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ABSTRACT. We consider Hamilton-Jacobi equations

ut + H(Dpu) =0
in the # x R*, where  is the Heisenberg group and Dyu denotes the hor-
izontal gradient of u. We establish uniqueness of bounded viscosity solutions

with continuous initial data u(p,0) = g(p). When the hamiltonian H is radial,
convex and superlinear the solution is given by the Hopf-Lax formula

u(p,t) = inf, {tL (qt 'p) +g(q)} ,

where the Lagrangian L is the horizontal Legendre transform of H lifted to H
by requiring it to be radial with respect to the Carnot-Carathéodory metric.

1. INTRODUCTION

The regularizing effects of solutions of Hamilton-Jacobi equations can sometimes
be used as a replacement for other approximation procedures, like convolution,
which are not available in the study of nonlinear elliptic equations. This approach
was discovered by Lasry and Lions in [1] and used by R. Jensen in [2] to prove the
comparison principle for viscosity solutions of fully nonlinear elliptic equations. See
also [3] for an enlighting explanation.

When considering the possible extension of these techniques to the subelliptic
case is therefore appropriate to study Hamilton-Jacobi equations in a subrieman-
nian framework. In this article we focus on the Heisenberg group, where once we
defined a suitable notion of subelliptic jet, the proof of uniqueness of solutions
mirrors the Euclidean case, but the existence present difficulties arising from the
lack of commutativity of the group, and more importantly, from the different met-
ric structure. As it will be apparent in section §3 below, the appropriate gauge
is the, so called, Carnot-Carathéodory gauge instead of the more commonly used
smooth gauges. The underlying geometric reason is that geodesics behave better
with respect to the Carnot-Carathéodory gauge than other gauges.

While the theory of quasilinear elliptic equations in divergence form in the subel-
liptic setting has been extensively developed (see [4], [5], [6] and references therein),
in the case of fully nonlinear subelliptic equations the theory is at a more primitive
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stage. Recently ieske [ ] considered extensions of the Jensen s maximum principle
from [ ] to the Heisenberg group for the special case of infinite harmonic functions
and one of us [ ] refined ieske s ideas to prove a comparison principle for viscosity
solutions of fully nonlinear elliptic equations in the Heisenberg group.

There are many articles dealing with Hopf-Lax formulas for solutions of Hamilton
Jacobi equations of the form

C )
() ()

under various hypothesis on the Hamiltonian ( ) and the initial datum ().

See [1 ], [11], [12], [13] and [14] and references therein. However, we are not aware

of any Hopf-Lax type formulas when the Hamiltonian ( ) depends also on
. To illustrate our results, consider the following example in ( )

2 2
( ) ( )

where 1. yinterpreting this equation in a subriemmanian setting, the solution
(), where ( ) , is given by the Hopf-Lax formula

(1.1)  inf — m ) ( )

where the infimum is taken for ( ) , the exponent —— is the Holder
conjugate of , and ( ) is the Carnot gauge associated to the vector fields

and
() — 5—

The gauge ( ) does not have a simple closed form expression in terms of |,
,and , but its geometric significance makes the formula (1.1) very useful in the
study of nonlinear subelliptic equations. See the forthcoming paper [15].
ur setting is the Heisenberg group , which is the connected and simply con-
nected Lie group with Lie algebra spanned by the vector fields and

c ) — 0 1

or analysis on Carnot groups we refer to [16],[1 ],[1 ], [1 ] and [2 ]. Endow

with and inner product so that is an orthonormal basis. The
associated norm will be denoted by
sing exponential coordinates in  we identify the vector in
with the point ( )in  (so that exp is the identity). The group
multiplication law in  is given by
1
S )

Recently we learn of wor in progress by H. Ishii and I. Capuzzo-Dolcetta who have extended
and generalized some of the results in this paper.



where ( ) and ( ). or a point ( ) we write
( ) and call points with vanishing -coordinate horizontal points. We also
denote by the set of all horizontal points, or horizontal vectors if we think of
them as members of the Lie algebra.
The Heisenberg group  has a family of dilations that are group homomorphisms,
parameterized by and given by

C ) )

ote that whenever and are positive and . or negative
we define

O ) 0O -0

We often write ( ) or even  to denote ( ) and for positive , we write — to

denote ().
The Carnot-Carathéodory metric in  is a left-invariant metric homogeneous
with respect to the dilations  defined as follows. A curve () is

horizontal if its tangent vector () is in the two dimensional subspace generated
by ( ()) (()) . The Carnot-Carathéodory distance between the points
and is defined as the infimum

() inf ()
where the set  is the set of all horizontal curves such that () and (1)

y Chow s theorem (see, for example, [16]) any two points can be connected by
a horizontal curve, which makes ( ) a left-invariant metric on . A Carnot-
Carathéodory ball of radius centered at a point  is given by

