theorem 21.41. Let Q C R™ be an open, bounded set with smooth boundary OS).

There exists a minimizier of the functional

Vw2,
sy o 1700

Y

 wllze
in the the set of functions
Y= {we Wy™(Q), [lw]zz) # 0}

And any minimizer w satisfies
Aw = \w,
where \y is the smallest eigenvalue of —A.

Proof. Let wy, be a minimizing sequence in Y of E, i.e.
0< J}Iég_ E(w) = kll)rgo E(wy).
We may assume that

sup E(ug) < A,
keN

for some huge A (simply take A := E(p) where ¢ is any choice of a nonzero C2°(2)-
function).

Otherwise replacing wy by W we may assuime
L2(Q)

Then we have

sup w2 + [Vwrll z2@) < A,

and in particular wy is uniformly bounded in VVO1 2(Q) By reflexivity there must exists a
subsequence wy converging weakly to @ in Wy?(€2), and by Rellich’s theorem strongly in
L?(2). We conclude that ||w]|z2) = 1. In particular w € Y. Moreover we have by weak
lower semicontinuity of the norm

=\ — 22 < limi 2 _ Jini _ .
E(w) = [[Vwla) < liminf [V |[” = lim inf E(wy) = inf E(w)
Since w € Y we have that w is indeed a minimizer of F.

Now let ¢ € C°(Q2) and consider

|Vw + tV el
E(w+ty) = L@
lw 4+t L2 ()
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For small ¢ we surely have ||w + tp||12(q) # 0 since ||w|z2 = 1, so this is all well-defined.
By minimality we know
t— E(w+tp)

has a minimum at ¢ = 0, so

0 2 Jo V- Vol|w|[F2g — 20IVwllfeq) [ we jul .1

E(w+ty) = Q/QVw-Vgo—QHVwHQB(Q)/w@.

" dtli—o
We conclude that

|wllz2 (@)

So w is indeed an eigenfunction of the eigenvalue A := [|[Vw||2 (o (whatever that value is).

The theorem claims that A is the smallest eigenvalue.
So assume u € Wy(Q) \ {0} satisfies

—Au = pu in €
We can normalize to assume that |u|p2) = 1.
Then we have

A =||Vwlr2) = E(w) < E(u) = /QVU -Vu = /Q —Au u= ,u/Q lul® = .

So we have shown A < p for any eigenvalue p of A. O

Alright, so this is how we find the first eigenvalue, how do we find the next eigenvalue?

Let wy, ws, ..., w, be the first n eigenfunction we have found already (for now n = 1). To
find the n + 1st Eigenfunction w1, compute the infimum of the Raleigh quotient, only
we minimize in the set

Y1 o= {w € Wo (), w € {wy,...,w,}*, ||lw] 2y # 0}

Its now a nice but not completely trivial exercise to show this works:

Exercise 21.42. Show that the minimum E in Y, is attained, and that it computes the
n + 1-st eigenvalue.

22. SEMIGROUP THEORY

As references we refer to [Evans, 2010, §7.4] and [Cazenave and Haraux, 1998].
We could look at (9; — A)u = 0 and naively we should have
(22.1) u = e"u(0).

We can make this precise with the help of the Fourier Transform.
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Is there a similar relation if we look at an elliptic operator L instead of A — or work with
A on a domain where there is no Fourier transform? The first issue is that while we prefer
to work in L?(€2), A is not defined everywhere.

22.1. Unbounded Operators. Let us introduce here the notion of unbounded operators.
Let X,Y be a Banach space. An operator
(22.2) T:-D(T)CX—Y

is called linear, if and only if D(T') is a linear subspace and 7" is linear on D(T"). We say T'
is densely defined, if

(22.3) D(T) = X.
T is bounded (or continuous), if and only if

IT|) == sup |T] < oo.
(22.4) llz]|<1

Otherwise it is called unbounded.

examples

(1) X = L2R"), T = A, D(T) = H*R") or D(T) = ™.
(2) X = C°([0,1)), D(T) = X, K € C°([0, 1] x [0, 1])
(22.5) Tu(w) = [ K(e.p)uly) dy
is bounded.

We use the following notation.

(22.6) G(T)={(u,Tu) C X x X:ue D(T)}

is the graph of T,

(22.7) R(T)={Tu:ue D(T)}

the range of T. An extension of T is

(22.8) T:D(T)C X — X,

such that

(22.9) D(T)C D(T) and Tu=Tu Yuc D(T).

T is called closed, if G(T) is closed in X x X. That is, whenever (uy)ren C D(T) and

u,geXwithukIH—°°>uinX,Tuk]H—oo>g€Xwehaveu€D(T)andg:Tu.