C ) ()
A homogeneous norm for is defined by
()
ote that since the projection of a horizontal curve is horizontal and that
for ( ). In addition, this homogeneous norm or gauge has
the following properties
a) ,
b) ,
c) if and only if ,
d) and
e)
(1.2) ( ) }

roperty (e) is a special case of the  all- ox theorem, see [16] or [1 ].
We shall also need a smooth gauge equivalent to the Carnot gauge just defined,
called the Heisenberg gauge . It is given by

(1.3) ( )

The Heisenberg gauge also satisfies properties a) through e) above (See [2 ]).
We are grateful to the anonymous referee whose suggestions have substantially
improved the manuscript.



2. I1COIT O UTION

In order to define viscosity solutions we must first identify the first order jets
adapted to our framework.  otivated by the Taylor expansion [16] consider a
differentiable function at the point ( ). We have

coH)y )y ) C ) )

where is the horizontal gradient of

( )

If a function is not necessarily smooth but merely upper semicontinuous, the
collection of vectors such that

(2.1) c) ) C )
is denoted by ( ) and called the first order superjet of at the point ( ).
Analogously we define ( ), the first order subjet of a lower semicontinuous
function  at ( ) as the set of vectors such that
(2.2) c) ) « )
Jets can also be characterized by test functions as follows.
P C )
C )

C )
The direct part follows easily from the Taylor expansion of . To prove the
converse we start from (2.1) and want to construct that touches from
above at ( ). We follow the variations introduced in [ ] on the proof for the

Euclidean case in [21].



Recall that is the Heisenberg gauge (1.3). iven consider

() swp () ( ) C )
where the supremum is taken in the set and . bserve
that ( ) is non-decreasing and ( ) () as . Choose a non-decreasing
continuous function () satisfying () () and still () () as
efine
1
() - ()

and consider

C )
An elementary calculation shows that and are continuous in a neighbor-
hood of ( ). bservethat touches from above at ( ) by the construction
of .
rom the fact that  ( ( ) ) () wededuce
C )
and
C )
In the set min wehave () ( ) 2 Therefore
the function has a strict maximum at ( ).
C )



3. 0 OR U IN

In this section we extend to the Heisenberg group the Hopf-Lax formula and
some of its properties from the Euclidean case when we have radial Hamiltonians.
We have benefited from the techniques in [12]. Consider () ( ), where isa
convex increasing function satisfying

(3.1) lim )
and
(3.2) Jim -
and for . The horizontal Legendre transform of is
defined on horizontal vectors by
() sup ()
It is easy to see that () () where isthe (one variable) Legendre transform

of . oreover has also properties (3.1) and (3.2) (see [22]). We now lift  to
the Heisenberg group by requiring that is radial with respect to the Carnot-

Carathéodory metric so that for we have
() CC )
Let be a bounded continuous function. In analogy with the classical
Hopf-Lax formula we define for and
(3.3) ( ) inf _ ()
Let us observe that the continuity and superlinearity of , and the continuity of
show that the infimum in (3.3) is actually a minimum. Also, by taking we
see that we always have the upper bound
(3.4) ) Q)
The following semigroup property is the starting point of the theory.
T
() mn ( ) —— ()
We need a lemma
L [ ) ()
() CC )
1
(3.5) ) ) () ()



Start with the triangle inequality

() C)
and apply the monotonicity and convexity of
ext, given any three point , and in  write

and apply (3.5) to obtain (3.6).
ROO O OR

The proof will be divided in two parts.

T B
3.) () mn ( ) —— ()

ix and choose such that

() — ()
Apply (3.6) to , and with and ( ) to obtain
- - ( ) —

Adding ( ) to both sides and taking minima over we obtain the claim.

T B
3.) () min () —— ()

iven points and numbers we want to find such
that we have the equality
3.) _ — - — —_—

or along a minimizing geodesic from to we always have
In addition given and satisfying 1 we can always find so that

and

Setting - we obtain

and the triple equality



Therefore we found so that (3. ) holds. To finish the proof of the claim
choose so that we have the equality

() — ()
and add ( ) to both sides of (3. )

If the initial datum is a Lipschitz function then, in the Riemannian case, the
function () is also Lipschitz. We do not know whether this is indeed the case in
the Heisenberg group. In roposition 2 below we prove the local Holder continuity
of () with exponent 1 2.

enote by Lip( ) the Lipschitz constant of . Consider the constant (  Lip( ))
defined as follows

( Lip()) max Lip() ()
y setting it is clear that ( Lip( )) . Indeed, if the constant
( Lip( ) , then the superlinearity of gives that Lip( ) and there-

fore is constant. ote that we have used (3.2) here. We will assume from now on
that is not constant, and so

( Lip( ))
ote that ( 2Lip( )) is also strictly positive.
Choose a vector such that we have the equality

() — ()

Since ( ) ( ) we have
- ) L
() ) ( )Lip( )
ividing by ( ) we obtain
Lip( )
Choose so that for we have
L) wip()
We conclude that
3.1) ()
We are ready for the regularity properties of (3.3)
T ()
i)

(3.11) () () ( Lip())



ii)

@12 ) () Lip() ) ) ( ) ()

iii) ( ()

(3.13) () ) )

sing the Lipschitz continuity of and the homogeneity of the Carnot metric
we have

() () min —  Lip() ( )

() max () Lip()( )
Together with the inequality (3.4) this implies (3.11).

To prove the Holder continuity in the space variable, fix and in . Choose
such that
() — ()

Write the difference

() () min — () — ()
Set in the formula above and note that ( ) () toget
(3.14) c) ) () () Lip()C )
To estimate ( ) we proceed as follows. Write
(3.15) ) )
Temporarily set ( ) and ( ). We compute

( )

and use the all- ox estimate for the Carnot gauge to obtain

c ) ) -

where the constant depend only on the constants in the all- ox property (1.2).
To estimate  we rely on (3.1 ) and the triangle inequality

(3.16) ()

Inequality (3.12) follows from (3.14), (3.15) and (3.16).
To establish the Holder continuity in time note that from (3.3) it follows that
for we have
C ) )



Start with the semigroup property from Theorem 1 and add () to both sides.
We obtain

() () mn (C ) —— () ()

We estimate the right hand side using (3.12)

) )
min () —— Lip() () C ) () ( )

Set for a variable and in the above formula.
Then we may write

so that () . We obtain
) )
min () Lip()( ) ) () | )
max () Lip()C ) C ) ) | )"
actor ~ and using the fact that 1 we get

) )
cmax () Lip()( ) () () (@ )

It remains to observe that the expression inside the maximum is uniformly bounded
since  is positive and we control by (3.1 ).

ur main result is the following

T () () [ ) [ )
(3.1) ( )( ()) iriln ()
(3.1) () inf - 0)

() C )

Let us observe that by Theorem 2 the function given by (3.1 ) is bounded
and continuous. The uniqueness statement is a particular case of theorem 4 below.
All we need to do is to show that (3.1 ) is indeed a viscosity solution of (3.1 ).

Let be a test function touching from above at the point ( ). We
want to prove that
c )y C C )
or the semigroup property of Theorem 1 gives



and therefore we have

«c )y )y ¢ ) ——
Since ( ) () ( ) () we obtain

c ) )y ) —

se the Taylor development of at the point ( ) to obtain

C ) C )« ) ()
where we have set and is such that we have
ividing by  and letting we have
C ) C ) ()

for every . Since this holds for every we can write

() max « ) ()
We now identify the term within the maximum using the fact that () ()

max C ) () max C ) ()
C C )

We conclude

c > C C )

Suppose now that is a test function touching from below at the point
( ). We want to prove that

c ) C C )

Suppose that this is not true. We can find so that for () near ( ) we
have
3.1) c)y C )
Let and set . rom the semigroup property of Lemma 1 we obtain
the existence of such that
32) « ) — ()
enote by  the point defined by the relation . ote that
where ( ). Let ( ) be a minimizing geodesic from  to  such that
() and () . Consider the curve ()in given by
() () )
ote that since () is a horizontal curve we have

—C 0N cCn O ()=

Estimate the difference



where we have used (3.1 ). bserve that from the superlinearity of we can see
that when . senow (3.2 ) and the fact touches from below at
( ) to obtain

() - ()

Cancel and set - (). otethat and use the monotonicity of to
obtain

() ()

which is clearly impossible.

4. NI U N R UT

In this section we adapt the uniqueness proof of [23] to the subelliptic case. uite
possibly a more general theorem can be established using the refinements in [24],
but the theorem below is enough for our purposes in the previous section.

T

(4.1) () in ()

The proof of this theorem is based on the proof of Theorem 4.1 in [23]. We
will only indicate the changes needed to accommodate our subelliptic setting.
Suppose that we have two solutions  and

sup ( () ()

We will show that that this strict inequality leads to a contradiction.
Let max and . Consider a function () such
that () land () for 1. or define the function



where ( ) and . bserve that  is a smooth nonnegative
function bounded above by 1 and () 1. It is clear that if

then () . or our purposes we wish to observe the property
(4.2) C )
We define
( ) ) ) ) 6 2 ) ( )
or a given we can find a point ( ) so that
( ) sup
The same argument as in Theorem 4.1 in [23] shows that if , and are sufficiently
small, then we can find so that
and
and is independent of , and
ext, consider a function ()suchthat () 1and () for
2. efine the bump function centered at ( )
( ) C ) )
If ( ) ( ) 4 then ( )
efine now
( ) ) 2 ( )
The function  attains its maximum at a point ( ) satisfying
( ) ) 4
In particular we have 2 and 2.