T is called closable, if there exists a closed extension 7. Recall the Closed Graph Theorem
Theorem 20.23 — which shows that if D(T") = X then closedness is the same as boundedness.
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22.2. semigroup setup. Generally: Let X be a real Banach space and a linear map A,
(22.10) A: DA CX — X,

where D(A) is the domain of A, a linear (usually dense) subset of X. We are looking for
solutions v € C*((0,7T), X) of

uw=Au, te(0,7),

22.11

224 w0) = ¢

A is in general not bounded, but closed. Assume there exists a solution to (22.11), then
(22.12) T(t)p = u(t)

defines an operator. Resonable properties of T': are

e I'(t): X — X is linear.

e 7:[0,7) — L(X). (hopefully)

e 7(0) =1id,

o T'(t+s)=T(t) oT(s), (from uniqueness hopefully)

e t — T(t)y is continuous.

The latter three properties are characteristic for a semigroup.
Assume now that we have a semigroup

(22.13) T:10,00) x X — X.

Then we find some A such that 7" is the semigroup of A. A will then be called the generator
of T

Indeed, let u(t) := T'(t)¢. Then,

u(t + s) — u(t) T+ s)p—T(t)p

u(t) = lim = lim
s—0 S 5—0 S
T(s)—T
(22.14) i (s) (O)u(t)
s—0 S
= Au(t).
Hence let
T(s)—T
(22.15) Au = lim Mu,
s—0 S

whenever the limit exists. Call D(A) the set of u € X where this limit exists.

One might conjecture there is some sort of equivalence between generators A and semi-
groups 1.
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Questions: Which generators A allow semigroups? Which generators are obtained by
semigroups?

The main theorem which gives us an answer to this question is the Hille- Yoshida Theorem,
Theorem 22.20 and 22.22. For Schrodinger equations this is (a generalization of) Stones’
theorem, it also appears under the name Lumer—Phillips theorem.

22.3. m-dissipative operators. Take an operator
(22.16) A:D(A) Cc X — X,

where X is a Banach space and D(A) a linear subspace, e.g. X = L? and D(A) = H? and
A = A. The norm of our space X is the L?-norm, and then A is not a bounded operator.
On the other hand, since C2° is dense in L?, D(A) is dense in L? (everything with respect
to the L?>-norm).

We want to solve (i.e. find u(t)) such that

u'(t) = Au(t), t>0
(22.17) {u(O) .

22.3.1. The (easy) case of linear bounded operator A. If A is simply a R™"-matrix, the
situation is easy.

Example 22.1 (finite dimensional case). Let X =R" or C*, A: X — X linear (and thus
bounded), then

(22.18) u(t) = ey
is the unique solution to (22.17), where
=1
A k Ak
(22.19) et = ;ﬁt AF,

Now let X be a general Banach space and A € L(X), where L(X) is the space of bounded
linear operators from X to X. Le. A is bounded. Then e*4 still makes sense

Exercise 22.2. Let A, B € L(X). Show
(1) e* converges absolutely, where
=1
A_ N2 gk
et =) o A"
k=0

(2) We have the estimate
e ) < b,

(3) ® =id,
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(4) if A and B commute, i.e. AB = BA, then'® eAT8B = edeB

(5) e = (eA)il
(6) If we set f(t) := et then f € C®(R) and we have f'(t) = 1A = Ae'A.

Theorem 22.3. Let A € L(X), p € X, T > 0. Then there exists a unique solution
ue C'((0,7), X) of

{u’(t) = Au(t) te(0,T)

Proof. Put

(22.20) u(t) = .

Then

(22.21) U (t) = e Ap = Aul(t).

For a second solution v set

(22.22) w(t) = e (1),

then w'(t) = 0 and hence w(t) = w(0) = ¢. O

Recall Section 22.1 for the notion of unbounded operators.

22.3.2. Notion of m-dissipative operators. Let (X, | -||) be a Banach space, and D(A) C X
a dense subspace.

Let A: D(A) C X — X be linear (but not necessarily bounded, nor closed).
Definition 22.4. A is dissipative, if

(22.23) llu — AAu|| > ||ul| Yu € D(A), A > 0.

A is called accretive, if —A is dissipative.

Lemma 22.5. Let X be a Hilbert® space,

(22.24) A:DA)CX - X

linear, then A is dissipative if and only if

(22.25) Re (u, Au) <0 VYu e D(A).

C M8f AB # BA there is a formula in terms of commutators [A,B] = AB — BA, the

Baker—Campbell-Hausdorff formula
49.e. there exists a scalar product (,) : X x X — C such that |[v||?> = (v,v). For L?*(Q) the scalar
product (f,g) := [ fg (veal) or (f,g) := [, fg (complex)
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Proof of Lemma 22.5. Assume A dissipative, then:

(22.26) ||| + A2 Aul|* — 2ARe (u, Au) — ||ul|* = ||u — AAu|]* — [Ju]|* > 0.
Dividing by A and letting A — 0 gives
(22.27) Re (u, Au)y <0.
For the converse, assume that
(22.28) Re (Au,u) <0,
then
(22.29) |u — AAu|]* = ||Ju|® + N?||Aul|* — 2ARe (u, Au) > |jul®.
Il
Example 22.6. e Heat equation (0y — A)u = 0:

Then A=A, X = L*(R"), D(A) = H*(R"), then
(u, Au) = —/Rn Vul? <0.
e Schridinger equation (0 — iA)u = 0. A =1iA, D(A) = H*(R"),
(u, £iAu) = Fi /R Vu?
and hence the real part is 0. That is, both :A and —:A are dissipative.

Definition 22.7 (m-dissipative). A linear operator A: D(A) € X — X is called m-
dissipative, if A is dissipative and I — AA is surjective for all A > 0.

We call A m-accretive, if —A is m-dissipative.
Our later goal is to show that for any m-dissipative A we can define (some sort of) e?.,
which we will do for Hille-Yoshida Theorem 22.20.

Observe that for the notion of m-dissipative the right choice of D(A) becomes relevant.
E.g., if we choose D(A) = C*(Q2) then A is dissipative, but not m-dissipative; but if we
choose D(A) = H*(Q2) then A is m-dissipative, see Example 22.11.

Exercise 22.8. Show that if A: D(A) C X — X is m-dissipative, then [—-\A : D(A) — X
is bijective and has a continuous inverse I — A A : X — D(A).

Set

(22.30) Jy= (I —MA)': X — D(A).

Then (22.23) implies for m-dissipative A

(22.31) || < lv|| Vv e X.



ANALYSIS T & II & III VERSION: December 5, 2022 371

Lemma 22.9. Let A be dissipative, then A is m-dissipative if and only if there exists
Ao > 0 such that I — M\gA is surjective.

Proof. Let A € (0,00) and v € X. Our goal is to find u € D(A) such that u — MAu = v.
Observe that it is equivalent to find u such that

A A
(22.32) u— AAu = 7% + <1 - ;) u,
or equivalently (recall Jy, = (I — X\gA)™!: X — D(A))
(22.33) u=Jy, <)§)v + (1 - i?) u) =: F(u).

That is, the desired u is a fixed point of u = F(u).

First we show that F': X — X is a contraction for A > % (Recall, that we need to find

u € D(A)).
((-2)e-)

Observe, by (22.31),
<
Hence F is a contraction, whenever A > \o/2.

(22.34) I1F(u) — F(w)| = b= AAO

lu = wl].

Then we apply Banach Fixed Point theorem , on X (not D(A) which is not closed in
general).

Let u € X be the fixed point, then we have u = F(u) € J\,(X) C D(A).

That is, there is a unique u € D(A) with F(u) = u. This I — AA is surjective, whenever
A> 20,

[terating this argument, e.g setting A\; 11 := %)\i, we find that for any A > \;; 1 € N, I — \A
is surjective, and letting ¢« — oo we see that for any A > 0 we have [ — \A is surjective.
0

Proposition 22.10. All m-dissipative operators (A, D(A)) are closed.

Proof. Let up — u in X and Auy — ¢g in X. We need to show that u € D(A) and Au = g.

Observe that (I — A)uy — u + g. Since A is m-dissipative, J; = (I — A)~! exists and is a
continuous map X — D(A). Thus

u &2 u = J1((I — A)ug) koo, Ji(u—g)=Jiu— Jig € D(A)

That is, u = Jiu — Jig € D(A), and applying [ — A we obtain (I — A)u = u — g, i.e.
Au = g. O
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Example 22.11. Let © be a bounded set, 09 € C*(Q), or Q = R™.
Set X = L?(Q), A=A, D(A) = H}(Q) N H*(Q). Then A is m-dissipative.
Proof. We already know that A is dissipative (Example 22.6), so by Lemma 22.9 we only
need to show that
(22.35) Vo € L*(Q) Ju € H*(Q) N HY(Q): u— Au = v.

There are several ways to do this. Observe that —1 is not an eiganvalue of —A (since

—A is positive, Lemma 21.38, so we could use Fredholm alternative Theorem 21.13 to find
u € Hy(Q).

Another option is to go variational, computing via the direct method of Calculus of Vari-
ations, Theorem 12.30, that the minimizer u € H}(2) of

E(u) = ;/Q|Vu|2+;/u2 —/uv

In both cases we find u € H} () that solve the equation. In particular we have
Au € L*(Q).
From L?-regularity theory in PDE we then conclude u € H?*(12). O

exists.

Proposition 22.12. Let A be m-dissipative, then
(22.36) Yue D(A): ||Jwu — ul 22% 0.

Proof. Observe that by (22.31), Jy, — I : X — X is bounded linear operator, i.e.
(22.37) [ =] < ([ A+ 1] < 2.

By density D(A) C D(A), it thus suffices to prove the result for v € D(A). Since J) =
(I — AA)~! using again (22.31)

(22.38) | —ul| = ||y (uw— (I = AA)u) || < A||Au|| =0, A —0.

Observe that from (22.31) we have the following useful observations

and
Iy—1=(I—-(I—-MNA))J\=IAJ,.
Set

1
(2239) A/\ = AJ/\:X(J/\—I)
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This Ay € L(X) will serve as an “approximation” for A, so that we can make (certain)
sense of an operator €' in terms of limy_,q e/4*. This is justified by the following

Proposition 22.13. Let A be m-dissipative and D(A) = X. Then
(22.40) A 2% Au, Vu e D(A).

Proof. We have
(22.41) (I —XNA)A = A(I — \A).

Thus, multiplying both sides with Jy from the left and also from the right, we have A, =
AlJ A= J /\A.

Now observe that by Proposition 22.12,

(22.42) JAu 2% Au,
since D(A) is dense in X O

22.4. Semigroup Theory. Let X be a Banach space. A semigroup is an operator
(22.43) T:[0,00) = L(X),
such that
(i) T(0) = 1,
(ii) T(t+s) =T(t)T(s).
T is called C°-semigroup (strongly continuous semigroup), if
(iii) lim, o |T(t)u —ullx =0 VYu € X.

Note, that by (ii) we necessarily have T'(s)T'(t) = T(t)T'(s).

Example 22.14. (1) A€ L(X), T(t) = e
(2) X = LP(R), p € [1,00)].

(22.44) T(t)u(x) = u(t + x).

If p < oo, then T is a continuous semigroup, since C'° is dense and hence for u € L?
and € > 0 there exists f € C2° with

(22.45) 1f = ull, < /3.

We have for all small ¢,
(22.46) sup [f(z — 1) = f(2)] <tV <e/3,
and thus for t < 1

(22.47) (/R T(t)f — f|p); < % (diam(supp f)+1).
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Moreover, by the definition of 7T'(t)

IT@) = Pl = llu = fllpzn < =

3
Thus,

1T w —ull, < [|T@)f = fllp + T (w = F)llp + llu =l
<e

The situation is different for p = oo: let u = x(o,1}, then
(22.48) o= T(t)ullow = sup u(z) — u(z + 1) > 1 Ve >0,
Thus T is no C%semigroup for p = co.

Proposition 22.15. Let T(t) be a C°-semigroup on X. Then IM > 1 and w € R such
that

(22.49) 1T || < Me*t Vi > 0.

Proof. We show that there exists ¢ > 0 such that
(22.50) M= sup [T < oo
If this was not the case, then there exists a sequence t,, — 0 with

(22.51) IT(t)]| — oc.

Recall Banach-Steinhaus Theorem, Theorem 12.18: If for a sequence A, € L(X) we have
(22.52) Vu € X: sup [|[Ayul| < oo,

then sup,, ||A,|| < oo.

Hence, if (22.51) holds, then there must be u € X such that || T(¢,)ul]| — oco. But this is
in contradiction to the C%-property. Hence (22.51) cannot hold, i.e. (22.50) must be true.

Now let ¢ > 0, then there exists n € N and s € (0,6), such that
(22.53) t=nd+ s.

Then by the semigroup property
T(t)=T()o---0T(6)T(s).

(22.54)
n times
That is, with (22.50),
(22.55) IT@)]| < |T@)|M|T(s)]| < M™' < MM5 = Met's’s .
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Proposition 22.16. Let T(t) be a C°-semigroup. Then the map
(22.56) (t,u) — T(t)u
1S continuous.
Exercise 22.17. Prove Proposition 22.16.
Definition 22.18. Let T(¢) be a C%-semigroup. Then
(22.57) wo = inf{w € R: IM > 1,||T(t)|| < Me**}
ist called the growth bound of the semigroup.

Definition 22.19. A C%semigroup is called contraction semigroup, if

(22.58) vt > 0: | T(t)]| < 1.

Recall that

(22.50) FAESRN PN ESS
where

(22.60) Ay = AJy = i(JA _.
We define

(22.61) Ty(t) = et

For any A > 0, T is a C%semigroup (because Ay € L(X)). Moreover, for any A > 0 we
have that T} it is a contraction semigroup:

(22.62) 1T @) = e 3 e || = 3 [[ed™]| < e7xex = 1.
Observe that in contrast, e!ll4:l is in generally not uniformly bounded w.r.t A — 0.

The semigroup for an m-dissipative operator A will be constructed out of T) 220 7 (t).
The following is the (first part) of the main theorem of the semigroup theory:

Theorem 22.20 (Hille Yoshida (Part I)). Let A: D(A) C X — X m-dissipative and
densely defined. Then for all w € X the limit

(22.63) T(t)u = lim T)(t)u
exists and the convergence is uniform (w.r.t. t) on time-intervals of the form [0, T].

Furthermore (T'(t))i>0 is a contraction semigroup, T(t)(D(A)) C D(A), and for all u €
D(A),

(22.64) u(t) :==T(t)u
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is the unique solution u € C°([0,00), D(A)) N C*((0,0), X) to

at) = Au(t) t>0

(22.65) {u 0 —u

Proof. Step (1): On the contraction semigroup property
First we show that for u, \,t > 0
(22.66) | Tx(t)u — T, (t)ullx <t]|Au— Ayulx.

Indeed, observe that (A) and A, commute!)
td
. _ tAN  sAu o (t—s)A, sA
Ty(t) — T,(t) =e» — e —/0 7 (e e A) ds
t
:/0 ell=)AuesAn ds (A — A,)
Consequently, (recall (22.62))

t
[T\ u — Tp(t)ullx S/O e | Ly [le*™ loex) ds[1(Ax — Au)ullx
<1 <1

<t|(Ax — A, )ullx.

Thus (22.66) is established.

From (22.66) we conclude for any fixed v € D(A), using also Proposition 22.13, that
(T\(t)u)aso is a Cauchy-sequence as A — 0 in X w.r.t A, and this Cauchy sequence is
uniform in ¢t € [0, 7] for any fixed 7" < 0.

Hence the proposed limit T'(¢)u := limy_,o T)(¢)u exists for any u € D(A), and Precisely,
| Ta(t)u — T'(t)u|lx < t]|[(Ax — Aullx Yu € D(A).
Clearly, T'(t) a linear operator, and from the above estimate together with (22.62) we find
1T @)ullx <ITh(t)w =T @)ullx + [IT3()ulx

<NTa@u = T(t)ullx + [lullx

<t[[(Ax = A)ullx + [Jullx-
Letting A — 0, we find

IT(t)ullx < llullx  Yu e D(A).

That is T(t) : D(A) — X is a linear bounded operator; since D(A) is a dense set in X
T(t) can be extended to a linear bounded operator on all of X.
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Now let u € X with approximating sequence u,, € D(A).
IT5(E)u = T(t)ull < [|Tx(E)u = Th(E)unl| + [T un = T()ua|
+ 1T () (wn — w)|
< 2wy — ul] + || Ta(t)un — T(t)un]|
< 2un — ull +t]|(Ax = Aun|lx

Hence by (22.66) we find T)\(t)u — T'(t)u for all w € X, and indeed the above estimate
implies even uniformity in ¢: namely, for any ¢, > 0,

(22.67)

A—0

(22.68) sup [|[Th()u —T(t)ul| == 0 Yue X.

te[0,to)

Furthermore we have the semigroup property
IT() T (s)u — T(t + s)ull < [|T(#)T(s)u = T(¢)Ta(s)ul
+ 1T (E)Ta(s)u — Th(E) Ta(s)ul
+ || T\ (t + s)u — T(t + s)ul|
— 0.

(22.69)

As for the C%-continuity, we have
IT(#)u = ullx < [|Ta()u —ullx + [[Tx(E)u = T(t)ullx.
By (22.68), for any £ > 0 and any t5 > 0 there exists A > 0 such that
s T3 (6= (Bl < ;5.
On the other hand for this fixed A\ > 0 there exists t; € (0,%,) such that

€
sup [|[Th(t)u — ul|x < =.
t<ty 2

In particular,
sup |[T(t)u — ul||x <e.
t<ty

That is T'(t) is a contractive C%-semigroup.

Next we show that T'(t) maps D(A) to D(A). First we observe that 7\ maps D(A) to
D(A). Indeed, since we can write e/ = I + J,B (with B convergent since J, € L(X)) and
since Jy maps X into D(A) we have that e/> maps D(A) into D(A). Moreover, by (22.60)
we have Ty(t) = e = ¢'x(A=D) = ¢=xe/x | s0 T)\(¢) maps D(A) into D(A). Now let u €
D(A), then T\(t)u 220, T(t)u, and AT\(t)u = Tx\(t)Au — T'(t)Au. By Proposition 22.10,
A is a closed operator, which implies that T'(t)u € D(A) and limy_,o AT\(t)u = AT (t)u,
and in particular,

(22.70) AT(t)u = T(t)Au  Yu € D(A).
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Step (2): On the equation (22.65)
Let u € D(A) and set

(22.71) uy(t) = e,
Then
d
(22.72) = e Ayu = Ty () Ayu.
Equivalently, for u € D(A) using Ayu — Au and T\ — T,
t t
(22.73) u(t) < up(t) = u +/ Ty(s)Ayu ds — u +/ T(s) Au ds.
0 0
Thus u(-) € C' and (cf. (22.70))
(22.74) u(t) = T(t)Au = Au(t).
Uniqueness proceeds as in Theorem 22.3. O

22.4.1. Generators of semigroups. Let T'(t) be a contraction semigroup. Define

T _
(22.75) D(A) = {u € X: Jim Lu—u exists}.
h—0+ h
For u € D(A) set
T _
(22.76) Au = lim Lu=
h—0+ h

Example 22.21. X = C,;(R) be the set of uniformly continuous, bounded functions with
the A*>-norm.

(22.77) T(t)u(x) == u(x +1).
Then T'(t) is a contraction semigroup. Then

(22.78) Au=1u', D(A) = {u,u’ € Cp(R)}.

Proof. 1t is clear that u,u’ € C,(R) implies

u(z + h) — u(z)

(22.79) - —u'(x)]| —0.

o)

Now let u € D(A), then v/, € Cyy(R) and hence v/, = v’ € Cp(R). O

Theorem 22.22 (Hille Yoshida Part IT). Let T'(t) be a contraction semigroup with gener-
ator A. Then A is m-dissipative and densely defined.
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Proof. (i) A is dissipative, i.e. for all A > 0, ||lu — AAu/|| > 0. Indeed,
T(h)u —u (1 N 2)

h
2250) = (147 bt = Tl

> (1 ol = ) = el

Hu—)\

[

379

In the last step we used that T'(h) is contracting, i.e. ||T(h)ul|lx < ||ul/x. Letting h — 0

on the left hand side shows A is dissipative.

(ii) A is m-dissipative. It suffices to show that (I — A) is surjective. Thus we want to find

Ju, such that

(22.81) (I — A)Ju =

Ansatz:

(22.82) Ju = / T etT(t) dt.
0

Why? Because (formally!) we know
(I —A)T(t)u=T(t)u— 0(T(t)u)
This is equivalent to
(I —A)e " T(t)u=—0(e"T(t)u)
Integrating on both sides on ¢ € (0, 00) we then should get
(I —A)Ju=T0)u=u.
To make this more precise, first observe

(22.83) lJul < [~ e IT @l dt < Jul
0

and hence ||J|| < 1. Now let us compute (with the semigroup property 7'(h)7'(t)
for h,t > 0),

(T(h) = I) Ju = / T et Tt + h)u di — /0 T e Tt dt

= / TR (t)u dt — /OO e 'T(t)u dt

0

(22.84) = / et — —t) T(t)u — /0 ' e () dt
= c= 1)/0 e T (t)u dt — e" /h e 'T(t)u dt

0

(b ot
=("=1)Ju—e e "T(t)u dt.

0

= T(h+t)
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Hence

T(h)—1 eh —1 e o,
. Ju = - Ju—ﬁ e T(t)u dt.

The right-hand side converges as h — 0 (we use that T is continuous at 0), consequently
so does the left-hand side. Thus Ju € D(A) and

(22.86) AJu = Ju —u,

(22.85)

which is the claim.

(iii) D(A) is dense. Let u € X, then we claim that the following w, € D(A) and uy, 2=% u
in X. Namely,

(22.87) = / s)u ds.

First we show that wuy, 129 44 holds. Indeed, we use again that 7" is continuous at 0,

o =l = | [ ) = Dy

<3 [T - nul =50

Now show that u;, € D(A) for all h > 0. Let ¢t << h. We calculate

T(t
(th ht/ uds——/ s)u ds

t+h
ht/ uds——/ s)u ds

(22.89) t+h d d
' ht/ Ju S+h/ syu ds

uds——/ s)u ds

(22.88)

ht
20, 1T(h)u - lT(O)u €X.
' h
Hence the left hand side converges in X, that is u, € D(A). d

22.5. An example application of Hille-Yoshida.

Example 22.23. Let (2 C R” be a bounded domain with smooth boundary 0. We want
to find solutions to the equation

(O —L)u=0 in Q x (0, 00)
(22.90) u=0 in (0Q) x (0,00)
U = U in Q x {0}
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where the operator L given as
Lu(zx) := 0;(a;;(z)0ju) + b;(z)Oju(x) + c(z)u(z)

has smooth (time-independent) coefficients a,b,c € C*(Q), and is uniformly elliptic, i.e.
for some A > 0

(IZ]([E)& fj Z )\|§|2 Vx € Q,§ e R".
We claim that there exists a solution to (22.90) (in the sense of a semigroup) such that

[u®)llz2@) < e“lluollzai)  VE € (1,00).

Proof. To see this let X = L*(Q), D(A) := H*(Q) N H}(Q), and A:= L — w for an w > 0
yet to be chosen. Observe that if we show that A is m-dissipative then by Hille-Yoshida,
Theorem 22.20, we find a contraction semigroup 7'(t) such that for a(t) := T'(t)uo

Or(u(t)) = Au(t)

with the contractive property

|a(t)[r2(@) < [luollz2@)
Setting u(t) := e**u(t) then u(0) = @(0 ) = up and the requested equation is satisfied
Or(u(t)) = werra(t) + Ae“"u(t) = Lul(t).
Moreover, we obtain
[u(®)r20) < €[luollL2@)

That is, we need to show that A is m-dissipative (clearly D(A) is dense in L?). O

First we would like to show that A is dissipative.

Lemma 22.24. There exist wg > 0 such that for any w > wy, A as above is dissipative.

Proof. In view of Lemma 22.5 we need to show that
<A’LL, u>L2(Q) S 0 Yuce D(A)
Here is where we need to make use of w:

(Au, u)p2(0) < — /Rn ai0udzu + C(b) ([ Vull 2 lullz2 + ull2) = wlullz2@)
By ellipticity,
—/ a;0;udju < _)\HVUHLQ(Q)
Rn
Moroever by Young’s inequality, for any € > 0,
1
IVullz2lulle < el Vullz o) + Cllullzz)

so that for small enough £ > 0 we arrive at

A
(Au, u)r20) < =5 Vullzz + Clullz — wlullze
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Choosing w := C we conclude
A
(22.91) (Au,u) i) < —§|\vu|yi2 <0.
that is, by Lemma 22.5, A is dissipative. O

The next step is to prove that A is actually m-dissipative.
In view of Lemma 22.9 it suffices to show that I — A\gA is surjective for some Ay > 0.

That is, for some fixed A\g > 0 and w > wy we need to show that for any f € L*() there

exists u € Hy(Q) N H?(Q) with (I — MgA)u = f, that is we need to find u such that
1 1

(22.92) 0i(a;;0;u) = ——f + (— +w)u — b;0;u — cu
Ao Ao

The 0;(a;;0;u) is the leading order term, the remaining terms are lower order terms that
can be dealt with by a fixed point argument. First we treat the leading order term:

Lemma 22.25. Let g € L?(2)°° then there exists exactly one u € HE(Q) with

in distributional sense. Moreover,
(22.94) [ull @) < Cllgllrze)

Proof. This can be done, e.g. by a variational argument, the direct method.

Let £ : H}(€2) — R be an energy defined as
1
E(u) := i/ﬂaij@uajqu/ﬂgu.

e Assume that £(-) has a minimizer u € Hj(Q), i.e. E(u) < E(v) for all v € H} ().
Then £(u) < E(u + ty) for any ¢ € CX°(2), t € R. Thus t — E(u + tp) as a
minimum at ¢ = 0, and consequently, by Fermat’s theorem (a;; is symmetric!)

d
o tZOE(qu ©) /Qajauﬁgwr/ﬂgso

This holds for any ¢ € C°(Q2); That is, (22.93) is satisfied (in distributional sense).
Indeed, we say that (22.93) is the Euler-Lagrange equation of the energy £.
e £(-) is coercive (it controls ||Vul[2(q).

0

E(u) > NVullZ2q) — llgll 2y lull2()-

By Poincare inequality, and Youngs inequality (C' changes from line to line)
A
E(u) 2 MVullz ) = Cllgllx@ [Vullpze) 2 MIVullizg = Clglzzg) — FIVelizq)

0y ¢ H1(Q) suffices
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That is,
Va2 < & Cllgll7
5 IVullzz() = E(u) + Cllglfz..
Again, by Poincaré inequality, this implies
(22.95) lullf (@) < € @) + Cllgllz--
e Now let u;, € HL(Q) be a sequence such that &(u;) 2% infp(q) €. Since 0 €
H}(Q)) we may assume, w.l.o.g., that £(u;,) < £(0) = 0. By coercivity, (22.95),
[z (@) S €(ux) + Cllglize < 0+ Clgllze,
that is
sup ”uk‘“%l(ﬁ) < 00.
keN

By weak compactness, Rellich, Theorem 13.25 and Theorem 13.35 we may assume
w.lo.g. (otherwise taking a subsequence) that there is u € HJ(€2) and

— w222 u strongly in L*(Q) and a.e.
— Vuy, weakly converges to Vu in L?(2), that is for any G € L?(Q, R"),

/VukG koo, /VUG

k—o0
/ qui, —— / qgu.
Q Q
Moreover,

/Qaij@uk@juk :/Qaij@ukﬁju%— /Qaijaiukéj(uk —U)
= /Q aij@ukﬁju + /Qaijaiuaj(uk — U) + /Q aij@-(uk — u)aj(uk — U)

k—oc0 >0
0

Consequently,

SO

k—o0

Together we have shown

liminf £(ug) > E(u).

k—o0

But since u € H}(Q2) we have that
E(u) > inf &,

H§ ()
and by construction
lim &(ug) = inf &
k—o00 H}(©Q)
So (22.96) implies that
E(u) = inf &,

Hy(Q)
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that is u minimizes € in Hj ().
e we have found a minimizer of £ and this minimizer satisfies the equation.

We still need to show uniqueness and the estimate (22.94) of the solution. Observe that
uniqueness follows once we show that (22.94) holds for any solution u € HJ(2) of (22.93).
Assume this is true, then if we have two solutions u and v for the same g, then w :=u—v €
H}(Q) satisfies

6,-(a2~j8jw) = 0.
By (22.94) we have ||w||g: = 0 that is w = 0.

It remains to show (22.94) for an arbitrary solution u € H}(Q) of (22.93). This follwos
from multiplying (22.93) by u and integrating. By ellipticity we then find,

IVulibae < [ oo =1 [ gul £ gl lulo.
By Poincare on the left-hand side we find
ullFr ) < l9llz2@) lulla ).

Dividing both sides by ||u| g1 (o) we have established (22.93). O

Now we need to take care of the lower order guys in (22.92), and for this we use a fixed
point argument. Let f be fixed and for u € H}(2) set Tu € H}() be the solution of

1 1
0 0

By Lemma 22.25 is well-defined, linear, and bounded (observe if uw € H' then the right-
hand side of the equation above belongs to L?(Q2)). But more is true: for any f € L*(Q),
T is compact, which will be a consequence of the following estimate

Lemma 22.26. For f € L*(Q) let Ty : HY(Q) — Hy(Q) be defined as above. Then
1T (@)l < C (lullz@ + 11 l12@)

and
1T (u) = Tr(v)||a1 ) < Cllu—v|2(0

Proof. Testing (22.97) we have by ellipticity and Poincaré inequality
1Ty < © (Il + ) WTH )iz + | [ b0y ()
By another integration by parts, (recall: b € C'*)
/ b;Ou Ty (u)
Q

Consequently, we find

175 () i@y < € (lullzey + 1 lz2@y) 1),

< C(b, V) [Jul| L2 | Ty (w)] 71 (02)-
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and dividing both sides by ||T(u)| g0y we find the first estimate.

The second estimate follows by the same argument: observe that T (u) —T¢(v) = To(u—v).
Then, by the above argument,

1To(u—v)|71 0y S Cllu—vll20)

‘()

L
Corollary 22.27. For f € L*(Q2), let T be defined as above. Then Ty : Hy(Q) — Hy(9)
is a continuous, compact operator. That is, for any bounded sequence (uy), € HL(Q),

From Lemma 22.26 we readily conclude that T} is actually compact for any f €

Sllip ||| 1) < 00

there exists a subsequence uy, such that (Tyuy,); is convergent in H}(S2).

Proof. Clearly from Lemma 22.26 we obtain that 7% is Lipschitz continuous.

Now let uy, be a bounded H}-sequence. Up to a subsequence we can assume that u;, weakly
converge to some v € H}(Q) and by Rellich, Theorem 13.35, the convergence is strong in
L?(2). By Lemma 22.26,

k—0
| Tpur — Trull i) S llux — ullL2@) — 0.

Thus, T} is compact. [l
Observe that this does not mean that T% is contracting, so we cannot apply e.g. Banach

Fixed Point argument. Instead we use the Schauder fized point theorem in the form of
Schaefer’s fixved point theorem also known as the Leray-Schauder theorem, Corollary 18.10.

We can apply this theorem to the compact operator T" essentially since we dissipativity:

Lemma 22.28. There exist wy > 0 such that for any w > wy and any Ao > 0 we have the
following:

Let p € [0,1] and assume that u € Hy(Q)) satisfies
u=pulu
then with a constant independent of u,
[ull @) < Cllfllz2e
Lemma 22.29. From u = pTu we conclude in view of the definition of T', (22.97),
1 1
—0;(a;;0;u) = —p (—f + (— +w)u — b;0ju — cu> :
Ao Ao

Similar to the proof of A being dissipativ, we test this equation with u, and obtain

1
Vel < Ol + (e =0 = 5 ) Il + [ bosun
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Observe that O;uu = %8j|u|2 and integrating by parts we find

1
[Vullaey < Cllf e = (w4 52 ) [ l? +Ce.) e
If w is large enough, namely w > C(c,b) this implies

IVullZ2@) < Cllfllze)-

By Poincaré inequality we obtain the claim.
No we can conclude:

A is m-dissipative. We argued above that A is m-dissipative if for any f € L*(2) there
exists u € H*(Q) N H}(Q) such that Tw = u. Since T is compact by Corollary 22.27 and in
view of Lemma 22.28, Leray-Schauder in form of Corollary 18.10 is applicable, and implies
that there exists a fixed point u € H}(Q) such that Tu = u.

Observe that this implies that u solves an equation of the form
{ai<aij6ju) =g inQ
u=20 in 02
for g € L*(Q2).
Now with PDE theory we can obtain interior regularity, indeed we find
[ully22iq) < C(Q) lgllz2@)-

Close to the boundary one needs to do a reflection argument to obtain the same estimate
up to the boundary.

Up to doing this, we have shown that there is u € D(A) and (I — M\gA)u = f;
That is, A is m-dissipative, and thus generates a contractive semigroup as claimed. O
Exercise 22.30. Find a solution to the inhomogeneous equation
{atu(x,t) — Lu(z,t) = f(z,t) in Q x (0,00)
u(z,0) = ug(x).
Here L is the usual elliptic operator with smooth coefficients.
Find an estimate of ||u(t)| 2@ in terms of || f||z2, ||uol| 2 and t.

hint: Use the Duhamel Ansatz from the heat equation in R", i.e. set

u(t) = [ "uu(t) ds
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where vg(t) is the solution associated to
ow(z,t) — Lu(x,t) =0 in Q X (s,00)
v(z,s) = f(z,s).

Observe that vs(t) can be written as semigroup!

Email address: armin@pitt.edu
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