With these modifications, following the argument of Theorem 4.1 in [23] and
using (4.2) to simplify the calculation of the horizontal gradient we arrive at a
contradiction by letting

R
[25] [1] [26]
R
A
R NC
1 Lasry, J.M. Lions, P.L. A remar on regularization in Hilbert spaces. Isr. J. Math. s
,2 2
2 Jensen, R. The maximum principle for viscosity solutions of second order fully nonlinear
partial di erential equations. Arch. Rat. Mech. Anal. ,101,1 2 .

Evans, L.C. Regularity for Fully Nonlinear Elliptic Equations and Motion by Mean Cur-
vature. ectu e otes in Mathematics Springer- erlag: New or , 199 ol. 1 0, pp.
98 1



11

12

18

19

20
21

22

arofalo, N. Nhieu, D.M. Isoperimetric and Sobolev Inequalities for Carnot-Carathéodory
Spaces and the Existence of Minimal Surfaces. Communications on Pure and Applied Math-
ematics , LI ,1081 11
Lu, . Weighted Poincaré and Sobolev inequalities for vector elds satisfying Hormander s
condition and applications. Rev. Matemadtica Iberoamericana »8( ), 9.
Capogna, L. Regularity of quasilinear equations in the Heisenberg group. Comm. Pure Appl.
Math. , 0,8 889.
Bies e, T. On In nite Harmonic Functions on the Heisenberg group. Communications in
PDE, in ess.
Jensen, R. Uniqueness of Lipschitz Extensions: Minimizing the Sup Norm of the radient.
Arch. Rat. Mech. Anal. , 12, 1 .
Manfredi, J. Fully Nonlinear Subelliptic Equations. Preprint .
Evans, L.C Souganidis, P.E. Di erential games and representation formulas for solutions of

Hamilton-Jacobi-Isaacs equations. Indiana Univ. Math. J. y 9.

Barles, . Existence results for rst-order Hamilton-Jacobi equations. Ann. Inst. Henri
Poincaré , 1, 2 0.

Bardi, M. Evans L.C. On Hopf s formulas for solutions of Hamilton-Jacobi equations. Non-
linear Anal. , 8(11), 1 1 81.

Ishii, H. Existence and uniqueness of solutions of Hamilton-Jacobi equations. Fun cial. E -

va ,29,1 188

Alvarez, O. Barron, E.N. Ishii, H. Hopf-Lax formulas for semicontinuous data. Indiana

Univ. Math. J. , 8,9 10

Lu, . Manfredi, J. Stro olini, B. Convex functions in Carnot groups. e int.

Bella che, A. Risler, J.J. Sub iemannian eomet , Progress in Mathematics, ol. 1 ,

Bir hauser, 199 .

Folland, .B. Stein, Elias M. a S aces on omo eneous ou s Princeton University

Press, Princeton, NJ, 1982.

Heinonen, J. Calculus on Carnot roups. Fall School in Analysis (Jyvas yla, 199 ), Report

No. 8, Univ. Jyvas yla, Jyvas yla, 199 ;1 1.

Nagel, A. Stein, E Wainger, S. Balls and metrics de ned by vector elds I: Basic Properties.

Acta Mathematica , ,10 1

Stein, E.M. @ monic nal sis Princeton University Press, Princeton, NJ, 199 .

Crandall, M. iscosity Solutions: A Primer. ectu e otes in Mathematics 1 0, Springer-
erlag: New or , 199 ol.1 0,pp.1

Bennett, C. Sharpley, R. nte olation o e ato s, Pure and Applied Mathematics, ol.

129, Academic Press, 1988.

Crandall, M. Evans C. Lions, P.-L. Some properties of viscosity solutions of Hamilton-

Jacobi equations. Trans. of Amer. Math. Soc., ol. ,282(2), 8 02

Barles, . Solutions e iscosite ese uations e amilton acobi, Springer- erlag: Berlin-

Heidelberg, 199 .

Souganidis, P.E. Existence of viscosity solutions of Hamilton-Jacobi equations. J. Di . Equa-

tions y 90.

Crandall, M. Lions, P.L. Hamilton-Jacobi Equations in In nite Dimensions II. Existence of
iscosity Solutions. J. of Functional Analysis , , 8 0.

ART T AT AT CS RS T TTSB R TTSB R A A
mail a  ess:

ART T AT ATCA A CA RS TA ST A R C
SS T .A ¢ A T A A TA
mail a  ess:



